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Abstract

Heteroclinic cycles and networks are flow-invariant structures in a dynamical system
composed of saddle-type objects and connecting heteroclinic orbits. Near an attracting
heteroclinic cycle or network, trajectories spend increasingly long periods of time near
each equilibrium without converging to any one of them. A trajectory near a heteroclinic
cycle always follows the same sequence of equilibria, whereas near a heteroclinic network
trajectories can switch between subcycles, and so their analysis is more complicated.

In this thesis, we present a new methodology to analyse heteroclinic networks: the
projected map, a piecewise-smooth discrete map that reduces the complexity of analysing a
network. We use this projected map to study the Kirk-Silber, A-clique, and tournament
networks in R%. Our analysis resolves a claim from 1994 that there is no regular or irregular
cycling near these three networks. We prove that previously identified conditions for stability
of a heteroclinic cycle can be determined at the network’s switching equilibrium, and that
stability loss of the cycle can correspond to a border-collision bifurcation in the projected map.
We extend this result to arbitrary heteroclinic networks in higher dimensions and prove a
general result about stability loss of component cycles in a network.

We also consider the continuity of the projected map at its switching manifold. We
prove that, for the Kirk-Silber network, the projected map is discontinuous due to the
presence of a separatrix near the network. For the A-clique and tournament networks, no
such separatrix exists, and the projected map is therefore continuous.

Lastly, we consider larger networks that exhibit regular and irregular cycling between
subcycles. We construct the projected map of these networks. To do so, we describe how to
resolve complications that arise if the switching equilibrium has multiple incoming hetero-
clinic orbits. We relate regular cycling near these networks to periodic orbits in the projected
map, and claangcs in stability to border-collision bifurcations. We find that irregular cycling
corresponds to an apparent strange attractor. We expect this analysis will allow us to prove

the structure of regular and irregular cycling near these and other networks.
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Introduction

Heteroclinic cycles and networks are structures in dynamical systems composed of flow-
invariant sets and connecting heteroclinic orbits. These flow-invariant sets may include hy-
perbolic saddle-type equilibria, periodic orbits, chaotic sets, or other cycles and networks.
Although heteroclinic orbits can be of high codimension, heteroclinic cycles and networks
can be robust in certain dynamical systems. In particular, when the system contains flow-
invariant subspaces, the heteroclinic orbits may be saddle-sink connections when restricted
to these subspaces. Therefore, heteroclinic cycles and networks can be robust to sufficiently
small perturbations that preserve the invariance of these subspaces, which may be forced, for
example, by symmetries of the dynamical system, or properties of some underlying physical
model.

Near an attracting heteroclinic cycie or network Composed Of‘equiiibria and connecting
heteroclinic orbits, a trajectory typically spends a long period of time in a small neighbour-
hood of one equilibrium. The trajectory then rapidly transitions to the next equilibrium,
and, after a time, then transitions to the next equilibrium in the Cycie or network, and this
process continues indefinitely, with the trajectory asymprotic to no single equilibrium. This
behaviour of nearby trajectories allows heteroclinic cycles and networks to be employed in
models of intermittent phenomena and intransitive relations, and so applied to a variety of
disciplines.

The study of heteroclinic cycles and networks has continually provided new develop-
ments and unexpected results. These structures can be strongly attracting but not asymprot-
icaiiy stable, and bifurcations ofcycies and networks can also be quite Comp]icated. Changes

in the stability of a heteroclinic cycle have been identified that do not seem to align with com-



I. INTRODUCTION

mon definitions of a bifurcation. The asymptotic dynamics of trajectories near networks can
qualitatively change without a change in the stability of the network or its component cycles.
For heteroclinic networks in particular, many papers have focussed on particular examples,
producing many interesting and unique results. Recently, these results have often concerned
the long-term behaviour of trajectories, but a complete understanding of the possible dy-
namics is lacking. Even for heteroclinic cycles, novel results and examples have recently been

considered, and many unanswered questions remain.

§1 An historical overview of heteroclinic cycles and

networks

The carliest known example of a heteroclinic cycle in the literature appears in a paper by
May and Leonard [ML75]. They considered a generalised Lotka—Volterra model of cyclic
competition between three species, and observed that, for some parameter values, trajectories

are typically not asymptotic to an equilibrium or limit cycle. In their words
yp y ymp q y )

...|A] nonlinear study of this domain of parameter space reveals ...a wider
class of asymptotic solutions in which the system cycles from being composed
almost wholly of population 1, to almost wholly 2, to almost wholly 3, back to
1, but with the time to complete the cycle becoming longer and longer (being
proportional to the length of time the system has been running), and with the
system coming in turn ever closer to the points with 1 alone, 2 alone and 3 alone,

yet never actually converging on any one point... [ML75, p. 244]

May and Leonard describe here the behaviour associated with a trajectory asymprotic to an
attracting heteroclinic cycle. We show an example of such a trajectory in Figure 1.1.

After May and Leonard’s initial study, heteroclinic cycles were encountered in various
models of population dynamics, such as in the works of Gilpin [Gil75], Grossberg [Gro78],
Coste, Peyraud, and Coullet [CPC79], Schuster, Sigmund, and Wolft [SSW79], Kirlinger
[Kir89], or Sikder and Roy [SR94], amongst others. The dynamical properties of the cy-
cle itself were not investigated in these papers, and their terminology reflects a different way
of thinking about these structures. For example, the behaviour that we now understand to
be a trajectory asymptotic to an attracting heteroclinic cycle was described as “unstable os-
cillation[s] of ever-lengthening period” [Gil75], and the cycle itself was sometimes referred to as
an “orbit of infinite period” [CPC79]. The carliest definition we can find in the literature of a

heteroclinic cycle is in a 1976 paper on the 3-body problem by Easton [Eas76], though, again,
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1
T
0 , , ,
0 250 500 750 1000
0
=%0)
3
1§
" 3
1 —60 , , ,
0 250 500 750 4 1000
(a) (b)

Figure 1.1: An example of a trajectory near a heteroclinic cycle of three equilibria, which was
studied in [ML75] and [GH88|. A part of the trajectory is shown in phase space in (a), and
two timeseries are shown in (b), in normal (top) and logarithmic (bottom) coordinates. In
(a), the three coloured dots are hyperbolic saddles, and are the equilibria of the cycle, and the
black dot is an unstable focus. Only a portion of the trajectory is shown for visual clarity. In
(b), the values of 1, z2, and 3 (and the corresponding logarithmic coordinates), are shown
in red, green, and blue, respectively. Parameter values and initial conditions used to produce
this figure are given in §B.4. See [Gro25a] for an animation of this timeseries.

the cycle itself was not studied in this paper.

Other early examples of heteroclinic cycles are found in studies of fluid dynamics. Build-
ing on the work of Kiippers and Lortz [KL69] concerning convection in a fluid layer heated
from below and rotating about a normal axis, Busse and Clever [BC79] and Busse and Heikes
[BH&0, HB80] found that, beyond the critical Taylor number, convection rolls are unstable
to rolls orientated at approximately 60°. In [HB80], they derived equations for the amplitude
of these convection rolls that were the same as the equations considered by May and Leonard
[ML75]. Since then, analysis of the Kiippers—Lortz instability with models that contain
heteroclinic cycles has continued [Swi84, Sow85, HPA98, TMGO0, Lau01, Daw01, BSCO06].
Knobloch and Silber [KS93] considered a generalisation of this problem with oscillatory ro-
tating convection, and identified the existence of a heteroclinic cycle between four states.
This cycle provided an explanation of the observed instability of travelling and standing
rolls, analogous to the Kiippers—Lortz instability of steady rolls. Aubry, Holmes, Lumley, and
Stone [AHL88, AHL89] and Berkooz, Holmes, and Lumley [BHLI1] studied fluid flow in a
channel and the associated turbulent boundary layer. The truncated ODEs of the dynamics in
the wall region were found to contain a heteroclinic cycle associated with turbulent bursting

[AHL88, AHL89, BHLI1]. Stone and Holmes [SH&9, SHI1] similarly observed heteroclinic
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cycles in truncated ODE models of turbulence. Other examples of heteroclinic cycles in ap-
plications are seen in models ofgeodynamos and geomagnetic reversal [ACOO01, MPRO1] and
in experimental investigations of von Karman swirling flows [NMQO5].

In dynamical systems theory, early studies of heteroclinic cycles considered equivariant
dynamical systems—that is, systems that have certain symmetries. The presence of symme-
tries can result in heteroclinic orbits that are robust to sufficiently small symmetric perturba-
tions [Fie80, Rei84, GH88J. Dos Reis [Rei84] proved the structural stability of heteroclinic
cycles—though they termed cycles “hyperbolic graphs of a vector field”—to sufficiently small
equivariant perturbations for a class of vector fields on two-manifolds. The first explicit
proof of the structural stability of a specific heteroclinic cycle was given by Guckenheimer
and Holmes [GH88], who considered a cycle equivalent to that studied by May and Leonard
[ML75]. Other early examples of robust heteroclinic cycles include those that exist in sys-
tems that are equivariant with respect to the group O(2) [AGH88, MCG89, Arm89b, CHI1,
KMO5b, SMHO5] and O(3) [AC91, CA91, PKOT, CG96],

A study of heteroclinic cycles in R*in [CKM97] initiated a means to classify heteroclinic
cycles in systems with symmetry. For dynamical systems equivariant with respect to groups
of symmetries, the representation-theoretic properties of these groups can be used to classify
the heteroclinic cycles that occur in these systems. Chossat, Krupa, Melbourne, and Scheel
[CKM97] were able to classify into three different types all cycles in R* in which all equilibria
lic in the same group orbit. These are known as type A, B, and C' cycles. The characterisation
of a cycle as being of type A, B, or C' depends on where the cycle lies relative to certain
fixed-point subspaces. Krupa and Melbourne [KM04] later completed the classification of
all cycles of type B and C' in R*. The complete classification of cycles of type A required
considerable additional effort [Sot02a, Sot02b]. Chossat, Lohse, and Podvigina, in a series of
papers [PC15, PC17, CLP18] extended this classification still further (into cycles said to be
pseudo-simple) after realising that certain assumptions had previously been implicitly made,
and Sottocornola [Sot05] and Podvigina [Pod13] have begun extending this work to R®.

Podvigina [Pod12] introduced a definition of a broad class of heteroclinic cycles, which
they called type Z cycles. Garrido da Silva and Castro [GC19] introduced the notion of
quasi-simple cycles, which generalises the notion of type Z cycles by replacing the fixed-point
subspaces of the system with subspaces whose flow-invariance is forced by any means, not
necessari]y symmetry.

In [GH88], Guckenheimer and Holmes also consider the stability of the heteroclinic cy-
cle they study, not just its robustness. The vector field linearised at any one of the three equi-
libria of the Guckenheimer—Holmes cycle has three eigenvalues, which are the same for all

three equilibria due to the symmetry of the system: one negative eigenvalue corresponding to
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(a) (b) (0)

Figure 1.2: Schematic representations of the basin of attraction of an invariant set that is
(a) asymprotically stable, (b) essentially asymprotically stable, or (c) essentially completely
unstable. In each ﬁgure, the invariant set X is represented by the black dot at the centre,
and the basin of attraction of X is shaded green.

the radial direction in phase space, and one sing]e negative eigenva]ue (known as Contmcr:ing)
and one single positive eigenvalue (known as expanding) that correspond to directions tangent
to the heteroclinic cycle. Guckenheimer and Holmes prove that if the contracting eigenvalue
is greater in absolute value than the expanding eigenvalue, the cycle is asymptotically stable.
In [Mel91], Melbourne considered a heteroclinic cycle composed of two equilibria that is at-
tracting but not asymptotically stable: all initial conditions in a cusp-shaped region of phase
space abutting the heteroclinic cycle give rise to trajectories that are not asymptotic to the
cycle. To address this difference, Melbourne introduced the concepr of essential asymprotic
stability. The primary idea of this definition is that the proportion of initial conditions in
a neighbourhood of the cycle that are asymptotic to the cycle increases to 1 as the neigh-
bourhood shrinks. Therefore, although the cycle is not asymptotica]]y stable, it is strong]y
attracting in some sense. Heteroclinic cycles can also be only weakly attracting without being
completely unstable if the proportion of initial conditions in a neighbourhood of the cycle
that are asymptotic to the cycle decreases to 0 as the neighbourhood shrinks. Such a cycle is
said to be essentially completely unstable. Diagrammatic representations of these concepts are
shown in Figure 1.2.

However, the stability of a cycle can be yet more subtle. The geometry of the basin of
attraction of the cycle may change from one component heteroclinic orbit to another, and,
as a result, the cycle may not be essentially asymprotically stable or essentially completely
unstable. In [Pod12], Podvigina introduced a new concept, fragmentary asymprotic stabilicy,
which incorporates all possible stability arrangements. This definition is formulated by con-
sidering the Lebesgue measure of the set of all trajectories that both start, and remain in
forward time in, a small neighbourhood of the cycle.

The stability of a heteroclinic cycle is typically analysed using return maps defined on
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cross-sections that lie close to each equilibrium. If the return maps of a cycle have a certain
form—which holds if the cycle falls into classes known as being of type Z [Pod12] or quasi-
simple [GC19]—these return maps can be transformed into logarithmic coordinates where
the resulting map is linear. This linear action is defined by a transition matrix, a process that
was first introduced by Hofbauer [Hof87] and Field and Swift [FS91]. Podvigina [Pod12] has
given three necessary and sufficient conditions on the eigenvalues and eigenvectors of the
transition matrices of a cycle of type Z that guarantee the cycle is fragmentarily asymproti-
cally stable. Garrido da Silva and Castro [GC19] extended these results to quasi-simple cycles.
From the transition matrices of a cycle, stability indices can be calculated. These indices were
introduced by Podvigina and Ashwin [PA11], and quantify the relative size of the basin of
attraction of a cycle along each heteroclinic orbit.

Many authors have also studied bifurcations of heteroclinic cycles, which are often con-
sidered to be resonant or transverse. A resonance bifurcation is a global bifurcation, and occurs
when an algebraic condition on the eigenvalues of the linearised vector field at the equilibria
of the cycle is satisfied [SC92]. Generically, a resonance bifurcation is associated with the
birth or death of a long-period periodic orbit, and the heteroclinic cycle changes stabilicy
after the bifurcation. On the other hand, a transverse bifurcation is a local bifurcation, and
occurs when an eigenvalue of the linearised vector field at an equilibrium changes sign, and
can result in most subtle changes in the type of‘stability of the Cycle.

In their original paper, May and Leonard [ML75] observed a degenerate resonance bifur-
cation of a heteroclinic cycle—though they did not use this terminology—and they described
the infinite family of stable periodic orbits that exists at the bifurcation. Guckenheimer
and Holmes [GH88| also noted the existence of this family of periodic orbits. The first de-
tailed study of a resonance bifurcation of a heteroclinic cycle appears to be that of Hofbauer
[Hof87]. They proved that the loss of stability of the cycle was associated with the creation of
a long-period periodic orbit. This study was followed by studies in equivariant bifurcation
theory [AGH88, Arm89a, FS91, SC92|. The algebraic condition for a resonance bifurcation
of all type B and C' cycles in R* was completed by Krupa and Melbourne [KM04]. A general
condition for a resonant bifurcation of a robust homoclinic cycle—one where all equilib-
ria lie in the same group orbit—of type C' with any number of equilibria was determined
by Postlethwaite and Dawes [PD10], who had earlier studied a codimension-two resonant
bifurcation of a cycle that was not of type Z [PD06].

The earliest study of a transverse bifurcation we can identify is that of Campbell and
Holmes [CH91|. Chossat, Krupa, Melbourne, and Scheel [CKM97] give a comprehensive
study of transverse bifurcations of homoclinic cycles in R*, and identify the conditions under

which a long-period periodic orbit bifurcates from the cycle. Lohse [Loh15] gives a complete
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Figure 1.3: Diagrammatic representations of three heteroclinic networks between four equi-
libria in R%: (a) the Kirk-Silber network [KS94], (b) the A-clique network, and (c) the tour-
nament network. All three networks were also studied in [Bra94] as networks on the tetrahe-
dron. Coloured vertices represent hyperbolic saddle equilibria, and directed edges represent
robust heteroclinic orbits.

study of transverse bifurcations of cycles of type B and type C in R%. Podvigina [Pod12]
generalised many of these results by considering resonant and transverse bifurcations of het-
eroclinic cycles of type Z.

The study of bifurcations and stability of heteroclinic cycles has produced many novel
and unexpected developments. In 2010, Postlethwaite [Pos10] identified a new bifurcation of
atype C cycle in R?* that is associated with a pair of eigenvalues of the linearised vector field
at one equilibrium becoming complex conjugate. This bifurcation changes the stability of
the cycle, from essentially asymprotically stable to completely unstable, but is qualitatively
different from those that had been studied before. Most notably, it is not associated with the
birth or death of another dynamical object, such as a long-period periodic orbit.

An carly example of an unexpected bifurcation of a heteroclinic cycle was studied by
Kirk and Silber [KS94], where a cycle loses stabi]ity in the full system to perturbations in
an orthogonal direction, though through neither a resonant nor transverse bifurcation, while
still remaining asymprotically stable in a proper subspace that contains the cycle. This change
in the dynamics of trajectories near the cycle does not necessarily seem to meet strict defi-
nitions of a bifurcation: for example, Guckenheimer and Holmes define a bifurcation as “la
parameter| value...for which the flow...is not structurally stable...” [GH83, Definition 3.1.1, p. 119].
Nevertheless, new types of asymptotic behaviour of trajectories arise that are qualitatively
different, and there are changes to the stability properties of the flow-invariant structures
in the system. As such, this example illustrates the complications that arise when studying
heteroclinic cycles and the structures they can form. In particular, this bifurcation occurred
because the cycle was part of a larger structure, known as a heteroclinic necwork.

Informally, a heteroclinic network is a connected union of heteroclinic cycles. A het-
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Figure 1.4: An example of a trajectory near the Kirk-Silber network that switches from one
component cycle to the other. Parameter values and initial conditions used to produce this
figure are given in §B.4.

eroclinic network exists in many of the equivariant systems discussed above, because of the
symmetries of the system. However, the behaviour of trajectories near each component cy-
cle is related by symmetry, and flow-invariant hyperplanes lie between all component cycles.
Therefore, it is natural to eliminate this redundancy by identifying all cycles in the same
group orbit [KS94, KM04, Pod12]. The earliest example in the literature of a heteroclinic
network without this redundancy appears to be a 1992 study of equivariant bifurcation the-
ory by Field and Richardson [FR92]. The network in [FR92] is composed of five equilibria
and ten heteroclinic orbits, and has a structure equivalent to a complete graph on five vertices.
However, Field and Richardson do not consider the network structure, only the network’s
component cycles in isolation. They note that the cycles co-exist, but do not consider the
larger, connected structure. Early comprehensive studies of heteroclinic networks were com-
pleted by Kirk and Silber [KS94] and Brannath [Bra94], both in 1994. The networks studied
in these papers are shown in Figure 1.3.

Kirk and Silber [KS94] studied the union of two cycles, each containing three equilibria,
that share one heteroclinic orbit. These cycles are equivalent to that studied by [ML75] and
[GH88]. Trajectories near the Kirk-Silber network are asymprotic to only one component
cycle. However, they may make finitely many excursions around one cycle before switching

to the other cycle. This switch can only occur once, and only in a particular direction, which
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depends on the parameter values of the system. An example of a trajectory that switches
between the cycles of the Kirk-Silber network is shown in Figure 1.4. Brannath also stud-
ied the Kirk-Silber network, as well as the two other networks that may be defined on the
edges of the 3-simplex in R*. For certain parameter values, Brannath showed that trajecto-
ries may switch from one component cycle to the other, but that the w-limit of a trajectory is
one cycle, and not a larger subset of the network or the whole network. Brannath only con-
sidered these networks assuming certain relations between parameter values, but claimed
“...that there should be a quite general (but non-trivial) argument which excludes such a ‘switching’
for networks on Ss..." [Bra94, p. 1381].

Since these early studies by Brannath and Kirk and Silber, several authors have stud-
ied heteroclinic networks, including their classification, stability properties, the dynamics of
nearby trajectories, and also various methods to realise a given strongly-connected graph as
a heteroclinic network in a dynamical system. For example, similar to the work to classify
heteroclinic eycles, Castro and Lohse [CL16a] and Podvigina and Lohse [PL19] have classified
all heteroclinic networks in R* composed of simple heteroclinic cycles. Ashwin and Postleth-
waite [AP13] give an algorithm to construct an equivariant vector field that realises a given
strongly-oriented graph with n vertices as a heteroclinic network in R™. Stability of het-
eroclinic networks has been studied in [DH09, KPR12, AMY16, CL14, PCL20]. Moreover,
several studies have considered heteroclinic networks in coupled cell systems [AF99, Fiel5,
AD17], various examples of interesting dynamics near networks [RL14, VVM20, HOP21,
LR23, PR23|, and their emergence in spatially-extended models of cyclic competition [GP23].
Several studies have been motivated by Boussineq convection [PAO7, CLP10, PCL19]. Het-
eroclinic networks have also found applications in various fields, including neuroscience
[AGR15, ACN16, YZS24] and cosmology [HUO6, LRT13, SN23, LU24].

Kirk and Silber [KS94] and Brannath [Bra94] both considered switching of trajecto-
ries between cycles of the network, and many authors have considered such switching near
heteroclinic networks in higher dimensions. Postlethwaite and Dawes [PDO5] considered a
heteroclinic network in R8 composed of six equilibria, shown in Figure 1.6(b). They showed
that trajectories exist that are asymptotic to a larger subset of the network than one compo-
nent cycle. In particular, they showed that there is sustained switching between subcycles of
the network, and that this switching may happen in a periodic or aperiodic sequence. Sim-
ilar behaviour is observed in trajectories near networks in R5 [CL16b]—see Figures 1.5(a)
and 1.5(b)—and near a network in R® [Pod23]—see Figure 1.6(a).

Some authors have introduced a notion of “switching” in heteroclinic networks that is
unrelated to the ideas of the switching of a trajectory between subeycles of a network de-

fined in [KS94]. These authors say that there is switching near a network if; for any infinite
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Figure 1.5: Diagrammatic representations of three heteroclinic networks between five equi-
libria in R: (a) the bowtie network, (b) the house network, and (c) the Rock-Paper—Scissors—
Lizard-Spock network. In (c), the heteroclinic orbits are coloured amber and blue for class

A and B orbits, respectively.

sequence of heteroclinic orbits in the network, a trajectory exists that follows this sequence.
Aguiar, Castro, and Labouriau [ACL04] study a network composed of two equilibria with
complex eigenvalues, and prove that there is infinite switching near this network, due to the
presence of a horseshoe of suspended horseshoes. They also prove that there is no infinite
switching in a network that contains the Kirk-Silber network as a subnetwork. The same
authors also prove infinite switching occurs in a class of networks in R* [ACLO06]. Other pa-
pers that have studied this type of infinite switching include [AC10, HK10, RLA11, Agull,
IR15, Rod16, RC23]. Recent work by Castro and Garrido da Silva [CG23] has considered this
alternate notion of switching in more detail. In particular, they considered heteroclinic net-
works composed of a certain type of cycle (so-called quasi-simple cycles), where the linearised

vector field at every equilibrium has on]y real eigenva]ues. They proved that there exist some
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Figure 1.6: Diagrammatic representations of two heteroclinic networks between six equilibria
in RS: (a) Podvigina’s two-cycle network [Pod23] and (b) the Postlethwaite-Dawes network
[PDO5].

sequences of heteroclinic orbits, which may be finite or infinite, that are not followed by any
trajectory.

The dynamics near heteroclinic networks can be extremely intricate. Postlethwaite
and Rucklidge [PR22] studied the dynamics of trajectories near the Rock—Paper—Scissors—
Lizard-Spock network, a network in RS composed of five equilibria. See Figure 1.5(c). This
network also appeared in [FR92], and was also studied in [CFG22]. The heteroclinic orbits
of this network can be classified as being either class A or B, and each equilibrium has an
incoming and outgoing heteroclinic orbit of each class. Postlethwaite and Ruck]idge studied
trajectories that are asymptotic to this network and that follow certain periodic sequences
of A and B orbits. In particular, they calculated regions of parameter space where certain
periodic sequences are fragmentarily asymptotically stable, and showed that these regions
create complicated patterns in parameter space, with two notable features. Firse, there is
a Farey-like concatenation of certain stable periodic sequences. Second, these regions form
chains in parameter space, where successive regions that belong to the same chain meet at a
codimension-two point. Moreover, the corresponding root sequences of regions in the same
chain are related by the exchange of an A with a BB. Postlethwaite and Rucklidge found that
many of these stability regions lic outside the region of parameter space where the sufficient
conditions of [PCL20] and [AMY16] for asymprotic stability hold, implying that these con-
ditions are not necessary for the network to be at least fragmentarily asymprotically stable.

Evidently, the study of heteroclinic cycles and networks over the last five decades has
provided many fruitful developments. For heteroclinic cycles, many general results have been
derived about their classification and stability. There are several similar resules for hetero-
clinic networks, though they are more sparse. In addition to considerations about classifica-

tion and stability, for heteroclinic networks there is the additional complication of determin-
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ing and understanding the possible routes that a trajectory can take around the network. In
this regard, the study of heteroclinic networks is much more complicated, and only recently
has it become fully evident how nuanced these properties can be. Most studies until now have
focussed on specific examples of heteroclinic networks, and even then have not necessarily
been able to completely classify all possible dynamics of trajectories near these networks. It
would be desirable to have an understanding of how the structure of the network affects the
dynamics of nearby trajectories. In other words, given a representation of a network as a di-
rected graph, what topological features of this graph affect the dynamics of trajectories and
how. Such an understanding would allow us to determine the properties of large classes of
networks without studying them individually.

This thesis is concerned with the dynamics of trajectories near heteroclinic networks.
In particular, we are interested in developing tools that help us analyse this dynamics and the
long-term behaviour of trajectories. We develop a new methodology, the projected map, which
is an extension of the transition matrix method, and we use this projected map to analyse the
dynamics near certain heteroclinic networks. Although we cannot yet determine how fea-
tures of a network affect the dynamics of nearby trajectories, we are able to understand the
relationship between certain properties of dynamical systems containing heteroclinic net-
works and how they manifest in the projected map, and identify how the more complicated
properties of heteroclinic networks that have so far been numerically computed but not an-

alytically proven may be explained by employing the network’s projected map.

§2 Outline of thesis

The remainder of this thesis is organised as follows.

In Chapter I1, we overview the relevant background of this thesis. We give the technical
definition of a heteroclinic cycle and network in §3, where we also consider some of the basic
properties of these structures. We define in §4 the various notions of stability that apply to
cycles and networks. The itinerary of a trajectory near a heteroclinic network is defined in
§5. We also define the switching of trajectories between subcycles of a network, and give
the definition of the regular or irregular cycling of a trajectory near a network. Analysis of
heteroclinic cyc]es and networks, and necessary and sufficient conditions for the f}agmentary
asymprotic stability of a cycle, are presented in §6. In §7, we provide some basic notions from
the theory of piecewise-smooth dynamical systems used in the following chapters.

Chapter III is concerned with deriving the projected map of a heteroclinic network, a

piecewise-smooth map, and the analysis of the dynamics of trajectories near heteroclinic
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networks in R*. We derive the return map of the Kirk—Silber network in §9 and then use
it to define the projected map of the network. Then, in §10, we classify the dynamics of
trajectories near the Kirk=Silber network with the projected map, through an analysis of the
fixed points of this map and their stability and admissibility. In §11, we classify dynamics of
trajectories near the A-clique network using its projected map. The projected map of the
A-clique network is qualitatively different from that of the Kirk-Silber network, and more
care is needed in using the projected map to deduce the dynamics of the network. In §12, we
consider the tournament network. We provide its projected map, but, due to its complexity,
do not provide an ana]ysis to the same extent as the other two networks. Instead, we give
a qualitative overview of the important aspects of its analysis and the resulting dynamics
of trajectories near the tournament network. These results resolve the claim of Brannath
[Bra94]| that there is no regular or irregular cycling near these networks.

In the analysis in Chapter I11, a certain relationship is identified between admissibility of
fixed points of the projected map and Podvigina’s third condition for stability. We generalise
this relationship in Chapter IV for the projected map of an arbitrary heteroclinic network.
We construct this projected map and derive some of its properties in §13. We prove in §14 that
a border-collision bifurcation of the projected map, and thus a corresponding condition of
certain transition matrices, corresponds to stability loss of a heteroclinic cycle in a network.
In §15, we briefly consider Podvigina’s two other conditions for stability of a heteroclinic
cycle, and how the breaking of these conditions can manifest in the projected map.

In Chapter I, one of the observed properties of the projected map of the Kirk-Silber
network is that it is discontinuous on the point that divides the two pieces of the projected
map, while the projected maps of the A-clique network and tournament network are con-
tinuous on these points. Chapter V is concerned with studying this (dis)continuity, and we
focus on the Kirk=Silber network and A-clique network for simplicity. We construct a com-
pleted return map in §17 that captures all trajectories near the two networks. To construct
this map, we must linearise along the entire two-dimensional unstable manifold of the equi-
librium near which the projected map is defined, which presents many difficulties. Alchough
we cannot explicitly write down most of this map, we can derive sufficient properties about
components of this map to resolve the continuity or discontinuity of the projected map. An
analysis of this map in §18 allows us to prove that the discontinuity in the case of the Kirk—
Silber network is due to the presence of a separatrix that causes the completed return map
to be discontinuous in the limit as a trajectory approaches the network. No such separacrix
exists in the case of the A-network, and so its projected map is continuous.

The dynamics of trajectories near networks in higher dimensions is considered in Chap-

ter VI. We begin in §19 with the two-cycle network considered by Podvigina [Pod23]. We give
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numerical examples of trajectories near this network that regularly switch between the sub-
cycles of the network, and construct a bifurcation set of regular cycling near the network.
We construct the network’s projected map, and then relate periodic orbits in this map to
regular cycling of trajectories near the network. The Rock—Paper—Scissors—Lizard—Spock
network, studied by Postlethwaite and Rucklidge [PR22], is considered in §20. We overview
their results, and then construct the network’s projected map. The structure of the network
presents additional complications to deriving the projected map. We again relate regular cy-
cling to periodic orbits in this projected map, and also consider how irregular cycling near
the network appears to emerge as a chaotic attractor in the projected map.

Lastly, in Chapter VII, we summarise our findings and discuss avenues for future re-

search.



Background

In this chapter, we give the necessary background to understand the results presented in
this thesis. We begin in §3 with the definitions of a heteroclinic cycle and a heteroclinic
network, and some useful related concepts. We then proceed in §4 to give various definitions
of\stability relevant to the nuanced properties of heteroclinic cycles and networks, the most
important of which are an invariant structure’s d-local basin of attraction and fragmentary
asymptotic stability. In §5, we give the definition of an itinerary, which allows us to determine
the route a trajectory takes around a network. We use this definition to define the property
of a trajectory switching between subcycles of a network. We also introduce the notion of
an eventually periodic itinerary with a particular root sequence, which allows us to define
regular and irregular cycling between subeycles. Analysis of the stability of a heteroclinic
cycle or network is introduced in §6. We construct a return map near the Guckenheimer—
Holmes cycle in §6.1 as a simple example. General results for an arbitrary heteroclinic cycle
are given in §6.2, and in §6.3 we extend these ideas to root sequences. Lastly, §7 briefly
presents relevant ideas from the theory of\piecewise—smoot‘h dynamica] systems, inc]uding

the admissibility of fixed points and periodic orbits.

§3 Heteroclinic cycles and networks

We consider continuous-time dynamical systems of the form

(3.1 &= f(x),

15
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where z € R and f: R" — R" is an (at least) C'*-smooth vector field.

For a point zy € R", let ¢(x¢,t) be the flow generated by (3.1) through zy. Let &
and & be two equilibria of (3.1). A heteroclinic orbit ¢, (t) is a solution to (3.1) such that
Gjr(t) — & ast — —oo and ¢ji(t) — & ast — oo. We also write §§ — & for a
heteroclinic orbit ¢;4(t). We note that, by this defition as a specific solution to the ODEs
(3.1), a heteroclinic orbit is a specific trajectory in phase-space. A heteroclinic orbit is thus
also a one-dimensional submanifold of W*(&;) NW*(&;) # (. For convenience, we say that

& — & is an outgoing orbit of §; and incoming orbit of &.

Definition 3.1. A heteroclinic cycle is a set C C R™ that is the union of a set of m distinct
hyperbolic saddles {&1, . . ., &, } and a set of heteroclinic orbits {¢12(%), . . . , @m1(t) }, where

¢, (t) is a heteroclinic orbit from ; to &.

When discussing the equilibria of heteroclinic cycles with m equilibria, we implicitly take

all operations involving indices modulo m, and therefore that &,,41 = &.

Defiition 3.2. LetCy, . .., Cs, for s > 2, be a finite collection of heteroclinic cycles, such that
there is at least one equilibrium not contained in every cycle. Then the union N'= Jj_, C;
is a heteroclinic network if, for every pair of equilibria, there exists a sequence of hetero-
clinic orbits connecting them; that is, it &,,&, € N, then there exists a set of p equilib-
ria {fgl, e ,&p} C N and p heteroclinic orbits {(bglgg (t),..., P, (t)} C N, such that
§o, = &ar &b, = &y and Py, (t) is a heteroclinic orbit from &, to &, where p is a positive

integer.

Using this definition, there exists at least one equilibrium in the network with two out-
going heteroclinic orbits that are asymptotic to two distinct equilibria; that is, there exists
three distinct equilibria &, &, and &, such that §, — &, and § — &, are orbits of the het-
eroclinic network. We refer to all equilibria with two outgoing heteroclinic orbits that are
asymptotic to two distinct equilibria as switching equilibria.

As shown by Ashwin and Postlethwaite [AP13], any given strongly-oriented graph com-
posed of m vertices can be realised as a heteroclinic cycle or network in an n-dimensional

dynamical system, where the system of ODEs (3.1) takes the form

(.2 i = wj(l e +Zaijz).

k#j

Other systems of ODEs also exist that contain robust heteroclinic cycles. These include,
for example, the ODEs (3.2) with the addition of higher-order terms, and these equations
are topologically conjugate, in the positive orthant, to generalised Lotka—Volterra equations

(also said to be of May—Leonard type) following the coordinate transform x? = X
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It is straightforward to verify that the equations (3.2) have a hyperbolic saddle equi-
librium &; on each of the n coordinate axes at unit distance from the origin in the positive
orthant. Moreover, they are Z5-equivariant, where the symmetries are reflections in each of

the n coordinate hyperplanes. These symmetries ensure that the coordinate axes
Li={(z1,...,2j,...,2,) € R" | z; =0 foralli # j}
and coordinate planes
Py ={(z1,....25,.. ., Tk, ..., xn) € R" | z; =0 foralli # j, k}

are flow-invariant. For a given strongly-oriented graph, specific choices of the signs of the
parameters ay; ensure that certain equilibria are hyperbolic saddles or sinks in certain flow-
invariant coordinate planes, and thus that the desired heteroclinic orbits exist between them.
The given graph is thus realised as a heteroclinic network in the flow of the dynamical system.

A heteroclinic connection between a hyperbolic saddle and a hyperbolic sink in an in-
variant subspace is robust to sufﬁcient]y small perturbations that preserve the invariance of’
the subspace. As a result, the heteroclinic cycles and networks we consider are robust, and
occur as codimension-zero phenomena; that is, they exist for an open set of parameter values.

When considering heteroclinic cycles and networks, the dimension of the stable or un-
stable manifold of an equilibrium may be greater than 1. Therefore, for two equilibria & and
&k, the intersection W¥(&;) NW*5(&) # () may be a submanifold of dimension two or more.
An infinite number of heteroclinic orbits §§ — & therefore exist. As such, we emphasise
that Definition 3.1 only allows for one heteroclinic orbit between two equilibria, and there-
fore a heteroclinic cycle is a one-dimensional flow-invariant structure. In the remainder of
this thesis, we consider only heteroclinic networks that have one heteroclinic orbit between
two equi]ibria, and therefore all heteroclinic networks we study are one-dimensional flow-
invariant structures. Many of the networks we consider have dim(W*(&;) N W*(&)) > 2
for certain equilibria. In these cases, we highlight the single heteroclinic orbit we consider
to be a component of the network, and this orbit is always contained in the flow-invariant
coordinate plane Pjy.

Let &, &k, and & be three distinct equilibria of a heteroclinic cycle such that & — &
and &, — & are heteroclinic orbits of the cycle. Therefore, the orbit £ — & lies in the
coordinate plane Pji, and the orbit & — & in Pg. In [KM04], Krupa and Melbourne
classify the eigenvalues of D f (&) as radial, contracting, expanding, or transverse depending
on the subspace in which their corresponding cigenspace lies; this classification is given in

Table 3.1.
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Table 3.1: Classification of eigenvalues of D f (&) [KMO04].

Eigenvalue class  Eigenvector subspace
Radial (’l”) Vk(r) = Lk = P]kz N Pkg
Contracting (¢) Vi (c) = PN Lﬁ
Expanding (e) Vi(e) = P N Lé
Transverse () Vi(t) = (Pj + Po)*t

This definition, however, leads to some ambiguity in the case of heteroclinic networks.
Suppose that &, &, &z, and &, are four distinct equilibria of a heteroclinic network such that
o = & = & and & — & — &, are heteroclinic orbits of the network. Therefore, &,
and &, belong to more than one component cycle of the network—which we label Cpy) and
Ciy—and & is a switching equilibrium of the network. Then, according to the definitions
in Table 3.1, we can consider the eigenvalues of D f (&) with respect to the Cpy) cycle or the
Cjy) cycle. For example, the expanding eigenspace could either be defined by P, N Lif or
Py, N Lik. In the former case, the eigenvector of D f(&) in the direction of &, belongs to
the transverse eigenspace. In the latter case, the eigenvector of D f (&) in the direction of &,
belongs to the transverse eigenspace. Similarly, if there are two incoming heteroclinic orbits
that are asymprotic to &, Df (&) has eigenvalues that can be classified as contracting or
transverse, depending on which cycle is being considered.

We adopt the convention of [PCL20] and say that an eigenvalue of Df (&) is (globally)
contracting if the corresponding eigenvector lies in the contracting eigenspace with respect
to at least one cycle, that an eigenvalue of D f (&) is (globally) expanding if the correspond-
ing eigenvector lies in the expanding eigenspace with respect to at least one cycle, and that
an eigenvalue of D f (&) is (globally) transverse if the corresponding eigenvector lies in the
transverse eigenspace with respect to all cycles of which & is a component equilibrium. Usu-
ally, we omit the word globally. However, we include it when it is useful to highlight this
property. In the few speciﬁc instances that we need to emphasise that we are Considering
cigenvalues with respect to a particular cycle, we shall precede the name of the eigenvalue
with locally; that is, locally contracting, locally expanding, or locally transverse. Note that all
globally transverse eigenvalues are locally transverse, but that the converse does not neces-
sarily hold.

With respect to the above example, the eigenvalues of D f () whose eigenvectors lie in
the direction of &, or &, are both expanding. However, if we specifically consider the Cpy;
cycle, then the eigenvalue whose eigenvector lies in the direction of &, is locally transverse.

We write —ciy < 0, ey > 0, and —ty; for the contracting, expanding, and transverse

cigenvalues of D f(€)). The constants ¢y and ey are necessarily positive. The constants ¢y
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can be positive or negative. In this thesis, we consider only networks such that all transverse

eigenvalues are negative; that is, that —t;; < 0 and so the constants tj; are positive.

§4 Stability of invariant sets

Stability properties of heteroclinic cycles and networks can be subtle, because positive locally
transverse eigenvalues affect the geometry of the basin of attraction of the cycle or network.
We assume throughout this section that X is a heteroclinic cyc]e or network, tl’lough these
definitions readily apply to any compact flow-invariant set.

First, we write d(-, -) for the usual Euclidean distance on R”, and define d(y, X) =
inf,ex d(y, x). We write u(+) for the Lebesgue measure, and for a set S C R”, we write
S for its topological closure. For any r > 0, we define the generalised ball of radius r of X,

N, (X), as the set of all points y € R™ within distance 7 from X:
N (X) ={y € R" [ d(y, X) <r}.

We define the w-limit set of a point xy € R™ as

w(zo) = () {(wo, 8) [t > T}

7>0

We say that a trajectory ¢(xg, t) is asymptotic to X if w(xg) C X. The basin of attraction of
X,B(X),is
B(X)={zeR"|w(z)C X}.

The basin of attraction of X may include points that are quasi-asymprotic, but not asymp-
totic, to X; that is, trajectories starting near X that are asymptotic to X may first move away
from X. Therefore, we also define, for all 6 > 0, the d-local basin of attraction ot X, Bs(X),
as

Bs(X) ={z € R" | w(x) C X and ¢(z,t) € Ns(X) forall t > 0}.

In [Pod12, Definition 2], Podvigina introduced the definition of fragmentary asymptortic sta-
bility: X is fragmentarily asymptotically stable if ;1(Bs(X)) > 0 for all § > 0.

For a set B C R™ such that X € B, X is asymptotically stable relative to B if, for every
neighbourhood U of X, there exists a neighbourhood V' of X, such that, forallz € V N B,
¢(x,t) € Uforallt > 0, and w(z) C X [Ura64]. The set X is asympotically stable if it

is asymprotically stable relative to a neighbourhood of X, and X is essentially asymptotically
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stable if it is asymptotically stable relative to a set B such that

lim (BN N,(X))

M)

It is generally agreed in the literature [Bra94, PA11, Loh15] that this definition of essential
asymptotic stability is the corrected version of the definition given by Melbourne [Mel91]
and Krupa and Melbourne [KM95b], and that the definition of essential asymprotic stabilicy
in [Mel91, Definition 1.1] is in fact equivalent to fragmentary asymptotic stability.

The set X is essentially completely unstable if it is asymptotically stable relative to a set

B such that BANAX
iy (X))

M)

We schematically represent examples of invariant sets that satisfy different notions of stabil-
ity in Figure 1.2.

If u(B(X)) = 0 and there exists a set D C R™ of Lebesgue measure 0 such that
B(X) \ (X U D) is non-empty, then X is almost completely unstable. If there exists a neigh-
bourhood U of X, and a set D C R" of Lebesgue measure 0, such that, forallz € U\ D,
¢(x,t) ¢ U forsomet > 0, then X is completely unstable. Note that these three definitions of
essentially completely unstable, almost completely unstable, and completely unstable differ

slightly from those used in some parts of the literature [Loh15, KM95b].

§5> Itineraries and cycling

Let NV be a heteroclinic network containing the equilibria &1, .. ., &m.

For a trajectory sufficiently close to NV, we define its itinerary as the indices of the se-
quence of equilibria the trajectory visits; that is, W = (a,), where a,, € {1,...,m}. If
the trajectory leaves a small neighbourhood of the network, the itinerary is a finite sequence,
whereas a trajectory that is asymptotic to the network has an itinerary indexed by N. We
focus on this latter case. For convenience, lec I = {1,...,m}.

We fix some 0 < H < % min; ke d(&;, &k). As in [AP13, PR22], we define the function
x:R" = TU{0} ={0,...,m} by

k, it there exists a k € I such that d(xg, &) < H,
X (o) =
0, otherwise.

The choice of H ensures that this function is well-defined.
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Definition 5.1. For a point g € R", the trajectory ¢(zo,t) has itinerary W = (an),,cn,
where a,, € I, if there exists some neighbourhood U of NV such that ¢(x¢,t) € U for all

t > 0, and there exists strictly increasing sequences of positive real numbers (t,,), oy and

(8n) pen, Where t, < s, < 5,41 for all n, such that

L x(¢(zo,t)) = ay for allt, <t < s,;and

2. x(¢(xo,t)) =0forall s, <t <tpi1.

The times t,, and s,, are the times that the trajectory enters and leaves a small neigh-
bourhood of the equilibrium &,,, and, between s,, and ¢,,41 the trajectory is close to the het-
eroclinic orbit &, — &,,..,. For example, the trajectory in Figure 1.1 has itinerary (123),
and the trajectory in Figure 1.4 has itinerary (123)*(124).

Definition 5.2. An itinerary W is eventually periodic with minimal period p and with root se-
quence X € 7 if there exists a positive integer N such that Wy ; = & for 1 < j < pand,

for alln > N, W, 4, = W, and there does not exist a p’ < p such that W,y = W,,.
HC=& =& — =& — &isacycle of N let X = (12...4). If a trajectory

is asymptotic to C, then its itinerary is eventually periodic with minimal period £ and root
sequence some circular shift of X'. We say that X', and every circular shift thereof; are the

TOOt sequences ofC

Definition 5.3. If C; and Cs are cycles of N with an equilibrium in common, then a trajectory
¢ (0, t) switches from Cy to Cy if there exists a root sequence X} of C; and Xj of Ca such that

the itinerary of ¢(xo, t) has (X1 Xs) as a subsequence.

Therefore, for a trajectory to have switched between cycles, it must, starting in a small neigh-
bourhood of an equilibrium they have in common, make at least one full excursion around
one cycle before returning to that equilibrium and then make at least one full excursion
around the other cycle before returning to that equilibrium. We emphasise that our defini-
tion of switching is a property of a particular trajectory, and not a property of the heteroclinic
network. This definition of switching is unrelated to the various notions of switching at a
node, switching along a connection, or finite switching and infinite switching near a network used in
papers such as [ACL04, CL16b, CG23]. Here, switching is used as it was by Kirk and Silber in
[KS94].

If there is sustained switching between cycles of a network, we say that there is regular
or irregular cycling, which has been studied in papers such as [PD05, PR22, Pod23].
Definition 5.4. If Cy, . .., Cs are cycles of a heteroclinic network, then a trajectory regularly

cycles between Cy, . .., C if there exists a root sequence Xy of each cycle Cp such that the

itinerary of ¢(o, t) is eventually periodic with root sequence (& ... Xj).
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Definition 5.5. A trajectory irregularly cycles if its itinerary is not eventually periodic.

We can extend the notions of stability in §4 to root sequences. We adapt the following
from [PR22].

Definition 5.6. Given a root sequence X' € [P, for some positive integer p, the d-local basin of
attraction of X, Bs(X), is the set of all points z € R™ such thatw(z) C N, ¢(x,t) € Ns(N)
for all ¢ > 0, and the itinerary of ¢(x,t) is eventually periodic with minimal period p and

with root sequence X.

Defiition 5.7. A root sequence X € I, for some positive integer p, is fragmentarily asymp-

totically stable if, for all § > 0, (Bs(X)) > 0.

§6 Return maps and transition matrices

The typica] method to ana]yse the stabi]ity of heteroclinic cycles and networks, and the dy—
namics of nearby trajectories, is with recurn maps. In this section, we first construct a return
map for the cycle studied by Guckenheimer and Holmes [GH88] (equivalent to that studied
by May and Leonard [ML75]), as a simple example of the process to follow. This example
follows the process outlined, for example, in [Mel91, Hof94, KS94, KM95a], or [Gle94, §12.3]
in the case of a homoclinic bifurcation. We then discuss the general theory of return maps.
A return map is composed from two different types of maps: local maps and global maps,
sometimes referred to, respectively, as first-hit maps and connecting diffeomorphisms. Local maps
describe the behaviour of trajectories in a small neighbourhood of an equilibrium, and are
constructed with the linearised flow near the equilibrium. Global maps describe the be-
haviour of’ trajectories close to the cyc]e’s heteroclinic orbits, as the trajectory transitions

from a small neighbourhood of one equilibrium to the next.

6.1 Return map for the Guckenheimer—Holmes cycle

The Guckenheimer—Holmes cyc]e 18 composed of three equi]ibria and three heteroclinic or-
bits: & — & — &3 — &1 We show a representation of this cycle in Figure 6.1.
In the case of the Guckenheimer—Holmes cycle, the ODEs (3.2) take the form

jfl = .Tl(l — HQEH% — Cll'g + 61.1722)’),
(6.1) g = 12(1 — ]2 — 122 + e1ry),

iy = x3(1 — ]2 = c1a? + e113).
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€s

in
Hl

out
Hl

Figure 6.1: A visualisation of the Guckenheimer—Holmes cycle and the cross-sections used
in its analysis. The local map 1)y approximates the dynamics of the orbits near £;, contained
between HilIl and Hflm. The global map VAP approximates the dynamics near the heteroclinic
orbit from &; and &, between HS" and HI'. Heteroclinic orbits are shown as bold lines,
whereas the thinner line shows an example trajectory near the cycle.

These equations are Zg X Z3-equivariant, generated by a cyclic permutation of the coordinate
axes

p: (21,12, 73) = (T2, 73, 71)

and a reflection across the (22, z3)-plane
K1t (21, T2, 23) = (=1, T2, T3).

A reflection across the (21, 23)-plane is given by kg = p?f1p and across the (21, 22)-plane by
k3 = pr1p?. These reflections ensure that each coordinate axis and plane are flow-invariant
fixed-point subspaces of some isotropy subgroup, and therefore that the cycle is robust.

We begin by constructing a local map near &1, and to do so we define two cross-sections:
Hiln = {(l’l,{EQ,Ig) € R3 | |I’1 — ]_| < h,O <z < h,l‘g = h}

and
Hfl)ut = {<xlax27$3) € R3 ’ ‘1’1 o 1’ < h’xQ - h70 S T3 < hj}’

for some h < 1, sufficiently small to ensure the cross-sections are defined in a neighbourhood
of approximate linear flow. The local map is then ¢; : H* — H$". The dynamical system

defined by (3.2) has two important properties that help us construct this map. First, the
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existence of n invariant planes near a hyperbolic equilibrium ensures that the linearised flow
is at least C'-diffeomorphic to the flow of the system, regardless of any resonances between
the n eigenvalues of D f(&;) [HofY4].

Second, the invariant-sphere theorem [Fie96] allows us to disregard the radial coordi-
nate 21, as it is not relevant in determining the stability of the cycle [Kru97]. As a result,
since 3 is fixed on HI", the only relevant coordinate on H is x5, and since 25 is fixed on
HS", the only relevant coordinate on H" is .

The local map is properly defined with three variables: one is fixed by the definition of
the cross-section, one is the radial coordinate, and a third coordinate. The first two variables
have no effect on the stability of a heteroclinic cycle, nor the behaviour of nearby trajectories.
The third coordinate only is relevant in the analysis of the local map. Therefore, in all that
follows, we choose to abuse notation in the interests of‘simplicity when presenting this map—
as well as the global map and compositions involving these maps—Dby providing only the
expression of the map for relevant coordinates.

The relevant linearised flow near &; is

To = €12,

1',’3 = —C1T3.
Since H{" is defined by zo = h, an initial condition (x1(0), z2(0), z3(0)) € HI" first

strikes HS™ at time
1
T =—— log<x2—(0>>,
€1 h

known as the residence time. Since 25(0) = h, we have 23(7T") = h<$2,§0)> . The local map

is therefore given, to lowest order, by

T\ o
ot = (7))
We now construct the global map, which requires us to define
Hi2n = {(I1,$2,ZE3) € R3 ’ |I2 — ]_| < h,O <z3< h,xl = h}

The global map is then Wyo: HY™ — HY'. The radial coordinate near & is now 2, and so,
since 21 is fixed, the relevant coordinate is 3, the same as H{"*. Moreover, the (21, 22)-plane

is flow invariant, and therefore W;5(0) = 0. We Taylor expand W15 and find the leading order
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expansion of the global map is

‘1’12(1’3) = AI?)?

for some O(1) positive constant A. We again have abused notation and present only the
coordinate relevant to the analysis of the heteroclinic cyc]e.
Composing the local and global maps gives a map 312 = Wi91)1: HP — HE defined
by
€1
T2\ &1
@312([[‘2) = Ah(—) .
h
We refer to this map as a basic map. In general, we need to construct two additional basic

maps, p1o3 = Wosths: HI — H;)n and o317 = W311)3: H;)“ — HI". We can then compose

t]’1€S€ three maps together O construct three fUZl return maps, W]’llC]’l are to ]eading OTdCTZ

Dy = g1 p123312: H — HY",
Dy = 31002310123 H — HY,
Dy = Pro3312¢0231: HY — HY.

However, by the symmetry p, we have ®; = (,090312)3, and @y = p®; and P53 = p?®s.

Therefore, any fixed point of (315 is also a fixed point of @1, and thus also of the other two
full recurn maps, with the same stability properties. As a result, we need only analyse the
map Qs12.

We thus consider the following map, which is a leading order approximation of the flow

of the dynamical system for all trajectories sufficiently close to the heteroclinic network:
4
y— ky’,

where 0 <y<h<1,0= 3, and k is a positive constant. Again, we have abused notation
here to present only the relevant coordinate.

The stability of the cycle can be determined from this map alone. The fixed point y* = 0
represents the heteroclinic cycle, and the fixed point y* = kY (1=9) when it exists, represents
aperiodic orbit that lies in a small neighbourhood of the cycle. The cycle is stable when § > 1
and unstable when § < 1. A resonance bifurcation occurs at 6 = 1, which is supercritical if
k < 1 and subcritical if & > 1. (The degenerate resonance bifurcation observed in [ML75,
GHS88] occurs if k = 1.)
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6.2 Conditions for fragmentary asymptotic stability of a

heteroclinic cycle

The analysis of a heteroclinic Cycle with a return map defined on a cross-section is some-
what different from similar analysis of other types of invariant objects. For example, when
considering a periodic orbit, only one cross-section needs to be defined, and thus only one
return map needs to be considered. Where this cross-section is defined does not affect our
conclusions derived from the analysis of the dynamics of trajectories near the periodic orbit;
that is, analysis of a retcurn map to any cross-section defined transverse to the periodic orbit
provides qualitatively the same results. However, analysing a heteroclinic cycle presents ad-
ditional complications. First, points on one cross-section may give rise to trajectories that do
not return to that cross-section. However, for a different cross-section, all trajectories that
arise from points on that cross-section may return to that cross-section. Second, trajectories
may be asymptotic to the intersection of the heteroclinic Cycle and a cross-section at one
equilibrium, but not at other equilibria.

Therefore, the local maps ;5 and global maps W, and therefore also the resulting
basic maps i, are generically different. Moreover, the full return maps @, although all
defined in terms of the same basic maps, also differ, because the basic maps are composed
in a different order for each full return map. As a result, the full recurn maps can have
qualitatively different dynamics.

Therefore, when studying a heteroclinic cyc]e, we can on]y determine the asymptotic
stability of the cycle by analysing full return maps for each equilibrium and verifying that
trajectories are asymprotic to the cycle at each cross-section. In particular, under the flow of
the dynamica] system, an open set of initial conditions on a cross-section may not return to
that cross-section, but that may only be the case for one particular cross-section. There is no
way, however, to understand what may happen at each cross-section a priori. Therefore, it is
necessary to consider a full return map for each equilibrium of the cycle.

For a heteroclinic cycle C composed of m equilibria &1, . . ., &, there are m local maps
Vi H;I” — H?ut’k and m global maps W, : H?m’k — Hikn’j. These maps can be com-
posed into basic maps ;i = Wptijk: Hijn’i — H}Cn’j, which are then composed into full
return maps @, : H;m — H;m As was the case for the specific examples given above for
the Guckenheimer—Holmes cycle, these maps are a leading order approximation of the flow
generated by the dynamical system for trajectories sufficiently close to the heteroclinic eycle.
Morcover, when presenting these maps in the remainder of this thesis, we abuse notation
as we did for the Guckenheimer—Holmes cycle and only present the coordinates of the map

that are relevant to the analysis of the heteroclinic cycle.
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For any cycle constructed with the simplex realisation [AP13]; the dimension of the
return map is m — 2, as this realisation gives only one radial coordinate at each equilibrium.
In the case that an equilibrium belongs to more than one cycle in a heteroclinic network, the
full return map must be defined in a piecewise manner, to account for the trajectories that
cycle around the different component cycles. For an equilibrium of a network A that is a
component of the Cj, cycle, we write @gk) for the component of the return map to &; that
describes the behaviour of trajectories that make an excursion around the Cj, cycle.

The basic maps and full recurn maps can be expressed in logarithmic coordinates with

transition matrices. For any map F': RP — RP that has the form
@ @ apl «
(6.2) F(zy,...,2p) = (C’lxln coept o Gyt .:Ep""),

where the C; and oy, are real numbers, we define its transition matrix M (F) as

It is straightforward to verify that, if £} and Fb are functions of the form in (6.2), then
M(Fy o Fy) = M(F))M(F,).

For type Z [Pod12] and quasi-simple [GC19] heteroclinic cycles, basic maps and full
return maps have the form in (6.2). For basic maps ¢; 5, we write mjx, = M (1), and refer
to these matrices as basic transition matrices. For full return maps @, we write M; = M (®;),
and refer to these matrices as full transition matrices. Since each @ is the composition of basic
maps, the full transition matrices are products of basic transition matrices.

For a return map ®; defined on H'", the origin of Hij’[1 is the intersection of the het-
eroclinic cycle with H}n (Specifically, the origin is the intersection with the heteroclinic
orbit §§ — &) A trajectory beginning at some point g € H;n is asymptotic to the het-
eroclinic cycle if lim,, CI)?(IO) = 0. Since0 < x < h <€ 1, Xy = logzy < 0,
where we take a component-wise logarithm; that is, for x = (:Cl, e ,:Cn) € R logx =
(log 1, ...,logx,). Therefore, when we move to logarithmic coordinates, a trajectory is
asymptotic to the heteroclinic cycle when limy, oo M}'Xy — —o00. We note that, when
moving to logarithmic coordinates, the Lebesgue measure of a set may become unbounded
[Pod12]. Therefore, the measure of a set is always considered in terms of the original co-
ordinates x € R", even if we define the set in logarithmic coordinates. Podvigina [Pod12]
gives sufficient conditions for fragmentary asymptotic stability of a heteroclinic cycle using

properties of the eigenvalues and eigenvectors of the full transition matrices.
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Theorem 6.1 ([Pod12, Theorem 5]). For 1 < j < m, let M; be the full transition matrices
associated with a heteroclinic cycle C. Let Ayax denote the eigenvalue of M; with largest absolute
value, and Wax an associated eigenvector. The heteroclinic cycle C is fragmentarily asymptotically

stable if; for all full transition matrices M, the following three conditions hold:
(I) Ao is real;
(I1) Apax > 1; and
(I11) all entries of Wyax are nonzero and have the same sign.

As noted in [GC19], these conditions are in fact also necessary.

We do not reproduce here the proofof‘this theorem, as it is quite technical. However, it
is reasonably straightforward to understand the fundamental idea behind the proof, which
we now outline.

Let M be an nxn diagonalisable matrix with eigenvalues Ay, . . ., A, and corresponding
cigenvectors wy, . . ., Wy, Without loss of generality, we assume that [A;| > |A;] forall j > 1.
For any vector v € R", there exist constants a4, ..., a, € R such thatv = Z]. a;w;. Then

repeated mapping under M can be expressed as

(6.3) MFw = Z )\fajwj.
J

Therefore, under iteration, as k — 00, the vector MFw is a]igned with the eigenvector wy,
since the corresponding eigenvalue A; has greatest absolute value. If the trajectory corre-
sponding to v is asymptotic to the network, then as we noted previously limy oo M*v —
—00. Therefore, we need to understand the conditions under which the expression in (6.3)
diverges in all components to —oo0.

First, if [Amax| < 1, then, if limy_,oo M*v exists, the individual components of the
iterates of M*v vanish or converge to a finite value. If Apax € C and [Apax| > 1, then
limy, o M*v does not exist, because the iterates of M*v are attracted to the plane spanned
by the two eigenvectors of the complex-conjugate pair of eigenvalues Apax. If Apax € R but
Amax < —1, then limy,_, o M*v also does not exist as the signs of the individual components
of M*v eventually alternate with odd and even k.

Therefore, only if Apax € R and Apayx > 1 do all individual components of M*v
diverge in absolute value to 0co. For all components to diverge to —oo, every component of
Winax Needs to be strictly positive or every component needs to be strict]y negative—since it
w € R} is an cigenvector of M, then so is —w € R”, and vice-versa. Thus, we see that if

any of these conditions are not satisfied, the measure of the d-local basin of attraction must
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vanish, as at most a set of Lebesgue measure 0 may diverge to —00 in every component under
iteration of M.

The most complicated step in the proof is, assuming all three conditions in Theorem 6.1,
constructing a set of points in the negative orthant that diverge in every coordinate to —oo
under iteration of M, and then showing that this set has strictly positive Lebesgue measure.

For the full proof of this theorem, see [Pod12, Theorem 5].

As discussed at the start of this subsection, without any additional information, we
need to confirm that the three properties in Theorem 6.1 are satisfied for every full transition
matrix. This process is equivaient to determining, when studying the full return maps CI)j, that
all trajectories that begin on Hijn return to H'}n and are asymprotic to the cycle. However,
Podvigina [Pod12] also proves that these conditions do not need to be verified for all full
transition matrices. To understand why, suppose that for a cycle C of n equilibria &, . . ., &,

we define n basic maps ;. Then the full transition matrix M is defined by
M, = M(n—1)n1 - - - M2341M123Mn12-

Moreover, the remaining transition matrices M; for 1 < j < n are defined by some cyclic

permutation of the product that defines My, and so take the form

Mj = m—2)-1)j - - - M123Mn12M(n—1)n1 - - - Mj(j+1)(j+2) MG —1)F (j+1)

Next, assume A is an eigenvalue of M; with eigenvector w. Then

M; (m-2)(i-1); - - - M123Mn12) W

I
—~

M(j—2)(j—1)j - - - M123Mp12M (n—1)n1 - - -m(j—l)j(j+1)) (m(j—Z)u‘—l)J‘ x -m123mn12)w

I
~—

Mj—2)(j-1)j - - -m123mn12) (m(n—l)nl c MG =1)5G+1) (G -2)(5-1)j - - -m123mn12)w

Il
—

m(j—2)(j—-1)j - - 'm123mn12)M1w

I
>

(m(j,z)(j,l)j x -mlzsmnlz)w

Therefore, we find that A is also an eigenvalue of M, with eigenvector

(m(jf2)(jfl)j x -m123mn12)w;

that is, an eigenvector of M; with eigenvalue A is a multiple of an eigenvector w of M; with

. : inj—1 . .
cigenvalue A, pushed forward to the cross-section H;H’J , using the product of the basic
transition matrices that map from H® to H;n

Therefore, we need only check Aax € R and Ayax > 1 for one full transition macrix; if
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this condition is satisfied for one full transition matrix, it is guaranteed to be satisfied for all
tull transition matrices, because all full transition matrices have the same spectrum. Next, it
the eigenvector Wax of Mj satisfies the third condition of Theorem 6.1, and if m;_1);¢41)
has no negative entries, then the eigenvector Wpax of M4 is guaranteed to also satisfy this
condition. If m;_1);(j4+1) has negative entries, it is no longer guaranteed that the eigenvector
Winax Of M1 satisfies this condition.

Therefore, let L be the set of indices 1 < £ < n such that m_1yg41) has negative
entries. Then Theorem 6.1 holds if Apax € R and A\pax > 1 for My, and if, for all ¢ € L,
all components of the eigenvector Wpax of My41 are non-zero and have the same sign. We
emphasise that it is not that only these full transition matrices need to satisfy Podvigina’s
three conditions while other transition matrices can break the three conditions, but that
verifying the conditions hold for these full transition matrices guarantees they hold for all
full transition matrices.

This result can greatly reduce the number of computations required when determining

if a heteroclinic cycle is fragmentarily asymprotically stable.

6.3 Conditions for fragmentary asymptotic stability of a root sequence

We can extend the result in Theorem 6.1 to a root sequence X' € I” with minimal period
some positive integer p, where I = {1, ..., m} is again the set of indices of the equilibria of
the network. Let X® be the k-th left shift of X; that is, Xj(k) = Xk, where the subscript
is taken modulo p. For example, if X = (1234), then XM = (2341), X@ = (3412), and
so on. Clearly, X0 = x® = x.

Next, let X = (ajas...a,) € IP be a root sequence. We define the full transition

matrix My as

MX(U) - map,lapalmapfgap,1ap cee ma2a3a4ma1a2a3mapa1a27

that is, it is the full transition matrix found by multiplying the basic transition matrices that,
beginning at the first equilibrium &, , follow the given root sequence. For each 1 < k < p,
we define the matrix My similarly, by multiplying the basic transition matrices that follow

the given root sequence X beginning at &,,. This matrix has the general form

MX(k) = May,_sar_1axMar_sap_sax_1 - - - Mapriapi2ak43Magarp1apr2Mag_1apaky1-

We refer to the set of p transition matrices {Mym } for 0 < k < p as the collection of full

transition matrices associated with X'. With this information, we give the following result,
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which follows from [Pod12, Theorem 5], and which was also given as [PR22, Lemma 1].

Theorem 6.2. Suppose X € IP is a root sequence, where p is a positive integer, and consider the
collection of full transition matrices associated with this root sequence, { My | 0 < k < p}. For
each matrix, let Apax and Wiayx be as in Theorem 6.1. Then, the root sequence X is fragmentarily

asymptotically stable if and only if, for all full transition matrices My x):

(I) Amax is real;
(I1) Apax > 1; and

(I11) all entries of Wiax are nonzero and have the same sign.

Again, to verify these results hold true for all full transition matrices, it suffices to check only
a subset of the transition matrices. All matrices again have the same spectrum. Consider the
set L of indices of all basic transition matrices mg—1)¢e+1) that have a negative entry. Then
only for the non-negative integers k& < p such that Xl(k) = ¢ + 1 do we need to verify that

M ) satisfies the third condition in Theorem 6.2.

§7 Piecewise-smooth dynamical systems

We conclude this chapter with a very brief overview of some of the theory of piecewise-
smooth dynamical systems.

Consider a set D C R™, finitely many subsets S; € D with non-empty interior such
that UpS; = D, and a collection of smooth functions F: S; — D. A piecewise-smooth

dynamical system is a map F': U; S; = D defined by
(7.1) F(z) = Fi(x), ifx € S;.

We assume the boundaries of the sets S; are piecewise-smooth codimension-one mani-
folds. As such, the set ¥;; := 5;N .S is cither a smooth codimension-one manifold or empty.
The sets 2;; that are non-empty are called switching manifolds. Formal solutions to the equa-
tion Fj(2*) = 2* may satisfy 2* € S;, in which case we say that the fixed point is admissible.
However, if 2* € S} for some j # 1, then we say that the fixed point is virtual. If 2* € X5
for some j # i such that ¥;; is non-empty, we say there is a border-collision bifurcation. 1f
x* ¢ D, we also say that the fixed point is virtual.

It is possible for piecewise-smooth dynamical systems to have periodic orbits, and it

is important to consider their admissibility. Let I be the index set of the partitions S; of
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the domain of the dynamical system (7.1). We can associate to an orbit (xj)neN of (7.1) the
symbol sequence X': N — [ by setting X; = i € [ if ; € S;. Then, if X € I? for some

positive integer p, a set of p points {x; };’:1 forms an admissible X -orbit of period p if
Tip1 = Fx,(21),

and each x; € Sk,; that is, each point of the periodic orbit lies in the correct domain of F.
These definitions are all that we need. However, for more on the general theory of
piecewise-smooth dynamical systems, see [Sim16] for a review article, and [BBCO8] for a

comprehensive exposition.



The projected map of

heteroclinic networks in R*

The contents of this chapter are adapted from [GKP24, §2—4].

In this Chapter, we analyse the dynamics of trajectories near three heteroclinic networks in
R*: the Kirk-Silber network, the A-clique network, and the tournament network. We clas-
sify the behaviour of trajectories near these networks by introducing a new methodology in
the study of heteroclinic cycles and networks: the projected map. This map is a piecewise-
smooth one-dimensional map, derived from the network’s transition matrices, which allows
us to more casily determine the itineraries of trajectories near a network. We can also more
casily determine the stability conditions of a component heteroclinic cycle. The results of this
chapter confirm the claim by Brannath [Bra94] that there is no regular or irregular cycling
of trajectories near these three networks. For any two given cycles, trajectories may switch
at most once between them, and only in a particular direction, which depends on parameter
values.

We begin in §8 by defining the three networks we consider.

In §9, we construct the projected map of the Kirk=Silber network. We first summarise
the resules of Kirk and Silber [KS94] and relate them to the work of Podvigina [Pod12]. We
then consider the return map at the switching equilibrium of the Kirk-Silber network, and
use properties of this return map to motivate the construction of a projected map. We then
construct the projected map of the Kirk-Silber network and prove it is well-defined.

We classify the dynamics of trajectories near the Kirk—Silber network in §10 by scudy-
ing the dynamics of the projected map. We calculate its fixed points and their stability and
admissibility. We also show that a border-collision bifurcation of a fixed point of the pro-
jected map corresponds to stabi]ity loss of a component cyc]e of the network, as Podvigina’s

third condition for stability is no longer satisfied. This result allows us to study only the

33
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projected map, and thus simplifies the analysis of the network. We also consider the conti-
nuity of the projected map on its switching manifold, and present some numerical examples
of trajectories near the network.

We study in §11 the A-clique network. We present its projected map, and then use
this map to classify the dynamics of trajectories near the network, which shows a qualitative
difference from the results concerning the Kirk—Silber network. The analysis of the projected
map is complicated by the fact that Podvigina’s second stability condition is not necessarily
realised as a property of the projected map, and so some care must be taken. Importantly,
however, the correspondence between a border-collision bifurcation and Podvigina’s third
stability condition is maintained.

Lastly, we consider the tournament network in §12. We give the projected map of this
network, but do not study it to the same detail as for the Kirk-Silber and A-clique networks,
due to its complexity. We instead give an overview of how the projected map can be used to
study the dynamics of the network, and present some examples of interesting dynamics near

this network.

§8 Three heteroclinic networks in R*

We begin by defining the three heteroclinic networks in R* that we study in this chapter.
These three networks are all composed of four equilibria, &, . . ., &, which lie at unic dis-
tance from the origin in the positive orthant on each of the four coordinate axes. These
networks are built from three different heteroclinic cycles. We assume that these cycles and
networks are defined with the simplex realisation of Ashwin and Postlethwaite [AP13], and
thus dynamical systems defined by the ODEs (3.2). The three different networks we consider
are formed by specific choices of the signs of the constants ay, in (3.2). We give explicit
examples of the ODEs that admit the three networks we consider in (10.2), (11.2), and (12.2).

We consider two cycles with three equilibria:' Cigy = & — & — & — & and Cyy =
& — & — & — &1 We consider one cycle with four equilibria:® Ciggy = & — & — & —
&4 — &1

The three heteroclinic networks we study are:
1. The Kirk-Silber network [KS94], the union of two cycles: Nks = C3) U Clay-

2. The A-clique necwork, the union of two cycles: Na = Czq) U Clyy.

'In the terminology of Krupa and Melbourne [KM04], these cycles are of type By .
2Of type Cy [KMOA4].
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3. The tournament network, the union of all three cycles: Np = Cpg) U Cigqy U Cpay.

Figure 1.3 gives diagrammatic representations of these three networks. The Kirk-Silber net-
work was first studied in [KS94]. The directed triangle of heteroclinic orbits & — &4 and
£ — & — &4 in the second network was termed a A-clique in [ACL20, PCL20], and so we
name it the A-clique network. The graph of the third network is the only one of the three net-
works that forms a tournament in the graph-theoretic sense, and so we name it the tournament
network. The tournament network is also studied in [CFL24], where it is known as the Jungle
Game. As shown by Castro and Lohse [CL16a] and Lohse and Podvigina [PL19], these are the
only three heteroclinic networks in R* that contain four equilibria and are constructed from
type Z cycles.

As mentioned in §3, we consider only a single one-dimensional heteroclinic orbit to
be part of each cycle and thus each network. For all three networks, all heteroclinic orbits
§; — & are contained in the two-dimensional flow-invariant (2, xj)-coordinate plane.
In the case of the Kirk—Silber network, there is a two-dimensional continuum of orbits
W (&) NW?#(&3) and W™ (&) MW (Ey), as well as W (&) MW (&1) and W™ (&) NW (&),
For the A-clique and tournament networks, the intersection W*(&) N W*#(&y) is also two-
dimensional, as is W*(&3) N W#(&;) for the tournament network. All of these intersec-
tions are properly contained in some three-dimensional subspace, but only a single one-
dimensional heteroclinic orbit is properly contained in a two-dimensional plane. For all

three networks, only this heteroclinic orbit is considered to be part of the network.

§9 Construction of the projected map

To construct the projected map of the Kirk-Silber network, we begin by constructing its

return maps and transition matrices, following the methodology we outlined in §6.

9.1 Return maps near the Kirk-Silber network

Consider, for example, &5 = (0,0,1,0). We define local coordinates by translating &5 to
the origin, writing ug = 3 — 1. Rescaling the coordinates as necessary to ensure we are in
a neighbourhood of approximate linear flow, we define two cross-sections in a small neigh—

bourhood of &3:

Hiamz = {($1,I2,U375E4) | lug| < 1,20 =1,0 < 21,24 < 1}
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and
ngt,l _ {(ml,xQ,U3,l‘4) } lug| < 1,y = 1,0 < 29,24 < 1}.

. in,2 . : t,1
The cross-section H3" is transverse to the orbit & — &3, and H3™

is transverse to &3 — &;.

In the system (3.2), there is an attracting invariant sphere [Fie96], and so the radial
coordinate ug does not affect the stability of the cycle [KS94, Kru97, Pod12]. Thus, we can
consider two-dimensional subsets of the cross-sections, and the relevant coordinates are 21,
and 24 in Hén’2 and x5 and 24 ngt,l_ The local map 1931 H:ign’2 — ngt’l approximates the
dynamics of trajectories between these two cross-sections using the linear flow near &5 and

the residence time of a trajectory between the two sections, and is given, to leading order, by

€32 134
— €31 €31
¢231($1,$4) =Ty, T4 .

Again, we have abused notation in presenting this local map, and only give the expressions
for coordinates that affect the analysis of the Cjg) cycle. We continue to do this for all maps
in this chapter, though we do not explicitly highlight it cach time.

To approximate the dynamics near the orbit {5 — &, we define a cross-section in a

small neighbourhood of &3, transverse to the heteroclinic orbit &5 — &;:
0.3
H"” = {(U1,$2,$3,$4) | lur| < 1,23 =1,0 < 29,24 < 1}.

Again, the radial coordinate, now w1, can be neglected. The relevant coordinates are (xg, x4) S
in,3 t,1 . . - .
H"”, the same as those on H3""". By the flow-invariance of the coordinate hyperplanes, the

t,1 in,3 .
global map W3y : H3™ — HY" can be written, to lowest order, as

‘1’31(962,374) = (0431562,531134)7

where agy and 31 are O(1) positive constants.
~ . . in,2 in,3 » . .
We define the basic map @o31 = Wgq 0 31 Hy® — H". After repeating this
process for all equilibria and appropriate cycles, we compose these basic maps into the six

)

full recurn maps of the network, ®;: Hijn’i — Hijn’i. We write <I>§-3 or @;4) for a return
map to an incoming cross-section defined near &; that describes trajectories that make an
excursion around the Cigj or Cpyj cycle, respectively.

For the Kirk-Silber network, only m33 and mq94 have negative entries (see §B.1), and
so we only have to check the stability conditions of Theorem 6.1 at §3 and &. Applying the

conditions of Theorem 6.1 to the full transition matrices Még) and MF) allows us to conclude

that the Cig) cycle is fragmentarily asymprotically stable if and only if 65 > 1 and v5 > 0,
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and that the Cpy) cycle is fragmentarily asymprotically stable if and only if 64 > 1 and v4 > 0,

Where
C13C21C32
by =—22182 o ),
€12€23€31
C14C21C42
9.1) oy =——— >0,
€12€24€41
l34  C14C32  C13C32€24
vy =— + - )
€31 €12€31 €12€23€31
and
t43  C13C42  C14C42€23
vy =— + —

€41 €12€41 €12€24€41

These conditions for stability were derived by Kirk and Silber in [KS94]. Moreover, Kirk
and Silber [KS94] prove that, if v3 < 0, then trajectories switch from the Cp3) cycle to the Cy
cycle, and vice-versa if vy < 0. They also show that v and v4 cannot both be simultaneously
negative.

The equilibrium & has more than one outgoing heteroclinic orbit, and so it is a switch-
ing equilibrium of the Kirk=Silber network. Moreover, for the Kirk-Silber network, &; is the
only switching equilibrium. As such, where a trajectory strikes Hizn’1 determines which cycle
the trajectory next cycles around. Therefore, to study the itinerary of trajectories near the
Kirk—Silber network, we focus our analysis on Hy"'. We define the incoming cross-section
at & as

Hi;’l = {(xl,ug,xg,m) ’ lug| < 1,21 = 1,0 < 23,24 < 1}.

. . . . in,1
The relevant coordinates on this section are x3 and x4. The curve 25 = 23* divides Hy"
into trajectories that leave a small neighbourhood of & in the direction of &3 or &4.
. in,1
We consider the subsets of H3"" defined by

, 24
(9.2) I3 = {:v eHY' | (1—e)xs® > 934}
and

) 23
(9.3) r,= {x ceHM | (1 —ex > 333},

where 0 < € < 1. The term (1 — €) excludes from I's and I'y all points that lie too close to the
separatrix dividing the basins of attraction of the Cj3) and Cpy) cycles, and so trajectories that

: in,2 in,2 - - .
do not strike Hy"* or Hy"”. In defining these subsets, and other subsets of cross-sections, we
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1
X4
0.51
0 . .
0 1 0 0.5 3 1
(a) (b)

Figure 9.1: Examples of the action of the return map @ Hi;’1 — Hi;’l for (a) v3 > 0 and (b)
v3 < 0. Points in the same orbit have been joined for clarity only. The domain I's is shaded
blue, I'y orange, and the excluded cusp I'¢ black. The dashed blue and orange lines are the
curves X3 and 3} (defined in §9.2). The switching curve X is a dashed red line, and X7 and
Y are solid red lines. Parameter values and initial conditions for these figures are given in

§B.5.1.

again abuse notation and do not explicitly include the coordinate that is fixed to define the
cross-section, nor the radial coordinate.

We refer to the subset of‘Hizn’l between I's and I'y as the excluded cusp, defined as I'; =
H,"' \ (I3 UTy). We refer to the curve defined by 252 = 252 as the switching curve, and
denote it Xg. Furthermore, the boundary between I' and I's is denoted X7, and the boundary
between I'c and I'y is denoted X . Unlike Kirk and Silber, we do not need to assume that
€93 > €a4, as we are not concerned with the conditions for essential asymprotic stability of
the component cycles, only that they are fragmentarily asymprotically stable. We do however
assume the genericity condition that ey %+ eoy. Therefore, either I's or I'y can be cusp-
shaped, and the other is shaped like the complement of a cusp.

The sets I's and I'y are the domains of definition of the local maps 1195: I's — ngt’g
and Y194: 'y — HSUtA, respectively, and so also of the full return maps @és) Ty — H;n’1
and @gl): ry — Hign’l. The full recurn map ®5: ' U Ty — Hizn’l is, to lowest order, and

presenting only the relevant coordinates,

@g3)($3, Ty) = (A32x§3, Bsgaiwy), if (x3,24) € T3,

O4)  Palzs,wa) =4 iy
D, (v3,4) = (Aggrsay’, Bpxy'), if (z3,24) € Ty,
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b -1 0

X3 :=logxs
(a)

Xy =log xy

b -1 0
X3 :=logxs

(b)

Figure 9.2: Examples of the action of the map M:: R? — R2? for (a) v3 > 0 and (b) v3 <
0. In chis figure, vectors extend from the origin to the black dots, and the linear subspace

containing each vector is a solid grey line. The domain of Dj is shaded blue, Dy orange, and

D. black. The dashed blue and orange lines

are the eigenspaces W3 and W. The vectors can

be seen to converge to these eigenspaces under iteration of M. The switching subspace W is
a dashed red line, and the two affine subspaces W, and Wt are solid red lines. For clarity,

(b) shows the logarithm of only one of the
switches from the Cjg) cycle to the Cpy cycle.
figures are given in §B.5.1.

trajectories in Figure 9.1(b), that trajectory that
Parameter values and initial conditions for these

where Asy, Bsa, Ayo, and Byg are O(1) constants, and

€24
ps=———+F
€23
and
€923
P4 =——
€24

Ca1t3y n €14C21C32

€23€31 €12€23€31

Ca1t43 n €13C21C42
€24€41 €12€24€41

As shown by Kirk and Silber [KS94], if §3 > 1, then v5 > 0 implies p3 > 0, and if 64 > 1,

then v4 > 0 implies py > 0. From here, our primary focus is this return map, and so we write

simply @ = @y, 3 = q)gg), and ¢, = @gl)

. Examples of the action of the map ® are shown

in Figure 9.1 for both 5 > 0 (panel (a))—where there is no switching between cycles—and

v3 < 0 (panel (b))—where there is switching from the Cj3) to Cpy) cycle.

The return maps @3 and @4 have corresponding transition matrices

M, = d3 0
ps 1
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and

1
M= | ).
0 4,

Let X5 == logas < 0and X, = logzs < 0. These matrices act on subsets of R2—the
negative orthant of R*—that correspond to the sets I's and I’y in logarithmic coordinates.
We label these subsets as D3 and Dy, respectively. We define D, to be I'; in logarithmic
coordinates. Setting ws = (1, %), which we call the switching vector, we define the switching
subspace Wi as the span of wg, which is ¥ in logarithmic coordinates. We also write W and
W, for the one-dimensional affine subspaces that correspond to the curves £F and X . The

lines W and W, are parallel to W and do not pass through the origin.
We can then define a map M: D3 U Dy — R2 by

(

(53 0 X3 .
M;3(X3, Xy) = . if (X3, X4) € Ds,
p3 1] \ Xy
M(X3, Xy) =
L opa) [Xs ,
M4(X3, X4) - s 1f<X3, X4) S D4.
0 04 X4

\

We write w} for the eigenvector (93 — 1, p3) of M3 with eigenvalue 03, and wj for the
eigenvector (py, 04 — 1) of My with eigenvalue d4. We write W3 for the eigenspace of Mj
that is the span of w}, and similarly for Wy. We also write wy = (0, 1) and W~ for its span,
and wy = (1,0) and W, for its span. These are, respectively, eigenvectors of M3 and My,

both with eigenvalue 1.

9.2  Motivating the projected map

Write V, for the one-dimensional linear subspace of R? defined by X; = a X3, where a >
0. Then, all vectors X € V, in the domain of M are mapped by M into the same one-

dimensional subspace, V},(4), where

hs(a) = _agfs, ifa > e
h(a) =
hy(a) = 11‘2‘;47 ifa < &4,

The map hs(a) has a fixed point a§ = (Sf—il, and Vo is the eigenspace W3 The map hy(a)
0a—1
i

These properties of M3 and My as linear maps have analogues in the return maps ®3 and

has a fixed point a} =

, and Vg is the eigenspace Wy
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®,, which was previously considered in [Pos10]. For a > 0, consider the one-dimensional
subspace defined by X4 = aX3, restricted to the negative orthant. Taking exponentials gives
acurve £y = x§ in H;n’l. We note that any point (g3, ¢1) € Hiln’2 lies on the curve x4 = x§,
where a = log ¢4/ log gs. All points on the curve x4 = 2§ that are in the domain of ® are

g(a). Write X3 and X} for the curves defined by 24 = x?

mapped into the curve x4 =
and 74, = xgz, respectively. The curves 23 and X} are invariant under the action of @3
and @y, respectively. The eigenspaces W3 and W) correspond to these invariant curves in
logarithmic coordinates.

Since we are interested in not just the stability properties of the Kirk—Silber network
and its component cycles, but also in classifying the behaviour of nearby trajectories, we can
determine the itinerary of trajectories by which part of the domain of the return map ® they
pass through. For a given a > 0, all points Zg in the curve x4 = x5 give rise to disjoint
trajectories in phase space, ¢(xo, t). However, the sequence of points ®" () at which these
trajectories strike the cross-section Hy»' all lic in the same sequence of curves x4 = xgn(a).
Therefore, these trajectories have the same itinerary. With this information, we highlight
the primary advantage of the methodo]ogy we introduce here: we can simp]ify the analysis

of trajectories near the network by identifying all trajectories that lie on the same curve

x4 = x4, thereby reducing the complexity of the problem by one dimension.

9.3 The projected map of the Kirk-Silber network

We define the set
(9.5) S={(X5Xy) eR?| X3+ Xy = —1}.

By identifying any point in .S with its first coordinate, we can, without ambiguity, identify
the set S with the open interval (—1,0) C R_. We cannot, however, use the closed interval
[—1, 0], which includes the limit points —1 and 0. These points correspond, respectively, to
the X3- and Xj-axes, and so correspond to the original coordinates, x4 and 3, respectively,
being O(1). These points are not in the domain of the original return map ®. We also choose
to identify S with a subset of the negative real line as a reminder that these points represent
vectors in the negative orthant.

We define the projection IT: R?2 — S of any vector X € R? onto S by taking the first

coordinate of the intersection of the line segment .S with the subspace containing X:

-1 —X3

9.6 II: X = (X5, X —e X = ———
( ) ( 3 4)|—>(1,1)'X€1 X3+X4,
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0 e
. H
—11: i
¢

-3 -2 —1 0

Figure 9.3: Three examples of determining a vector’s projection onto the line segment S,
which is shown as a green line. The three vectors extend from the origin to the black points,
and the linear subspaces containing them are the dotted lines. The intersection of each linear
subspace and S as a line segment is given by a coloured point, and the horizontal components
are the three correspondingly coloured ticks on the Xj-axis.

where e; = (1, 0) is the first standard basis vector. Figure 9.3 depicts this projection. For all
X eR?anda >0,
[I(aX) =II(X).

Therefore, all vectors in the same linear subspace are represented by the same point in S.

We define the projected map as the induced action of the map M on S. Let

—1
1—1—%
€23

Vs = T(ws) =

We define the intervals ©3 = (5, 0) and ©4 = (—1,7), and so S = ©4 U {¥s} U O3. For
apoint ¥ € S, if U5 < 1, with corresponding vectors in Dj,

M, —1 — ) = Ms(d, —1 — ¥)

(80 ¥
(9.7) C\py 1/ \=1-0

B 530

N\ —10—1
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and, if ¥ < 9, with corresponding vectors in Dy,

M9, —1—9) = My(9, -1 — 0)

. 1 P4 0,
(9.8) S \0 G ) \-1-9
_ (= pa)9 = p4
0u(-1-0) )
With the action of M3 in (9.7) and My in (9.8), we apply the projection in (9.6), deriving

maps

fa =II(M3(9, -1 —=1)): ©3 = S

aﬂd
fo=T(Ms(0,—1—19)): O, — S.

We combine these maps into the projected map fxs: O3 U0, — S:

—030
(53+p3 — 1)19— 17

F3(9) = if € O,

(9.9) fxs(¥) =

f4(79) _ (1 — 104)79 — P4

(54+p4—1)19+54+p4

. if9 €0,

The projected map fkg is a piecewise-smooth dynamical system, and the point 9y is its
switching manifold. Figure 9.4 gives schematic representations of this projected map for
a variety of relations between parameters.

We now show that this map is well-defined and describes the dynamics of trajectories

in all sufhiciently small neighbourhoods of the Kirk-Silber network.

9.4 Well-definedness of the projected map

We first discuss why the projected map might not be well-defined. The full recurn map
®: T3 Uy — Hy"' is the map from which the projected map is ultimately derived. As
discussed in §9.1, this map is not defined on the entirety of the cross-section Hizn’l, due to
the excluded cusp I'c, defined around the switching curve 2. When moving to logarithmic
coordinates, the set IT'c becomes the subset D, C R?2—defined around the switching subspace

Ws—whose boundaries are the affine subspaces W, and W, These subspaces project onto

the set S, and so we might think that all ¥ € S such that II(W;") < ¢ < II(W;") must be

excluded from the domain of the projected map. We show here that, in fact, only ¥, which
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Figure 9.4 Schematic representations of the projected map of the Kirk-Silber network as
cobweb plots, for different relations between parameters: (a) 65 > 1 and 5 > 0, (b) d5 < 1
and v3 > 0, (c) 03 > land 3 < 0, and (d) 03 < 1 and v5 < 0. In all examples, the
domain Oy is shaded blue and the domain ©4 orange. The dashed red line indicates 4. The
dotted black line is fxs(¥) = ¥. Each function f3 and fy is shown as solid in its domain of
definition and dashed otherwise. In all four figures, 4 > 1 and v4 > 0. In (c) and (d), the
values &, (see (10.1)) are indicated by dashed black lines for n = 1,2, 3, 4. Parameter values

and initial conditions for these figures are given in §B.5.2.
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) 44
L/

3 -2 -1 0

Figure 9.5: Two examples of points in S that are not ¥, given by the coloured dots on S,
the solid green line. The linear subspace through each point is shown as solid for vectors in
the domain of M, and dotted for vectors in D,.. The solid lines are examples of the half-lines
L(19). The point p(1) in each case is shown as a correspondingly coloured point on the solid
red lines. In this figure, we use €93 = 1.2, e94 = 0.8, and € = 0.4, for visual claricy.

corresponds to the switching curve g, must be excluded.

Let ¥ be a point of S that is not 5. This point is the projection of any vector in the
linear subspace W (¥) defined by X4 = —%Xg, and this subspace is not Wy. As W and
W, are parallel to Wy, W (¥) intersects W.H or W, at some point p(9) € R?, given by

S

p3(9) = W) N W = (;341°g<“> (119) 1°g<16>> if s <0,

a1+ e;g I+1+9
(910)  p(v) =
_ Ylog(l—e —(149) log(1—e¢ .r
pa(9) = W@W) "W = (W%((Hg?), if%ugim >> if 9 < V.
82 62
If we set
ay(V) = 2= ifg, <,
a* () = 8

aj(¥) = FEiTYy it <,

€24
then all vectors in the half-line L(¥) = {a(d, —(14+9)) | @ > a*(¥)} C R? extending
from, but not including, the point p(¢) are in the domain of M and project onto 9. Figure 9.5
shows examples of the process of finding the point p(1)) and the half-line L(1)).

Next, since M is defined by the linear action of the matrices M3 and My, we know that,
for all v,w € L(9), M (v) = tM(w) for some t. Thus, the projection of M (v) onto S is the
same as that of M (w); that is, II(M (v)) = [I(M (w)).

Hence, for any point ¥ € S such that ¥ # v, we define the projected map f as the
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projection onto S of the image under M of a(¥), =1 — ¥) for any o > a*(¥):

—1

(9.11) frs: U (1,1)- M(a(®¥, —(1+9)))

e - M(a(d, =(1+9))),

and this mapping is well-defined. In (9.11), we have not cancelled the constant a to emphasise
that this scaling is needed so that the vector (¥, —1 — ¥J) is in the domain of M.

In summary, we do not have to exclude from the domain of definition of the projected
map those ¥ such that ITI(W,") < ¢ < II(W,"). We instead take the projected map fxs as
being defined only for the projection of those vectors in the linear subspace W (1) that lie
on the half-line L(?), and so we are in the domain of M.

The following proposition allows us to use the dynamics of fkg to understand the dy-
namics of trajectories near heteroclinic networks. For this proposition, we define X(¢) as

the curve in Hy"" chat, in logarithmic coordinates, projects onto ¥ € S:
in,1 o
— ) . 9
X(9) = {(xg,x4) e Hy)" | x4 = x4 }

Proposition 9.1. Let T C S be a subset of S for which ¥ is not a (topological) limit point.
Then for all sufficiently small neighbourhoods of the origin in Hy"", the curve $(19) is dis-
joint from the excluded cusp I'; for all ¥ € T

Proof. We begin by defining d* := inf{d(¢,?s) | t € T'}. Since Uy is not a limit point of T,
d* > 0. We set a* = max{a*(Js — d*), a* (Vs + d*)}. Then, for all ¥ € T, all vectors in
the half-lines

L) = {(a?,—a(1+9)) e R? |a > a*} C W ()

are disjoint from D, and so are in the domain of M. Therefore, all points on the curve
A(W) = {(eaﬁ, e ) e HM | a > a*} C ()
are disjoint from the excluded cusp I'c and so are in the domain of ®. If

r* = inf sup d(0,z),
VET geA () (0.2)

then, for all 7 < r*| the restriction of (1)) to the open neighbourhood of radius 7 of the

origin lies outside the excluded cusp I'; for all ¥ € T.. |

Therefore, if ¥ € O3 U O4 and (fEg(?)),,cy is the forward orbit from ¥, then, if this
orbit is not asymptotic to U, the orbit describes the dynamics of trajectories in all sufficiently

small neighbourhoods of the given network.
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§10 The Kirk-Silber network

To help us classify the dynamics of trajectories near the Kirk—Silber network, we first define

, in,1
the following two subsets of Hy"":

€24 r3
F; = {xefg | (1—6).%;23 > T4 >l‘§dl} grg,

which is nonempty only if 05 < 1 and v3 < 0, and

ea3 P4
FZ = {Qj‘ ely | (1 — E)$Z24 > xr3 > 1‘241} CTIy,

which is nonempty only if 0, < 1 and 14 < 0.
We now use the projected map to classify the dynamics of trajectories near the Kirk—

Silber network. In particular, we prove the following theorem.

Theorem 10.1.  (a) If 05 > 1 and vz > 0, then the Cpg) cycle is fragmentarily asymprotically

stable. All trajectories starting in I'3 are asymprotic to the Cps) cycle, with itinerary (231)°.

(b) If 63 > 1 and v3 < 0, then the Cjg) cycle is almost completely unstable. All trajectories
starting in I's are eventually mapped into I'y. If; in addition, 4 > 1, these trajectories switch
from the Cpg) cycle to the Cpg cycle, to which they are then asymprotic. For all positive integers

n, there exists an open set of trajectories starting in I's with the itinerary (231)™(241)*.

(c) If 03 < 1, then the Cjg) cycle is completely unstable. If v3 < 0, then all trajectories starting
in I's sufficiently close to the network are eventually mapped into I'y. If; in addition, 64 > 1,
these trajectories switch from the Cs) cycle to the Cpy) cycle, to which they are then asymprotic.
For all positive integers n, there exists an open set of trajectories in I's with the itinerary
(231)™(241)°°. All other trajectories starting near the cycle leave a neighbourhood of the

cycle.

(d) Ifd4 > Landvy > 0, then the Cyy cycle is fragmentarily asymprorically stable. All trajectories

starting in I'y are asymprotic to the Cpy) cycle, with itinerary (241)%.

(¢) If 64 > 1 and vy < 0, then the Cyy cycle is almost completely unstable. All trajectories
starting in I'y are eventually mapped into I's. If; in addition, d3 > 1, these trajectories switch
from the Cqj cycle to the Cig) cycle, to which they are then asymprotic. For all positive integers

n, there exists an open set of trajectories starting in 'y with the itinerary (241)™(231)*.

() If o4 < 1, then the Cia cycle is completely unstable. If vy < 0, then all trajectories starting

in I'y sufficiently close to the network are eventually mapped into I's. If; in addition, 65 > 1,
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these trajectories switch from the Cpy) cycle to the Cjg) cycle, to which they are then asymprotic.
For all positive integers m, there exists an open set of trajectories in I'y with the itinerary
(241)™(231)°°. All other trajectories starting near the cycle leave a neighbourhood of the
cycle.

The results in (a), (b), (d), and (¢) were proven in [KS94], though not using the termi-
nology we have used here. We rederive these results to demonstrate how trajectories near a
heteroclinic network can be analysed with its projected map. We also derive new results in
(c) and (f) concerning switching from a completely unstable cycle.

The proof of Theorem 10.1 proceeds as follows:

« In sections 10.1 to 10.3, we prove results about the fixed points of fkg which are used

in the remainder of the proof.

+ In §10.4, we prove (a) and (d) of Theorem 10.1, and the parts of (¢) and (f) where v5 > 0
and vy > 0, respectively. These parts of Theorem 10.1 correspond to parameter values

for which all fixed points of the map fxg are admissible.

+ In §10.5, we prove (b) and (e) of Theorem 10.1, and the parts of (c) and (f) where v5 < 0
or v4 < 0, respectively. These parts of Theorem 10.1 correspond to parameter values

for which one fixed point of the map fxg is virtual.
We prove these results for only the Cjg) eycle, as the proof for the Cpy cycle is equivalent.

However, we highlight where properties of the maps f5 and fy are different.

10.1  Fixed points, admissibility, and stability

Both f5 and f4 (see (9.9)) have only one fixed point that can lie in S,

1—6
19;;:—3
53—|—p3—1
and
— P4
V= —.
1 (54—1—/)4—1

These fixed points correspond to the eigenspaces W3 and Wj. We now determine when
these fixed points are admissible or virtual, and when border-collision bifurcations occur.

Consider the case that d3 + p3 > 1 and 64 + p4 > 1. Rearranging v > U, gives

P3 — %(53 — 1) = gyg > 0.
€23 €23
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Since ¢21 and eg3 are both positive, ¥ is admissible if and only if 5 > 0 and it is vircual if
and only if 5 < 0. A border-collision bifurcation occurs at 3 = 0. Equivalent resules hold
for ¥} and vy.

Now, in the case that d3 + p3 < 1, 95 is virtual if and only if 3 > 0, and admissible if
and only if 3 < 0. The same holds for ¥ when d4 4+ ps < 1.

The maps f5 and f4 cach have one additional fixed point: ¥5 = 0 and ¥, = —1,
respectively. These correspond to the eigenspaces W5 and W, respectively. These points
are not in the domains of the maps f3 and fy, but it is useful to consider them in our analysis.

To determine the stability of 995 and ¥}, we calculate that

35
((d5 + ps — )0 — 1)°

Dfs(¥) =

and

04
(04 + ps = 1)0 + 04 + pa)*
Since 03 and &4 are both positive, D f3() > 0 and D f4(¥) > 0 for all ¥ € S, and so both

functions are strictly increasing.

Evaluating D f3(1)) and D f4(¢) at 9% and ¥ gives

Df4(19) =

1
D f3(d3) = 5
3
and

Df4(191) = 51

4
Therefore, 93 is asymprotically stable when 3 > 1, and ¥} is asymptotically stable when
04 > 1. Additionally, Df3(¥5) = d3 and Df4(¥;) = d4. At the point of stability loss,
V5 = 95 and ¥} = U;. Thus, if f3 and f; were studied as functions of the real line, these

bifurcations would be transcritical bifurcations.

10.2 Equivalence of the border-collision bifurcation and

Podvigina’s third stabi]ity condition

As discussed at the beginning of §6.2, when studying a heteroclinic cycle, it may be that there
is only one equilibrium at which an open set of initial conditions exists that does not return
to that equilibrium under the flow of the system. As such, since the projected map fks is
derived from the transition matrices M3 and M} only, we do not know a priori that stabilicy

of the cycles can necessarily be determined by studying this map alone. Podvigina’s results
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tell us that stability can be determined by studying the full transition matrices at &5 and &4,
since the only basic transition matrices with negative entries are 1123 and mj94. However,
it is in fact possible to establish an equivalence between the border-collision bifurcations of
v and ¥} and the stability conditions at £ and &4, respectively; this equivalence allows us
to deduce whether a trajectory is asymprotic to the Cigj or Cpy) cycle from examination of the
projected map only.

Recall that we use the shorthand M3 = M2(3) and My = M2(4). The full transition

matrix M3 is defined by the following product of basic transition matrices:
M; = M2(3) = M312M23171123.
The transition matrix M?E?’) is defined by
M?EB) = TN1231M3127231 -

As such, M§3) = My Mzmiyy, and similarly for M, = M2(4) and Mf) = MmigaMymiy,.
We write w2y for the cigenvector of M3 whose eigenvalue has greatest absolute value, and
similarly write wfi)lx for that eigenvector of M. ég).

Therefore, if w is an eigenvector of Ms, then myg3w is an eigenvector ofMPES), and, if w

. . 3 1 . - C
is an eigenvector of M:,E ), then migyw is an eigenvector of Mj. The key observation is that

the image of the switching vector wy = (1, %) under M3 is
TR 1 ca1
_ €23 o €923
mi23Ws = =
—c4 1 €24 0
€23 €23

Therefore, if the eigenvector wfﬁ&x of M3 lies in Wi, the eigenvector wfﬁix of Még) does not
satisfy condition (III) of Theorem 6.1 because it has a 0 entry. Similarly, at the bifurcation

vg = 0, the eigenvector wS’QX of‘M:,E?)) is (03 — 1,0), and we find that

5 () 03 — 1 1
3 e
-1 c21 23
My23Wmax = . = (65 —1) . e Ws.
€4 ] 0 21 €24
c21 €23

Therefore, Podvigina’s third stability condition in Theorem 6.1 at {3 is equivalent to the

admissibility of the eigenvector Wl of Mj, and a border-collision bifurcation of the eigen-
2 ~ . . 3 ~ 3

vector wﬁngx of M3 corresponds to a 0 in the eigenvector wfnix of M:,E ).

With a similar argument for the matrix 1424, we have proved the following proposition.
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Proposition 10.2. Suppose d3 > 1. The fixed point 95 of f3 is admissible if and only if wpay
of‘Més) satisfies Podvigina’s third condition for stability. Suppose d4 > 1. The fixed point ¥}
)

. o . . 4 . . . .
is admissible if and only if the cigenvector Wiax ofMi satisfies Podvigina’s third condition

for stability.

As mentioned after Theorem 6.1, Podvigina’s third stability condition only needs to be veri-
fied for Még) . We can then conclude that, if (fiZg(?)) is an orbit of fxg that is asymprotic
to an admissible 93, then all corresponding trajectories near the Kirk-Silber network are
asymptotic to the origin in all cross-sections of the C[g] Cycle. A similar argument applies
to the Ciy cycle. Hence, we can analyse the dynamics of trajectories near the Kirk—Silber

network by only studying the projected map.

10.3 Discontinuity of the projected map of the Kirk-Silber network at ¥,

We now consider the limiting behaviour of f3 and f4 as 9 — 0. The projected map is not
defined at ¥ because of the method used to construct the return map ®. The functions f3
and f4 can nevertheless be formally evaluated at ;.

We consider the projected map fxg to be continuous if

INDs 9,

In the case of the Kirk—Silber network, we find that

. —C32C13
lim f3(19) = ;
INDs ( cs2(c13 + c14) + €1atsy
and t
lim f4(8) = — (4213 + €12ta3) ’
0 /s ca2(c13 + c14) + €19ta3

which, generically, are not equal. Therefore, the projected map of the Kirk-Silber network

is discontinuous. This discontinuity can be seen in all four examples in Figure 9.4.

10.4 Dynamics when 3 > 0 and vy > 0

We first prove (a) and (d) of Theorem 10.1, and the parts of (¢) and (f) where 3 > 0 and
vy > 0, respectively, and so consider the dynamics of fxg when both 95 and ¥} are admissible.

We first assume 03 > 1. It is scraightforward to show that, for all ¥ € ©3, fks(V) € Os.
It is also straightforward to show that, if ¥ > 9%, then fxs(¥) < ¥, and if ¥ < 9%, then
fxs(¥) > 0. Hence, 9% is globally attracting in ©3 if 65 > 1. A similar analysis shows that ¥}
is globally attracting in ©4 if 04 > 1. Hence, we have proven (a) of Theorem 10.1. Examples
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of orbits under iteration of the projected map for d3,d4 > 1 and v3,v4 > 0 are shown in
Figure 9.4(a).

When 63 < 1,95 > 95 = 0, and f3 has no fixed points in ©3. However, for all ¥ € O3,
fxs(¥) € O3 and fiks(¥) > . Therefore, lim,, o fiis(¥) = Y5 = 0, and so there is no
¥ € O3 asymprotic to a point in . The Cp3) cycle is thus completely unstable. Hence, we
have proven the first part of (¢) of Theorem 10.1. Examples of orbits under iteration of the

projected map when 63 < 1 are shown in Figure 9.4(b).

10.5 Dynamics when either v3 < 0 orvy <0

We now prove (b) and (e) of Theorem 10.1, and the parts of (c) and (f) where v3 < 0 or
vy < 0, respectively. Thus we assume that either v3 < 0 or v4 < 0. As noted in section
9.1, Kirk and Silber show that these values cannot simultaneously be negative. We give the
analysis of the dynamics of fkg when 5 < 0, and the analysis in the case of vy < 0 is similar.

We first assume that 63 > 1. Since v3 < 0, ¥ is virtual, and 95 < 4. For all ¥ € O3,
fxs(¥) < U. However, there now exist ¥ € Og such that fxs(¥) ¢ ©3. For all non-negative
integers n, define &, as the n-th pre-image of s under f3; in particular, fxs(Eny1) = En
and fiis(&n) = Ys. The exact value of &, is

Us

n—1 :
(53—1—7%(5? —1+p3> (5§>
k=0

(10.1) En =

Note that & = Uy, and, foralln, &, < &,11 < 0, and lim,, o £, = U5 = 0. (We note that,
strictly speaking, by Proposition 9.1, the points &, must also be excluded from the domain
of definition of the map f3, but we do not make that explicit here.)

For all 9 € (&, &), fxks(¥) € Oy Moreover, for all ¥ € (&E,,E011), frs(¥) €
(En-1,&n) and so ffgl(ﬁ) € ©4. Therefore, all points in O3 that are not a pre-image of
are eventually mapped into Oy after a finite number of iterations.

If 0, > 1, ¥ is globally attracting in Oy, and so all ¥ € Og, except the points &,, are
asymptotic to ¥;. However, by [KM04, Theorem 2.4], the Cj3) cycle remains asymprotically
stable in the subspace Sia3 defined by 24 = 0, and so Cg) is almost completely unstable.
Hence, we have completed the proof of (b) of Theorem 10.1. Examples of orbits under itera-
tion of the projected map that switch from O3 to ©4 are shown in Figure 9.4(c).

The same analysis can be done in the case of v4 < 0, showing that all points in O,
except those that are a pre-image of s, are eventually mapped into O3.

If 93 < 1, then since v3 < 0, U3 is admissible but repelling in ©3. As such, all ¥ > 95

are asymptotic to U3, as was the case when v5 > 0. However, lim,,_,o &, = 93, for the
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Figure 10.1: Example timeseries of trajectories near the Kirk—Silber network, where (a) 65 > 1
and 3 > 0, (b) 3 > 1 and 3 < 0, and (¢) 63 < 1 and v3 < 0. The colours red, green,
blue, and orange correspond to 1, T2, T3, and x4, respectively, and similarly for the X;. In
all three examples, d4 > 1 and vy > 0, and the values of §3 and v are as indicated. Parameter
values and initial conditions for these figures are given in §B.5.2.

&y defined in (10.1). Thus, all ¥ € (v, %) are mapped into ©4 after a finite number of
iterations. The subset 9 € (9, 19%) C Og is the projection of the subset Ty C Hy'. We
have therefore completed the proofof (¢) of Theorem 10.1. An example of the projected map
with 3 < 1 and v3 < 0 is shown in Figure 9.4(d).

Hence, we have completed the proof of Theorem 10.1.

10.6 Numerical examp]es

We conclude our study of the Kirk-Silber network by presenting some numerical examples

of the phenomena we have described in this section. We consider the system of ODEs

x1 1- H‘%HQ - 0211'2 + 631333 + 6411'4),

| |
2

o (1= |||l + erza] —

(

(
3(1—lzll5

(

(1 — |5

032373 — Cy2

)

(10.2)

| \
]

1)
1327 + ea3x3 — tuzxy),
3)

CL4T5 + €9uT5 — t3473),
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where ¢ji, €ji, and ;5 are positive real numbers. System (10.2) is Z3-equivariant, and con-
tains a Kirk-Silber network. The four equilibria of the network lie at unit distance from
the origin on the four coordinate axes in the positive orthant. A sufficient condition for the
flow generated by the vector field (10.2) to contain an attracting invariant sphere is for all
constants € to be strictly less than unity [Fie96, CFL24]. However, this condition is not
necessary, and so we do not explicitly make this assumption here, though we assume that the
parameters satisfy the contracting condition of the invariant sphere theorem [Fie96].

To minimise roundoff error when computing f for trajectories close to the network, we
follow [PDO5] and use the ch:mge of coordinates Xj = log xj, and numerica]ly integrate
the resulting ODEs Xj with a variety of parameter values. Figure 10.1 shows three different
trajectories near the Kirk-Silber network. The timeseries in Figure 10.1(a) is an example of
a trajectory asymptotic to the C[g] cycle. The example in Figure 10.1(b) has the same initial
conditions as Figure 10.1(a), but the parameters are now such that 3 < 0, and the trajectory
switches from the almost completely unstable Cp3) cycle to the Cjy) cycle. This trajectory has
itinerary (123)%(124)*. Figure 10.1(c) shows an example of switching from a completely
unstable Cpgj cycle to a stable Cpy cycle, with itinerary (231)%(241).

§11 The A-clique network

We now study the A-clique network using its projected map. Following the process outlined

in §9.3, we derive the projected map of the A-clique network, fa: O3, U O, — S:

(g — )V + ay
(al—a2+a3—a4)19—a2—a4

(1 — pa)¥ — pa
(6a+pa— 1)+ 04+ pa’

f34<19) = , ifv e @34,

(11.1) fa(9) =

fa(0) = if Y € Oy,

where

N C21C43 i C21Ca2l13  C32€24113  C43€24l31  Can€autyslsg
1 p— _— — —

)
€23€41 €23€41€12 €34€23€12 €41€23€34 €41€23€12€34

C32l13  Cazlzr  Caotiglsn
Qg = + + > 0,
€34€12 €41€34 €41€12€34

o C14C21C42 C14C32€24 C14C42€24131
3 = - - )
€12€23€41 €12€34€23 €12€41€23€34

C14C32  C14C42l31
Qy = + > 0,
€12€34 €12€41€34
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and

€23 C21C43  C21C42t13
pa=——"-= + :
€24 €24€41 €24€41€12

The definition of d4 is the same as for the Kirk—Silber network in (9.1). The derivation of
these expressions can be found in the §B.1.

The maps f34: O34 — S and fy: ©4 — S describe the dynamics of trajectories near
the Cjzq) cycle and the Cpy cycle, respectively. The map fj is analogous to that for the Kirk—
Silber network, with the exception that py has a slightly different definition as a result of the
differing topologies of the Kirk—Silber and A-clique networks.

The domain O34 of f34 corresponds to the set I'sy C H;n’l of trajectories that leave a
neighbourhood of & in the direction of &3, and therefore cycle around the Cizq) cycle. The
domain ©4 corresponds to those trajectories that cycle around the Cpyj cycle. These domains
are O34 = (U5,0) and ©4 = (—1,Jy).

For the purposes of describing the dynamics that can be observed near the A-clique

network, we introduce the following expression for the Cpyj cycle:

C43 n Caol13  CraCy2€23

Vy = )
€41 €41€12 €12€24€41

and the following expressions for the Cjzq) cycle:

Ty = Q] + Qg = tI‘M34,

C14C21C39C
534 = 1Oy — Qlplg = det Mz, = e > 0,
€12€23€34€41
wsy = Ty — 4034,
:t 1
Ay = 5(734 + /wss),
(34 = Q1 — Qg + 3 — 0w,
and
1 €o4 1
B4 = a3 + —(061 — 064) + — | as + —(Oé4 — 041) .
2 €93 2

The expression for v4 here is slightly different to that in §9.1, again due to the differing topolo-
gies of the two networks, but bifurcations when 14 = 0 correspond to the same dynamical

phenomena.
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(c) (d)

Figure 11.1: Schematic representations of the projected map of the A-clique network as cob-
web plots, for different relations between parameters: (a) wsy < 0, (b) 95, created in a virtual
fold with vy < 0, (¢c) ¥4, created in an admissible fold with v4 > 0, and (d) 95, created in
an admissible fold with v4 < 0. In all examples, the domain O3y is shaded green and the
domain ©4 orange. The dashed red line indicates ¥5. The dotted black line is f(J) = 9.
Each function f34 and fj is shown as solid in its domain of definition and dashed otherwise.
In all three figures, 4 > 1 and 734 > 0. In (a), (b), and (d), the values &, are indicated by
dashed black lines for n = 1,2, 3,4. In (c), the interval (1957 1954) is also partitioned by &,,
but we do not plot these lines for visual clarity. Parameter values and initial conditions for
these figures are given in §B.5.3.
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We introduce the following two subsets of T'g4:

cos X;ifalfo@
- €93 7>\34+a2+a4
Foy=Raelsy| (1—e6xs® > x4 > x4 :
A§47a17a3
+
+ 7A34+a2+a4 - _
F34 = T € F34 | Ty S T3 = F34 \ F34,

which are non-empty only if was, T34, V4 > 0 and (34, B34 < 0. We define I'; as in §10. In the

remainder of this section, we use the projected map to prove the following theorem about

dynamics near the A-clique network.

Theorem 11.1.  (a) [fwsy > 0and T34 > min{2, 1 + 034}, and cicher

(c)

(i) (34 < 0and B34 < O0; or
(ii) C34 <0, 634 > (), and vg < 0;or

(iii) C34 > 0 and vy <0

then the C[34] cycle is fragmentarily asymprotically stable. In cases (ii) and (iii), and in case
(i) if va < 0, all trajectories starting in I'sy are asymproric to the Cpzq) cycle, wich itinerary
(2341). In case (i) if v4 > 0, all trajectories starting in T3y are asymprotic to the Cizy
cycle, with itinerary (2341)°, and all trajectories starting in I'sy are mapped into T'y. If, in
addition, 84 > 1, these trajectories switch from the Cjzq) cycle to the Ciy) cycle, to which they
are then asymprotic, and, for all positive integers n, there exists an open set of trajectories in

I's, with the itinerary (2341)™(241)°.
If wgy > 0and 734 > min{2, 1 + 634}, and either

(1) €34 <0, 534 > 0, and vy > 0; or

(ii) C34 > 0 and vy > 0
then the C[34] cycle is completely unstable, and all trajectories starting in I'sy are mapped into
Ly If, in addition, 64 > 1, these trajectories switch from the Cigqy cycle to the Cpay cycle, to

which they are then asymprotic, and there exists an open set of trajectories in I'sy with the

itinerary (2341)™(241) for all positive integers n less than some N*.
Ifwsy > 0and 0 < 734 < min{2, 1 4 34}, then the Cjsq) cycle is completely unstable.

(i) If any of the cases in (b) hold, then all trajectories starting in I'sy sufficiently close to the

network are mapped into I'y. If, in addition, 4 > 1, these trajectories switch from the
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Ci34) cycle to the Cpyy cycle, to which they are then asymprotic, and there exists an open
set of trajectories in I'sq with the itinerary (2341)"(241) for all positive integers n

less than some N*.

(i1) If (a)(i) holds with vy > 0, all trajectories starting in I sufficiently close to the network
are mapped into I'y. If, in addition, 84 > 1, these trajectories switch from the Cjzq) cycle
to the Cly) cycle, to which they are then asymprotic, and, for all positive integers n, there
exists an open set of trajectories in I'yy with the itinerary (2341)™(241)>. All other

trajectories starting near Cay) leave a neighbourhood of Cyay.

(iii) If (a)(i) holds with vy < 0, or if (a)(ii) or (a)(iii) holds, all trajectories starting near
Ci34) leave a neighbourhood of Cpay).

(d) If wss < 0or 734 < O, then the Cisq) cycle is completely unstable. All trajectories starting
in I'sy sufficiently close to the network are mapped inco I'y. If, in addition, d4 > 1, these
trajectories switch from the Cjzq) cycle to the Cpy) cycle, to which they are then asymprotic, and
there exists an open set of trajectories in I's4 with the itinerary (2341)™(241)* for all positive

integers n less than some N*. All other trajectories starting near Cjgq) leave a neighbourhood

ofC [34]

() Ifds > Landvy > 0, then the Cy) cycle is fragmentarily asymprotically stable. All trajectories

starting in I'y are asymptotic to the Cpy cycle, with itinerary (241)%.

() If 04 > Land vy < 0, then the Ciy cycle is almost completely unstable and all trajectories
starting in I'y are mapped into I'sq. 1If, in addition, any of the conditions in (a) hold, these
trajectories switch from the Cpy) cycle to the Cjzq) cycle, to which they are then asymproric,

and, for all positive integers n, there exists an open set of trajectories in I'y with the itinerary

(241)"(2341).

(g) If 04 < 1, then the Cpyj cycle is completely unstable. If v4 < 0, then all trajectories starting in
Iy sufficiently close to the network are mapped into I's4. If; in addition, any of the conditions
in (a) hold, these trajectories switch from the Cpy) cycle to the Cizq) cycle, to which they are then
asymprotic, and, for all positive integers n, there exists an open set of trajectories in I'y with

the itinerary (241)"(2341)°°. All other trajectories starting near Cy) leave a neighbourhood

OfC[4]

Note that (a)(i) and (e) indicate a qualitative difference between the dynamics near the
Kirk-Silber and the A-clique networks: if there is bistability of the two cycles of the A-clique
network, then there must be switching from the Cjz4; cycle to the Cpyj cycle, whereas there is

no switching near the Kirk-Silber network if there is bistability of the two cycles.
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Figure 11.2: A bifurcation set of the A-clique network. The set is shaded orange where the
C[4] Cycle is Fragmentari]y asymptotically stable, and shaded green where the C[34] cyc]e is
fragmentarily asymptotically stable. Solid lines correspond to relations between parameter
values as indicated. The green line is the locus of the fold bifurcation of 93, and ¥5,. The
red line is the locus of the border-collision bifurcation of ¥} and also one of 95, and V3,
and the orange line is the locus of the transcritical bifurcation of ¥} and ¥, . Faint dotted
lines correspond as labelled to parameter values of the bifurcation diagrams in Figure 11.3.
For all parameter values in the bifurcation set, 734 > min{2, 1 + d34}. The purple dot is the
location of the codimension-two point where 9§, = ¥y if wsy = 0. Parameter values for this
figure are given in §B.5.3.

The proofs of (), (f), and (g) are the same as for the Kirk-Silber network, and so we

omit them. The other parts of the theorem are proved in the Fo”owing sections, as follows:

« In sections 11.1 and 11.2, we prove results about the fixed points of fa which are used

in the remainder of the proof.

« In §11.3, we prove (d) of Theorem 11.1. This part of Theorem 11.1 corresponds to pa-

rameter values for which fixed points of fs4 either do not exist, or cannot be admissible.

« In §11.4, we prove (a)(ii), (a)(iii), (b), and (c)(i) of Theorem 11.1. These parts of Theo-
rem 11.1 correspond to parameter values for which fixed points of fs4 are created in a

virtual fold bifurcation.

« In §11.5, we prove (a)(i), and (c)(ii) and (iii) of Theorem 11.1. These parts of Theo-
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rem 11.1 correspond to parameter values for which fixed points of fs4 are created in an

admissible fold bifurcation.

For c]arity, we provide the Fol]owing summary of Theorem 11.1, high]ighting its most impor-

tant features:

« The results of Theorem 11.1(a) define when the Cl34) cycle is fragmentarily asymproti-

cally stable and when trajectories switch from the stable Cp34) cycle to the Cpy cycle.

+ The results of Theorem 11.1(b) define when the C[34] cycle has lost stability through a
breaking of condition (I11) of Theorem 6.1, and which corresponds to a border-collision
bifurcation in the projected map. For these parameter values, all trajectories that start

near the Cgy) cycle switch to the Cpyj eycle.

« The results of Theorem 11.1(c) define when the Cjz4) cycle has lost stability in a reso-
nance bifurcation, which corresponds to a breaking of condition (II) of Theorem 6.1,
but for which Apax > 0. For these parameter values, only some trajectories switch

from the Cyzy) cycle to the Cpyj eycle.

« The results of Theorem 11.1(d) define when the Cjg4) cycle has lost stability in a man-
ner that corresponds to a breaking of condition (I) of Theorem 6.1, or a breaking of
condition (II) of Theorem 6.1 and Ayax < 0. For these parameter values, only some

trajectories switch from the Csy) cycle to the Cpyy cycle.

Figure 11.2 gives a bifurcation set that summarises some of the results of Theorem 11.1.

111 Fixed points, existence, admissibility, and stability

The fixed points of the map fy, and their admissibility, are the same as for the Kirk-Silber
network in §10.1.

The fixed points of the map f34 are

A +tas+ay

K o,
and
- —>\§4+062—|—Oé4
o <34 .

These fixed points exist if and only if wgy > 0, and, if wzy = 0,

200 + oy — oy

x = ]9_ = ’19C =
34 34 34 2(34
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Table 11.1: Admissibility of ¥, and 93, when 734 > 0.

vy >0 vy <0

By > 0 V%, vircual 9%, admissible

Cas < 0 Uy vireual Uy vireual

34

By < 0 U3, admissible 9%, admissible

Vg, admissible  ¥5,: virtual
Cas > 0 B V%, vircual 9%, admissible

Uy virtual Uy virtual

In the next subsection, we confirm that the bifurcation at w3y = 0 is a fold bifurcation.

Assuming wsy = 0, we say that the fold bifurcation is virtual if 9%, is virtual, and we say the
fold bifurcation is admissible if 15, is admissible. If 734 < 0 or (34 > 0, then, if wgy = 0, the
fold is virtual. However, if 734 > 0 and (34 < 0, then, if w34 = 0, the fold is virtual if and
only if 834 > 0, and the fold is admissible if and only if B34 < 0.

If 734 < 0, then both ¥, and U3, are virtual. If 734 > 0, the admissibility of ¥, and
¥, depends on (34, B34 and v4. We present these results in Table 11.1. Since the admissibilicy
of these fixed points depends on vy, at the point of the border-collision bifurcation, where
vy = 0, ¥} also undergoes a border-collision bifurcation. This relationship can be seen from
the continuity of the projected map of A-clique network (see §11.2): if fy(Js) = Vs, then
f34(¥s) = U also and there is a border-collision bifurcation of a fixed point of fay.

With the same reasoning as in §10.2 we derive the following proposition, which allows

us to study the stability of the heteroclinic cycles C3q) and Ciyj at the switching equilibrium

€2

Proposition 11.2. Suppose w3y > 0 and 734 > min{2,1+ d34}. The fixed point 93, is
)

admissible if and only if the eigenvector W,y of M?EM satisfies Podvigina’s third condition
for stability. Suppose 64 > 1. The fixed point ¥} is admissible if and only if the eigenvector

Winax Of Mf) satisfies Podvigina’s third condition for stability.

The stability of fixed points of the map fy is the same as for the Kirk=Silber network in
§10.1. Calculating D f34(0) gives

034
(C3479 — Qi — 044)2

Df34(9) =

)

Since d34 > 0, D f34 is strictly positive. Evaluating at ¥, and 93, gives

034

D fo(05,) = —30
faa(D5a) T34Azy — O34
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and

_ 034
D f34(V34) = P o

At the bifurcation point wy = 0, where 9%, = 03, = 9%, D f31(9%,) = 1, and therefore chis
bifurcation is generically a fold bifurcation.

Assume wsg > 0. If 34 > 0,0 < Dfsy(9%,) < 1, and 9%, is asymptotically stable,
while 1 < D f34(3,), and 3, is unstable. If 734 < 0,1 < D f34(9%,), and 9%, is unstable,
while 0 < D f34(?5,) < 1, and ¥/, is asymptotically stable. We give bifurcation diagrams of
the fixed points, and their admissibility, in Figure 11.3(a) when the fold is admissible, and in
Figure 11.3(b) when the fold is vircual.

In Figure 11.3(a), we see that, when the fold bifurcation is admissible, the fixed points
of f34 and f4 are both admissible for values of ¢45 less than the critical value of the border-
collision bifurcation. After the bifurcation, both are virtual. As such, this border-collision
bifurcation is known as a nonsmooth fold. Indeed, near where the thick solid orange line and
the thick dotted green line meet, the bifurcation diagram resembles a fold bifurcation, but
the curve is not differentiable at the bifurcation point. A nonsmooth fold border-collision
occurs when the two fixed points cross the switching manifold in the opposite direction at the
point of the bifurcation. In contrast, the border-collision bifurcation seen in Figure 11.3(b)
is described as being persistent. An admissible fixed point exists for values of ¢42 less than and
greater than the critical value, and the two fixed points cross the switching manifold in the
same direction.

Stability of a fixed point ¥* of the projected map is equivalent to, under iteration of
the transition matrix, a vector converging to the eigenspace that projects onto ¥*. Such
convergence requires the corresponding eigenvalue of that eigenspace having the greatest
absolute value of the spectrum of the transition matrix. In the case of Cj3) and Ciyj cycles, this
condition also corresponds to Podvigina’s second stability condition Ayax > 1. However, in
the case of the Cjzq) cycle, if 734 > 0 and so U35, is stable, Apax = Aiy, whereas Podvigina’s
second condition is satisfied only if T34 > min{2, 1 + ds4 }; that is, A, > 1.

All full transition matrices of the Cpyj cycle have an eigenvector with eigenvalue 1. Thus,
when the loss of stability of this cycle is associated with Podvigina’s second stability condition,
there is also a change in the stability of fixed points of the projected map, as the eigenvalue
with greatest absolute value also changes. In the case of the Cjz4) cycle, the eigenvalue A
can become smaller than 1 but remain Ay« and so there is no change in the stabi]ity of
the fixed points of the projected map. For this reason, we also need to impose the condition
T34 > min{2, 1 + 034}, as this condition is not captured in the dynamics of the projected

map.
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—0.50 1
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Figure 11.3: Bifurcation diagrams of the fixed points of fy and f34 for (a) c45 = 1.45, and
so the fold is admissible and (b) ¢43 = 3.05, and so the fold is virtual. The domain of fy
is shaded orange, and of f34 is shaded green. Stable fixed points are solid, and unstable
dotted. Admissible fixed points are thick lines and virtual fixed points are thin lines. The
switching manifold ¥; is the dashed red line. All other parameter values are the same as those
in Figure 11.2.

11.2  Continuity of the projected map of the A-clique

network at U,

In the case of the A-clique network, we find that

—(Cyot13 + €12C43)

hm ’19 = )
INDs Jaa(?) caa(tiz + c1a) + €12¢a3
and .
lim f4(8) = —(c42t13 + €12¢43) .
3 /s caa(t1s + c1a) + €12€43

Therefore, the projected map of the A-clique network is continuous, which can be seen in

all four examples in Figure 11.1, where the two functions have the same value at ¥, given by

the dashed red line.

11.3  Dynamics with w3y < 0 or 734 < 0

We begin by proving (d) of Theorem 11.1.

Note that fa(0), fa(ds) € S, regardless of parameter values, and so fa(0) < 0 and
fa(¥s) > —1. When wsy < 0or 734 < 0, f34 cither has no fixed points, or has no fixed
points in O3y, respectively. Therefore, f34(¢) < ¥ for all ¥ € O34 and so, for all 9, there
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exists a positive integer 1 such that f3;(¢) € ©4. Asin §10.5, we define, for all non-negative
integers n, &, as the n® pre-image of U in Ogy; that is, f{'(&,) = Ys. In §10.5, there are
simple expressions for &, due to the simplified form of the matrices M3 and My of the Kirk—
Silber network. The nature of the matrix M3y of the A-clique network means there is no
simple expression for &,, beyond expressions involving matrix multiplication. Since there
are no f3g-invariant sets in ©34 when wszy < 0 or 734 < 0, there is some N* such that £, > 0
for all n > N*. We have therefore proven (d) of Theorem 11.1.

An example of the dynamics of the projected map under these parameter values is shown

in Figure 11.1(a).

11.4 Dynamics with a virtual fold

We now consider dynamics when wgy > 0, 734 > 0 (when the fold bifurcation is virtual) and
so prove (a)(ii), (a)(iii), (b), and (c)(i) of Theorem 11.1.

Under these parameter values, if v4 > 0, then both 95, and 93, are vircual, but 97 is
admissible. For all ¥ € O3y, f34(¥) < . Therefore, for every ¥ € O3y, there is some 7 such
that fR(9) € O©4. With the same reasoning as in §11.3, the number of iterations n is bounded
above by some N*, proving (b).

At vy = 0, both 95, and ¥} undergo a border-collision bifurcation and coincide with 9.
For vy < 0, 95, is admissible and 9} virtual. Under these parameter values, f34(9) > o for
all ¥ € (Vs,0%,), and f34(0) < 0 for all ¥ € (9%, 0). Therefore, V%, is globally attracting
in O34. If \d; > 1—or, equivalently, 734 > min{2, 1 + 934 }—the Ci34) cycle is fragmentarily
asymptotically stable. We have therefore proven (a)(ii) and (a)(iii) of Theorem 11.1.

In the case that 0 < 734 < min{2, 1+ 934}, 0 < Amax < 1, the Cjq) cycle is completely
unstable [Pod12]. Trajectories beginning near the cycle leave a neighbourhood of the cycle if
vy < 0. If vg > 0, trajectories beginning sufficiently close to the network switch from the
Cja4) to Cpy) cycle before they leave a neighbourhood of the network, completing the proof of
(0)(@).

An example of the dynamics of the projected map under these parameter values is shown
in Figure 11.1(b). Note that the projected map looks qualitatively the same under these pa-
rameter values if the Czq cycle is unstable and 0 < 734 < min{2,1 4 d34}. Therefore, in
this case, an additional check must be completed to derive dynamics of trajectories near the

network from the projected map.
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11.5 Dynamics with an admissible fold

We last consider dynamics when wgy > 0, 734 > 0 (when the fold bifurcation is admissible)
and so prove (a)(i), and (c)(ii) and (iii) of Theorem 11.1.

If vg > 0, then U3, and ¥, are both admissible, and 5, < ¥%,. For all & € (05, ¥5,) U
(934, 0), fa(¥) < 9, and for all ¥ € (U3,,93,), fa(P) > V. Therefore, 9%, is atcracting in
(19:;4, O), which corresponds to I'3;. Again, we require T34 > min{2, 1+ d34} for the Cl34)
cycle to be fragmentarily asymprotically stable. For all 9 € (195, 19§4), there is an n such that
fR(Y) € ©4. We again write &, for the n-th preimage of . For these parameter values,
En < Eny1, and lim,,_,o €, = V5, and again there is no simple expression for cach &,.
However, since this limit is a fixed point, n is not bounded above. The interval (¥, 93;)
corresponds to the set I's,.

At vy = 0, both Y3, and ¥} undergo a border-collision bifurcation and coincide with
¥s. For vy < 0, both 93, and ¥} are virtual, but ¥, remains admissible and is now globally
attracting in Osz4. Again, if 734 > min{2, 1 + d34}, the Cp3q) cycle is fas, completing the
proof of (a) of Theorem 11.1. The case where 0 < 734 < {2,1 4 034} is the same as in §11.4,
except now, if 74 > 0, trajectories beginning in I'y, sufficiently close to the network switch
between cycles, completing the proof of (¢) of Theorem 11.1, which also completes the proof
of Theorem 11.1.

An example of the dynamics of the projected map under these parameter values is shown
in Figure 11.1(c). Again, note thart the projected map looks qua]itative]y the same under these

parameter values if the Cjgq) cycle is unstable and 0 < 734 < min{2,1 + d34}.

11.6 Numerical examples

We consider the ODEs

w1 (1= ||zl = conwy — e + eni),

\ |
2

o (1= ||z 4 e102? — c3022 — cap2?),

)
1)
3)

rq(l — ||$||2 014951 + 624% + e3473),

x
(11.2)
x

| |
8

(
(

3(1 — ||37||2 tlgl’l —+ 623$3 — (43
(

where ¢ji, €k, and £, are positive real numbers. System (11.2) is Z3-equivariant, and contains
a A-clique network. All four equilibria of the network lie at unit distance from the origin
on the four coordinate axes in the positive orthant. Again, we assume that the parameters
satisfy the contracting condition of the invariant sphere theorem [Fie96].

We again use the change of coordinates X; = logz;, and numerically integrate the
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Figure 11.4: Example timeseries of trajectories near the A-clique network: (a) an admissible
fold with 2(0) € T4, (b) an admissible fold with 2(0) € T'3,, and (c) w34 < 0. The colours
red, green, blue, and orange correspond to 21, T2, 3, and 4, respectively, and similarly for
the X;. In all three examples, 44 > 1 and 14 > 0. Parameter values and initial conditions for
these figures are given in §B.5.3.

resulting ODEs X ; with a variety of parameter values. Three different examples are found
in Figure 11.4. Parameter values in Figures 11.4(a) and 11.4(b) are identical, and the projected
map in these examples looks like Figure 11.1(c). Both cycles are fragmentarily asymproti-
cally stable, with a subset of I'34 switching to the Cjyj cycle. These trajectories have itinerary
(2341)* and (2341)2(241), respectively. The trajectory in Figure 11.4(c) switches between
cycles with itinerary (2341)%(241)°°. Under these parameter values, the projected map looks
like Figure 11.1(a).

§12 The tournament network

The tournament network is defined as the union of the cycles Cs}, Cjyj, and Cjzq). Therefore,
the tournament network—unlike the Kirk-Silber and A-clique networks—contains subnet-

WOI‘kSZ
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Figure 12.1: Schematic representations of the projected map of the tournament network, for
different relations between parameters: (a) wzg < 0, (b) an admissible fold in Ogz4, (c) a
virtual fold in ©3, and (d) a vircual fold in ©4, or outside S. In (a), the fixed points 95, and
¥4, do not exist. In (b), (c), and (d), w34 > 0 and so the fixed points exist, and were created
in a fold bifurcation. In all plots, 63 > 1 and d4 > 1. The values of p13 and v are as indicated
by the shading of the plot. The regions shaded yellow, green, and blue correspond to Oy,
O34, and Og, respectively. The left dashed red line indicates 97, and the right dashed red
line indicates ¢}, Parameter values for these figures are given in §B.5.4.
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L. a subnetwork equivalent to a Kirk=Silber network, Cj3; U Ciyj; and
2. two subnetworks equivalent to a A-clique network: Cjg4) U Cpyj, and Cjz U Cpay).

The tournament network has two switching equilibria: £ and &3. All trajectories leaving a
small neighbourhood of & in the direction of §4 cycle around Cjy). Those trajectories that
leave & in the direction of €3 then leave a small neighbourhood of €3 in the direction of &; or
&4, and therefore cycle around Cgj or Cjayj, respectively. However, all trajectories eventually
return to &y if the network is actracting,

The tournament network was studied in [CFL24] as the Jungle Game. In [CFL24], Cas-
tro, Ferreira, and Labouriau make certain assumptions on the parameter values that we do
not make here, but the result in [CFL24] that only the Cy) cycle is stable while the other two
are completely unstable agrees with our results where parameter values are equivalent. (This
holds, for example, for the parameter values used in Figures 12.1(c) and 12.1(d) when v4 > 0
and pug < 0.)

We consider subsets of points in H;n’Q that give rise to trajectories that cycle around
Ci3) or Cjz4. We take the pre-image under the basic map ¢;23: H;n’l — Hign’2 of these two
domains, and partition Hi;’l into three domains: I's, I'y, and I's4. These domains correspond
to trajectories that, after leaving a small neighbourhood of {5, next cycle around the Cg), Cjy),

or Cp3y) cycle. This partition allows us to define three corresponding subsets of .S

@3 - (19?,0),
@34 = (79;719:)7

and
O, = (—1,9;),
where .
798_ - €24
14+ ===
€23
and
-1

S .
C21€34 €24
1+ (— + —
€23€31 €23



§12. THE TOURNAMENT NETWORK

69

We can then derive the projected map of the tournament network, fr: ©3U03,U0, — S:

( —d30

9) = , if9 € O,
B = G m— o =1 9 € 0,

. o (062 — 041)19 + g .
(12.1) Fr(9) = fau(9) = N e if9 € Oy,

f4<79> _ (1 - p4)19 — P4

. ifY € O,.
\ (04 + pa — 1) + 64+ p4 1 !

The expressions for each of the constants in this function are given in §B.1. The complete
analysis of this projected map is complicated, and involves many cases. In this section, we do
not state a complete description of all dynamics that can be observed near the tournament
network, as we did in Theorems 10.1 and 11.1. Instead, we give a qualitative description of
how the dynamics can be analysed, and several examples that show interesting dynamics near
the network.

The maps f3, fs4, and fy are analogous to those studied in Sections 10 and 11, though
with differing expressions for some constants used due to the change in the global classifica-
tion of some cigenvalues. As in the case of the Kirk-Silber and A-clique networks, the Cj3)
and Cyyj cycles are stable if their corresponding map has an admissible and attracting fixed
point. In the case of the Cp34) cycle, for the cycle to be attracting, the fixed point 3, must be
admissible and attracting. However, we must additionally impose 734 > min{2, 14 d34}. In
all three cases, it is straightforward to verify that admissibility of a fixed point corresponds
to all transition matrices satisfying Podvigina’s third stability condition in Theorem 6.1, as-
suming the first two conditions are also satisfied, as in Propositions 10.2 and 11.2.

The stability and admissibility of ¢} is the same as in Sections 10 and 11. The condition
v3 = 0 corresponds now to 5 = 7. However, ¥5 is now vircual when 9% < 97, when

i3 < 0, where
Cla  C13€24 C13C21€34

H3 = .
€12 €12€23 €12€23€31

At pz = 0, the eigenvector Wax of‘Ml(g) has a zero entry, and so does not satisfy Podvigina’s
third stability condition.

The admissibility of the fixed points U5, and 93, is the complicating factor for the anal-
ysis of the tournament network’s projected map. The projected map of the tournament net-
work, like the A-clique network, is continuous (see §12.2). Therefore, border-collision bifur-

cations of fixed points of f34 also occur at v4 = 0 and p3 = 0. However, which fixed point,

V3, or ¥4y, changes admissibility, and which direction it crosses which switching manifold,
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Figure 12.2: A bifurcation set of the tournament network, for 734 > min{2,1 + d34} and
(34 < 0. Where the set is shaded blue, green, or orange, the C3}, Ci34, or Cpy cycle, respec-
tively, is fragmentarily asymprotically stable. Coloured lines correspond to relations between
parameter values as indicated. Faint dotted lines correspond as labelled to parameter values
of the bifurcation diagrams in Figure 12.3. The blue and orange dots are the location of the
codimension-two point where the fold bifurcation of the fixed points of f34 occurs on the
switching manifolds 97 and 9, respectively. Parameter values for this figure are given in
§B.5.4.

depends on whether the fold bifurcation of 93, and 93 occurs in O3, O34, O4, or outside S,

and also depends on the concavity of f34 in Og4; that is, on whether (34 < 0 or (34 > 0.

12.1  Overview of analysis

We focus on the case where (34 < 0, and so the function f34 is concave down in O34. We
assume, when wzy > 0, that 734 > min{2, 1 + 034 }. We also assume d3 > 1 and §4 > 1. We
show various examples of the projected map of the tournament network in Figure 12.1. For
visual clarity, we plot each function only in its domain of definition, and plot multiple ex-

amples before and after certain border-collision bifurcations in the same plot, distinguished
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T T T T 81 T T
7 8 9 10 11 C14 12 5 10 15

(c) (d)

Figure 12.3: Bifurcation diagrams of the fixed points of f3, f34, and f4, as labelled, for (a)
c14 = 11, with an admissible fold, (b) ¢35 = 5, with an admissible fold, (c) ¢;3 = 3.175, wicth
a virtual fold in ©3, and (d) ¢4 = 19, with a virtual fold in ©4. In (a) and (b), we observe
both persistent and nonsmooth fold border-collisions, in (¢), only non smoothfolds, and in
(d), only persistent border-collisions. The domain O3, O34, and ©4 are shaded blue, green,
and orange, respectively. Stable fixed points are solid, and unstable dotted. Admissible fixed
points are thick lines and virtual fixed points are thin lines. The top and bottom dashed red
lines indicate the switching manifolds ¥ and 97, respectively. All other parameter values
are the same as those in Figure 12.2.

by lines of different shades.

To aid in the understanding of the dynamics we describe below, we present a bifurca-
tion set in Figure 12.2. We also provide four qualitatively different bifurcation diagrams in
Figure 12.3, which capture the dynamics we describe here.

Figure 12.1(a) shows the projected map with wgy < 0. We see that, when wgy < 0,
only one of the Cig) or Cpyj cycles is stable, and that all trajectories near the network are

asymptotic to this cycle. Trajectories therefore switch between cycles, and can switch from



72

[11. THE PROJECTED MAP OF HETEROCLINIC NETWORKS IN R*

a length-three cycle to the Cjzy) cycle, before switching again to the stable length-three cycle.
If parameter values are such that f35(9F) < 97, or f4(¥;) > 07, trajectories may switch
from one length-three cycle to the other without cycling around the Cjzqy cycle.

Figure 12.1(b) shows the possible dynamics if the fold bifurcation of fs4 is admissible,
and so occurs in ©g4. First, if vy < 0 and gz > 0, all trajectories are asymprotic to the
Cp3) cycle, and it is the only stable cycle. 14 > 0 and pz > 0, the length-three cycles
are bistable, and O34 is partitioned by the unstable fixed point 93, into subsets of points
that are mapped into ©3 or ©4. If vy > 0 and pg < 0, there is bistability of the Cpyj and
C[34} cycles. The C[g] cyc]e is unstable, and all trajectories in its domain are asymptotic to
the Cjzq) cycle. Since v4 > 0, V3, is admissible, and O34 is partitioned by the unstable fixed
point U3, into subsets of points that are mapped into ©4 and those that are asymptotic to
the fixed point 93,. Lastly, if vy < 0 and pz < 0, only the Cjgq) cycle is stable, and all
trajectories are asymptotic to it. Therefore, under the various cases, trajectories can switch
once or twice in total, but only once between two given cycles. These results can be seen in
Figures 12.3(a) and 12.3(b), which differ by the admissibility of ¥, between the two border-
collision bifurcations. In Figure 12.3(a), between the two border-collisions, Ci3) and Cly) are
bistable, and, in Figure 12.3(b), only Cjsy; is stable.

In Figure 12.1(c), we show the possible dynamics if the fold bifurcation of f4 is virtual,
and occurs in ©3. Under these conditions, the Cjgq cycle is always unstable, and there is
bistability of the length-three cycles if both p13 > 0 and v4 > 0. In this case, O34 is again
partitioned into subsets of points that are mapped into ©3 or O4. If vy < 0, all trajectories
are asymptotic to C[g], and if puz < 0, all trajectories are asymptotic to C[4}. We can have
switching once or twice in total, and again only once between two given cycles. These results
can be observed in Figure 12.3(c).

In Figure 12.1(d), we show the possible dynamics if the fold bifurcation of f34 is virtual,
and occurs in Oy, or outside of S. Under these conditions, any cycle can be stable, but at
most one cycle is stable for a given set of parameter values. The stable cycle is Cpg) if 3 > 0,
Cry if v4 > 0, and it is Cgq) if vy < 0 and p3 < 0. All trajectories are asymptotic to the
stable cycle, and we again have switching once or twice in total, and only once between two
given cycles. These results can be observed in Figure 12.3(d).

A similar analysis can be done in the case of (34 > 0.}

3For a visual indication of the results, look at Figure 12.1 upside down, swapping the yellow and blue colours
to swap the ©3 and ©4 domains, and also swapping the captions of (c) and (d).
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122 Continuity of the projected map of the tournament network
at 19: and ¥

In the case of the tournament network, we find at ¥ that

. —C13
lim YP) = ————
INOT f5(9) €13 + C14
and
. —C13
lim V) = ————,
9 0T faul?) C13 + C14

and we find at ¥ chat

— (42013 + €12€43)

hm f34 (19) =
9

N5 ca2(c13 + €14) + €12¢43

and
lim fa(d) = — (42013 + €12¢43) .
905 caa(C13 + €14) + €19C43

Therefore, the projected map of the tournament network is continuous at both 97 and 97,

as seen in all examples in Figure 12.1.

12.3 Numerical examples

For the tournament network, we consider the system of ODEs

jil =T 1— ||I||§ — 0211’3 + 631l’§ + 6411’3),

j,’g = 1-— ||ZE||§ + 61213% — 032x§ — Cy2T

8

2

)

(12.2) ‘
T3 =

8

(

( 1)
s(1 = llzll; — crsz? + e2323 — casaf),

(

Tq = x4(1 — ||$||§ — 01426% + 62&% + 634510%),

where ¢ and ej, are positive real numbers. System (12.2) is Z%—equivariant, and contains
a heteroclinic network equivalent to the tournament network. All four equilibria of the
network lie at unit distance from the origin on the four coordinate axes. Again, we assume
that the parameters satisfy the contracting condition of the invariant sphere theorem [Fie96].

Again we use the change of coordinates X; = logz;, and numerically integrate the
resulting ODEs XJ We show one example in Figure 12.4. This trajectory has itinerary
(231)%(2341)%(241)*, and therefore switches twice between cycles. The onset of switch-

ing from the Cjgj cycle to the Cjzq) observed in Figure 12.4 is the result of a border-collision



74

[II. THE PROJECTED MAP OF HETEROCLINIC NETWORKS IN R*

T ] ]
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Figure 12.4: An example of a trajectory near the tournament network that switches from the
Cp3) cycle to the Czy) cycle, and then switches to the Ciy cycle, to which it is asymptotic. For
this example, w3q < 0,93 > 1,04 > 1, u3 < 0, and v4 > 0. Parameter values and initial
conditions for these figures are given in §B.5.4.

bifurcation, as pg < 0, whereas the onset of switching from the C3y) cycle to the Cpyj cycle is

a result of a fold bifurcation, as wsy < 0.



The projected map

in hicher dimensions
g

Parts of the contents of this chapter are adapted from [GKP24, §5].

We now consider the projected map of an arbitrary heteroclinic network. We genera]ise
the process introduced in §13 to heteroclinic networks in higher dimensions. We consider
the fixed points of these projected maps. We also present some examples of how the stability
conditions listed in Theorem 6.1 may correspond to conditions of bifurcations of the fixed
points of the projected map.

We define the projected map of a general heteroclinic network in §13. For simplicity,
we make mild simplifying assumptions. We demonstrate the general form of components
of the projected map, and show that they are similar to a possible way to generalise Mobius
transformations; that is, that they are rational linear transformations. We prove that one-
dimensional invariant subspaces of the transition matrices correspond to fixed points of the
projected map.

A key result of Chapter 111 is that the stability of the cycles of the three networks can be
determined through the projected map, because Podvigina’s third condition for stability in
Theorem 6.1 is realised as a border-collision bifurcation. We generalise this result in §14. In
particular, we prove that if an eigenvector W,y of a transition matrix lies in the switching
subspace of a switching equilibrium, then the cycle is not stable. We relate this to border-
collision bifurcations in a general projected map.

In §15, we briefly discuss how Podvigina’s first and second stability conditions can affect

stability properties of fixed points of the projected map.

75
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§13 Defining the projected map

13.1 Properties of transition matrices

Let AV be a heteroclinic network composed of n > 5 equilibria, &, .. ., &,. We assume this
network is composed of cycles that are, in the terminology of Garrido da Silva and Castro
[GC19], of quasi-simple type, or of type Z as defined by Podvigina [Pod12]. Representing the
network as a directed graph and using the simplex realisation of Ashwin and Postlethwaite
[AP13] is sufficient to ensure the component cycles are of this type. From here, we assume
that the network has been embedded in a system of ODEs with the simplex realisation, and
so exists in R™. This condition implies that transition matrices can be defined, and that
Theorem 6.1 holds. Moreover, each equilibrium has one locally expanding and one locally
contracting eigenvalue, and also a radial eigenspace of dimension 1. We highlight that the
dynamical systems we consider in this chapter therefore do not contain any coordinates that
are globally transverse to every component of the network; that is, the network is not con-
tained in a proper subspace of the dynamical system, and each coordinate axis contains an
equilibrium of the network.

We assume that &;, §;, and &, are equilibria of the network such that §; — & and & —
&k are orbits of the network and that these three equilibria and two orbits are components
of a cycle C C N. The eigenvalues of D f(;) are therefore the radial eigenvalue —r; < 0,
the locally contracting eigenvalue —cj; < 0, the locally expanding eigenvalue e;;, > 0, and
the £ = n — 3 locally transverse eigenvalues ¢5 for 1 < s < £. The sign of each ;5 term is
not known a priori. However, if the transverse eigenvalue is globally contracting or globally
transverse, ¢ is negative, and if the transverse eigenvalue i g]obally expanding, L ;s is positive.
A contracting or expanding eigenvalue that is locally transverse can only occur if §; is a
switching equilibrium of the network. We do not yet assume that it is or is not a switching
equilibrium.

We set p = n — 2 = £ + 1. The results of [Pod12] and [GC19] gives us the form of
the p X p basic transition matrix m;jx = M (¢;jk). We assume that these basic transition
matrices act on vectors composed of the coordinates X; := log x; < 0, where the x; are the
variables of the dynamical system (3.1), but rescaled so that we are in a neighbourhood of

approximate linear flow near &;. For type Z [Pod12] and quasi-simple [GC19] cycles, basic
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transition matrices have the form:

S0 0
€k
ti 1 .0 . 0
ejk
220 1 0
€k
tjl 0 .0 1
ejk

where p; € P, < GL,(R) is an n X n permutation matrix. The matrix g; relates the

cigenvectors of the linearisation of the vector field of those at & to those at &, because the

right-hand matrix of this product assumes an ordered basis that begins with the expanding

direction and then the transverse directions in some particular order, which may change for

different equilibria. For example, the matrix g; maps the coordinate X; that aligns with the

expanding eigenspace at &; to the corresponding eigenspace of & that also lies in the X,

direction, and similarly for all transverse directions.

We observe that

det myj, = det g, G

6] k

Since a permutation matrix has a determinant of 1 or —1, the determinant of m,j, is either

Cji

€ik €k
All basic maps of the cycle C take the form in (13.1), and therefore all full cransicion

matrices M; of the cycle have determinant
H CiG-1)

det
H e QJHQJJ_H

The sign of the determinant is determined by the product [; det g;.

13.1.1  Significant and insignificant subspaces

To aid us in our discussion of bifurcations of a general projected map in §15, we first sum-
marise an additional notion introduced by Podvigina [Pod12]: the significant subspace and the

insignificant subspace.
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Let M be the full transition matrix

M, = M(n—1)n1M(n-2)(n—1)n - - - M123Mn12-

Lete; = (1,0, ...,0) be the first standard basis vector, and similarly for e,.

Definition 13.1. Let 1 < ¢ < n. If there exist non-negative integers j and k such that

k
(13.2) (0j—10j—2 .- 02010n - - - 05) Qj—1--.01€0 = €1

then the vector ey is a significant vector of the transition matrix M. If no such j and k exist,

then the vector ey is an insignificant vector of the transition matrix Mj.

To understand the motivation behind this definition, we note that the first standard
basis vector e; corresponds to the expanding eigenvector of the linearised vector field D f (&),
and that the g; terms relate the eigenvectors of the linearisation of the vector field at one
equilibrium in the cycle C to the next. Therefore, such a j and k exist only if the vector ey is
the locally expanding eigenvector for some other equilibrium in the cycle C. In essence, the
equation (13.2) determines those coordinates that contain equilibria that belong to the same
cycle as &;.

The span of all significant vectors of M is the significant subspace of the full transition
matrix, denoted Vgig. The span of all insignificant vectors is the insignificant subspace, denoted
Vins. We refer to eigenvalues with corresponding eigenvectors in Vi, as insignificant eigen-
values, and all remaining eigenvalues as significant eigenvalues. These vectors and subspaces
are similarly defined for the other full transition matrices of the heteroclinic cycle. Podvigina

[Pod12] proves two useful results about the significant and insignificant subspace.

Theorem 13.2 ([Pod12, Theorem 3|).  (a) The insignificant subspace Ving is My-invariant, and

the absolute value of the eigenvalue of any eigenvector that lies in Viyg is unity.
(b) Generically, no component of an eigenvector of M that does not lie in Vips is zero.

For our purposes, these concepts and results can be easily summarised for the networks
we consider, as we have assumed they have been constructed with the simplex realisation
[AP13]. Consider a cycle C € N. Without loss of generality, assume the cycle C has the
structure § — & — - = &y — & for some m < n. Each equilibrium &; € C lies on
the x;-axis. For all 1 < j < m such that j # i — 1,4 (chat is, excluding the contracting and
radial coordinate) the span of the e; standard basis vectors is the significant subspace of the
transition matrix M;. The complement of Vg, in R™ is the insignificant subspace. For the

cycles and networks we consider, the insignificant subspace of the full transition matrix of
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all equilibria of the cycle C coincide. Therefore, we refer to this subspace as the insignificant
subspace of C. Moreover, the union of the significant subspaces of the transition matrices of
every equilibrium of C is the smallest subspace that contains C. Therefore, we refer to this
subspace at the significant subspace of the cycle C.

We can immediately conclude some information about the eigenvalues and eigenvec-
tors of the linearisation of the vector field at an equilibria & of a cycle C C N. If the cycle C
contains all equilibria of the network N, then no eigenvalue of the linearisation generically
has absolute value 1. Moreover, every coordinate of each eigenvector is generically non-zero.
However, if the cyc]e containsm < n equi]ibria, then there are m eigenva]ues that are gener-
ically not equal to 1, and all components of the corresponding eigenvectors are generically
non-zero. There are also n — m degenerate eigenvalues that have absolute value 1; in fact,
in the case of these networks we consider, the ZJ-equivariance of the vector field, and each
equilibrium of the cycle lying in the positive orthant at unit distance from the origin on a
coordinate axis, implies that the insignificant eigenvalues are exactly 1. The corresponding
cigenspaces are the n — m coordinate axes that contain equilibria that are not a compo-
nent of the cycle. The eigenva]ue is therefore semisimple, and has a]gebraic and geometric

multiplicity n — m.

13.2  Constructing the projected map

We now construct a projected map. Without loss of generality, we assume that &3 is a switch-
ing equilibrium of the network. We also assume it only has one incoming heteroclinic orbit
& — &, and, for simplicity, we assume it has two outgoing heteroclinic orbits £ — &3 and
& — &4 The equilibria & and & are therefore both components of at least two heteroclinic
cycles: Cjzy—which also contains {3—and Cjy—which also contains 4. The other equilibria
in the network are therefore &, . .., &,. Thus the eigenvalues of D f(&s) are —ca1, €23, €24,
—t95, . .., —tay,. Bach of these constants is strict]y positive, and so only the eigenva]ues €93
and egy are positive, while all other eigenvalues are negative.

As with the switching equilibrium &; considered in §9, the incoming cross-section H;n’l
is partitioned into three components: I's, I'y, and I'.. These sets correspond to initial condi-
tions that give rise to trajectories that cycle around the Cpg) and Ciyj cycle, and the excluded
cusp of trajectories that do not remain sufficiently close to the network for the linearisa-

tion along the heteroclinic orbits §&, — &3 and {& — &4 to remain valid. In logarithmic
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coordinates, these sets are D3, Dy, and D, defined by

Y

Ds = {(Xg,X4,X5,...,Xn) | log(1+e)+%X3 >X4,Xk < Oforall5 <k<n
€23

D, = {(Xg,X4,X5,...,Xn) | log(1+¢€) + @X4 > X3, X, <0Oforall5 <k < n},
€24

and
D. =R\ (D3 UDy).
These sets allow us to define a piecewise-linear map M : D3 U Dy — RP

Ms(X), ifX € Ds,
My(X), ifX €D,

(13.3) M(X) =

The linear maps M3: D3 — RP and My : Dy — RP are defined by the transition matrices
of the full return maps @53) T3 C HY' — HY' and @54) Ty C HY'' — HYY'. We write

«;j for the entries of the transition matrix Ms = MQ(S) =M <(I>g3)> and f3;; for the entries

of the transition matrix My = M2(4) = M(q)gl)).

Let m = p — 1. We define an m-simplex S in the negative orthant of R? as

S: {<X37X47X5,-..7Xn) ER{D ‘ ZXk = —1}
k

We define the projection IT: RP — S by

—X3 —X —X,_
(13.4) H:X:(Xg,X4,X5,...,Xn)»—>< Q3, Q4,..., o 1),
where the denominator is @ = Y, Xj. We write ¥4, ..., 3, for the m coordinates of S,

and we can identify S with the subset of (—1,0)™ defined by:

S = {(01,...,§m) €(=LO)™ [ 0 > —1}.

Domains ©3 C S and ©4 C S are defined as the projection of the sets D3 and Dy:

@3 = {19 es | 624191 > 623192}
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and
@4 = {19 es i 624191 < 623192}.
We can then define components of the projected map as

f32@3—>5

fs: 19|—>H<M3<191,192,...,19m,—1—Zﬁi)>

i

and

f41 O3 — S
fa: 19#—)H<M4<191,192,...,19m,—1—ZﬁZ)).

The projected map is then fiy: O3 U O4 — S, defined by

f3(9), it € O3,

S (0) = .
fa(), if v € Oy.

The switching manifold of this piecewise-smooth dynamical system is the codimension-one

hyperplane
@s = {19 es | 624"[91 = 623192}.

An argument similar to that in §9.4 shows that the switching manifold is the only subset of
S that must be excluded from the domain of the projected map.

We give an explicit example of this process for a network between six equilibria in §19.
This construction is also applicable to networks where the switching equilibrium has multiple
incoming heteroclinic orbits, such as the bowtie network in [CL16b], although there are
some complications. We give an example of how the projected map of such a network can be
defined in §20 when studying the Rock—Paper—Scissors—Lizard—Spock network. Moreover,
the cycle can have additional switching equilibria, as is the case of the tournament network
in §12. In this case, for all trajectories near the network that pass through a neighbourhood of
the same switching equilibrium, the pre-image of the domains of each cyc]e at other switching

equilibria can be taken to define one projected map, as we did in §12.
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133 Properties of the projected map

The general form of these functions is relatively easy to express. In particular, for ¥ =
(V1,...,9m), and for 1 < k < m, the expression for the kth component of f3, for example,

18

O{kp + Z (akp — Oé]“)’lgl

1<i<m

. Z Z (i — ap)Vi — Z osz'

1<j<p 1<i<m 1<j<p

(13.5) B ()

With the quotient rule, it is straightforward to show that, for some 1 < ¢ < m, the derivative

of fék) with respect to ¥, is:

1
Dy, f5" = 0 D) (amplagi — age) + amlgy — agi) + il — ) Vs

1<j<p 1<i<m

- Z Qi Qjp — Opljg |,
1<j<p
where @ is the denominator in (13.5).

With some algebraic substitutions and simpliﬁcations, this general form can be seen
in the projected maps fks in (9.9), fa in (11.1), and fr in (12.1). Those three projected
maps are Mdbius transformations with real coefficients restricted to an open interval of the
real line. (It is straightforward to check that they satisfy the nondegeneracy requirement of
Mébius transformations, and that this condition is equivalent to the transition matrices that
define them having a nonzero determinant, which is always the case.) The general form of
cach component of these maps is a generalisation of these Mébius transformations, being a

rational linear transformation; that is, a map R? — R defined by

Co0+ A

Py 2 T2
XU+

where (, x € RP are vectors and A,y € R are constants.

Fixed points of a component function of the projected map are also straightforward to
determine. They are the projection of all one-dimensional M-invariant subspaces of R™. In
the following propositions, we specifically focus on f3 for clarity, though the result is readily

extendable to fy.
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Proposition 13.3. A point ¥ € S is a fixed point of f3 if and only if the span of the vector

(13.6) (ﬁl,ﬁQ,...,ﬁm,—l—Zﬁi>

is an M3-invariant subspace.

Remark 13.4. In the statement of this result, we have specifically not said that the span of the
vector in (13.6) is an eigenspace of M, because the geometric multiplicity of an eigenvalue
may be strictly greater than 1. In the case of a type Z cycle with an empty insignificant
subspace, the geometric multiplicity of every eigenvalue is generically 1, but the statement

in Proposition 13.3 applies to a wider class of heteroclinic C_YC]€S.

Proof. Write

w = (79171927---7797717_1_2191')-

Suppose that ¥ € S is a fixed point of f5. With the definition of IT in (13.4), we first

observe that ¢ = II(tw) for all real numbers ¢. Next
H(tw) =9 = f(I¥) = [[(Mzw).

Therefore, there is some £ € R such that M3w = ktw. Therefore, the span of w is Ms3-
invariant.

Now suppose that the span of w is Ms-invariant. Then Msw = kw for some k € R,
and also II(tw) = ¥ for all t € R. Lastly,

f3(0) = I(M3w) = (kw) = II(w) = 9.

Assuming that all eigenvalues of Mj are simple is sufficient to change the statement of

Proposition 13.3 to

Proposition 13.5. A point ¥ € S is a fixed point of f3 if and only if the span of the vector

(19177927"'7197717_1 - Zﬁz>

is an eigenspace of Ms.
In fact, assuming that each eigenvalue is non-degenerate is also sufficient and less restrictive,

though this condition could imply that the transition matrix is not diagonalisable.
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§14 Generalised border-collision bifurcations

In this section, we generalise the analysis presented in §10.2 to investigate border-collision
bifurcations in the projected map. We assume the network A has the same structure as in
§13 above.

W ider the basi T3 CHY' — HY and 194 Ty € HYY' —

e now consider the basic maps p123: I's C Hj 3 and p1o4: Ty € HY
in,2 . . . .

H,"". The basic transition matrices mia3 = M (p123) and miaq = M(p124) using the
ordered basis (X3, Xy, X5,...,X,,) are

er 0 0 - 0
—&i 10 0
t
miyo3 = ﬁ 0 1 0
B2 00 1
and
1 -2 0 ... 0
€24
0 2 0 -0
€24
t
Mmiga = 0 ﬁ 1 0
0 = o ... 1
€24

Note that the topology of the rest of the network does not affect these matrices. Furthermore,
unlike in (13.1), there are no permutation matrices g3, 04 € P, multiplying these matrices
on the left, since fixing the order of the basis incorporates the required permutations. In
particular, the expression for mjg4 is not the same as the right-hand matrix in the product
in (13.1).

The domains of these matrices as linear maps acting on H in logarithmic coordinates
are Dy and Dy, separated by the excluded subspace D, defined around the codimension-one

switching subspace
Wy = {<X37X47 X57 s 7Xn) c RP | €24 X3 = 623X4}.

As we did in §10.2, we consider the image of a vector in the switching subspace under
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mi23 and mMi24, which giVGS

c21 OO0 --- 0 -1 _Cc21
€23 €23
— 10 e 0 | o 0
tJ

Myo3Ws = eig 010 X5 | = _2272 +Xs
tn o e n
62; O O 1 Xn _%_’_Xn

Note that the image has a 0 entry, and it is straightfbrward to check that the image under
Mi24 also has a 0 entry. Furthermore, the vectors myg3w and myqw have a zero entry for
any vector w in the switching subspace Wy. Therefore, if the eigenvector wyayx of Mj lies in
Wi, the eigenvector wpayx of MéB) has a zero entry, and so does not satisty Podvigina’s third
condition for fragmentary asymptotic stability in Theorem 6.1. The corresponding cycle Cp3)
is therefore not fragmentarily asymptotically stable. The same result holds if the eigenvector

Winax of My lies in Wy In general, we have the following result.

Theorem 14.1. If the eigenvector Wiax of a full transition matrix M defined at a switching equilib-
rium & lies in the switching subspace Wi, then the corresponding heteroclinic cycle is not fragmentarily

asymptotically stable.

In the projected map fy, the projection of W is the codimension-one switching man-
ifold ©s. A border-collision bifurcation occurs if a fixed point ¥* of far that corresponds to
an eigenvector w of M; lies in ©4. Hence, assuming that Podvigina’s first two conditions for
stability are satisfied, a border-collision bifurcation of the fixed point that Corresponds to
Wax corresponds to a change in stability of the heteroclinic cycle.

However, a border-collision bifurcation in the projected map need not correspond to
a loss of stability of the heteroclinic cycle. For example, in Figure 11.3(a) we sce a border-
collision bifurcation of 3, that does not correspond to stability loss of the Cp34) cycle because
this fixed point does not correspond to Wax in Theorem 6.1. In §10.5, a border-collision
bifurcation of ¥ also does not cause stability loss because the cycle does not satisfy the second
condition in Theorem 6.1; in particular, the cycle has already lost stability in a resonance
bifurcation. In both cases, however, these border-collision bifurcations do affect switching
near the network.

Note that, as in the case of the tournament network, a Cycle may have additional switch-
ing equilibria. If so, the cycle may lose stability through a border-collision bifurcation in the
switching subspace of a different switching equilibrium. Assuming all trajectories near the

network pass through a neighbourhood of the same switching equilibrium, the pre-image of
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the domains of each cycle at other switching equilibria can be taken, allowing for all border-
collision bifurcations to be analysed on a single cross-section, as we did in §12.

Lastly, a result analogous to Theorem 14.1 holds in the case of positive transverse eigen-
values, but these bifurcations do not result in the switching of trajectories near the network,
as positive transverse eigenvalues only shrink the basin of attraction of the network. In this

thesis, however, we assume that all transverse eigenvalues are negative.

§15 Other bifurcations

From Theorem 14.1, we conclude that a breaking of Podvigina’s third condition for stability in
Theorem 6.1 corresponds to a border-collision bifurcation. In the remainder of this chapter,
we present a discussion of how Podvigina’s first and second stability conditions can affect
stability properties of fixed points of the projected map. We present a few examples. These
examples are not exhaustive of all possible ways these conditions can be broken.

Podvigina’s first and second stability conditions both concern the eigenvalue Ayax of the
full transition matrix M. Since all full cransition matrices of a cycle have the same spectrum,
any changes to these conditions occurs for all matrices simultancously, and so is realised in
the projected map. As such, lec {1, Ao, ..., A\, } be the spectrum of the p x p full transition
matrices, where p > 3. We generally assume that all eigenvalues are simple, and we explicitly
highlight when the eigenvalues are not simple. We assume that all significant eigenvalues are
non-degenerate. We explicitly highlight in §15.2 which eigenvalues are significant and which
are insignificant, and the consequences of the insignificant cigenvalues being semisimple.
We further suppose that # € R is some parameter of the dynamical system on which the

eigenvalues depend.

151 Breaking \ax € R

We first consider the projected map under two different scenarios in which Podvigina’s first
stability condition is broken. This condition is that Apax € R.

First, we assume, without loss of generality in this example, that A\; € Rforall 2 <4 <
p. For this example, we assume that all eigenvalues are non-degenerate. Suppose that Ay and

A2 have the following dependence on gt and some specific critical value p*:
1. If[t < LL*, then )\1,/\2 € Rand |>\1| > |)\2|

2. Ifu = /[", then )\1,/\2 € Rand AL = Ao
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3. It > ¥, then A, Ay € C, with A} = Ao

Since we assume that all eigenvalues are non-degenerate, at 1 = p*, wy = wsy. For g > p*,
these eigenvectors form a complcx—conjugate pair. Therefore, assuming certain genericity
conditions on D fyy, there is a fold bifurcation of the fixed points IT(w; ) and II(wg) of far. A
fold bifurcation is observed in the fixed points 95, and 93, of the map fs4 for the projected
map of both the A-clique and tournament networks in Sections 11 and 12, respectively.
Second, we consider a change in which eigenvalue has greatest absolute value. For this
scenario, we assume that A\ € R and Ay, A\3 € C, with \y = A3. Wichout loss of gen-
erality for this example, we assume that \; € R for all 3 < ¢ < p, and that |\;] <
min{ |\ ], [A2|, |[As]}, again for all 3 < ¢ < p. Suppose that A1, A9, and A3 have the fol-

lowing dependence on g and some specific critical value p*:
L If p < p*, then [A| > |A2| = |Ag).
2. It = p*, chen [\ | = |Aa] = |A3).
3. I > p*, chen [Aq| < [Ao| = |As].

In this case, a change in which cigenvalue has greatest absolute value occurs. The fixed point
H(wl) therefore loses stability, even though no eigenva]ue is at a critical value. It is not
evident what type of bifurcation occurs for the fixed point IT(wy ) at p1*. However, the plane
of rotation defined by the eigenvectors wy and ws is now attracting under iteration of the
matrix M. In §20, we show that this bifurcation can lead to what appears to be a strange

attractor.

152 Breaking Apax > 1

We now consider several scenarios in which Podvigina’s second stability condition is broken.
This condition is that Apax > 1, and therefore we assume that A\ € R.

We first consider a scenario that can occur if a subcycle of the network contains all
equilibria of the network, and so the cycle has an empty insignificant subspace. In this case, no
forall 1 < ¢ < pand for all o. Suppose that Ay has the following dependence on pt and some

eigenvalue of the transition matrix is generically 1. We assume in this example that |A;| >

specific critical value p*:
L Ifp < p*, then Ay > 1.
2. It p = p* then \y = 1.

3. If > p*, then 0 < A\ < 1.
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Under these conditions, the cycle loses stability in a resonance bifurcation [SC92] at p = p*.
However, A\; = Apax for all values of g1 Therefore, there is no stability change to any of the
fixed points. We discussed a similar set of conditions in §11.1, and these conditions must be
accounted for to ensure that the projected map is being correctly used to analyse the dynamics
of trajectories near a heteroclinic network.

We now suppose that the cycle C does not contain all equilibria of the network, and
therefore that the full transition matrices have an insignificant subspace. In this scenario,
there are eigenvalues that are generically 1. Moreover, their eigenvectors align with the co-
ordinate axes that contain the equilibria not in the cycle C. Therefore, we cannot assume
that an insignificant eigenvalue is non-degenerate: if multiple eigenvalues are generically 1,
they are degenerate, though we assume that this eigenvalue is semisimple. See, for example,
the transition matrices Még) and Mf) of the Kirk-Silber network at the start of §10, or the
transition matrices My, and My of Podvigina’s two-cycle network in §19 below. Without loss
of generality, we assume that Ay = 1. Suppose that Ay has the following dependence on g

and some specific critical value p*:
L Ifp < p*, then Ay > 1.
2. Ifpp= p*, then \y = 1.
3. If > p*, then0 < A\ < 1.

Then at p = p*, the fixed point II(wy) of fir loses stability. If Ag is the only insignificant
eigenvalue of the full transition matrices, then the fixed point II(wy)—which does not lie
in S, as ¥3 and ¥ in Sections 10 to 12—is attracting for pt > p*. Moreover, at pt = ¥,
wy = wa, and so the fixed points II(w;) and II(ws) of far also coincide. Assuming certain
genericity conditions on D fy, a transcritical bifurcation occurs at pr = p*. This bifurcation
occurs in both f3 and f4 of all three projected maps in Chapter III. However, if Ay is not
the only insignificant eigenvalue of the full transition matrices, it is not apparent what bi-
furcation occurs in the projected map. In particular, suppose without loss of generality that
A2, ..., As for some s < p are all insignificant eigenvalues of the cycle. Then all vectors in
span {wy, ..., w,} project to fixed points of fy—though again that do not lie in S.
Another way by which this condition can be broken is for an eigenvalue with a negative
real value to become the eigenvalue of greatest absolute value. We consider an example of
such a change numerically when studying the Rock—Paper—Scissors—Lizard-Spock network
in §20. We do not consider this Change in more detail here, nor any of the other changes that

c¢an occur.



Continuity of the projected map

of heteroclinic networks in R4

The contents of this chapter are being prepared for publication as [GPR25].

In Sections 10.3, 11.2, and 12.2, we observed that the projected map of a heteroclinic network
in R* may be continuous on its switching manifold or generically discontinuous. In this
chapter, we examine the dynamical origin of this continuity or discontinuity. We focus on
the Kirk-Silber and A-clique networks, as the analysis of the A-clique network is readily
extended to the tournament network.

In §16, we define the two dynamical systems we study that contain a Kirk=Silber and a
A-clique network. These are equivalent to those in Chapter I11, but we make some additional
observations and assumptions about structures in the dynamical system that are not a part
of the two heteroclinic networks. These structures, which are not a part of the networks but
exist in dynamical systems containing these networks, are important to understanding the
(dis)continuity. We also make certain notational changes to case analysis.

We then construct a completed full return map in §17. This return map is constructed
similarly to the return maps in Sections 6 and 9.1, except it is defined for all points in the
cross-section used to define the projected map. In particular, there is no excluded cusp in the
domain of this completed full return map. The return map is constructed by defining cross-
sections that are transverse to the entire unstable manifold of the switching equilibrium.
Therefore, all trajectories that begin sufficiently close to the network are in the domain of
the map, even if they do not stay sufficiently close to the heteroclinic orbits that are con-
tained in the two-dimensional coordinate planes. This process provides us with a single map
that describes the behaviour of all trajectories near the network, and that is not defined in a
piecewise manner. However, not all components of this return map can be written exp]icit]y.

Nevertheless, we can derive sufficient information about the map and its components to anal-

89
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N
\B/ \B/

Figure 16.1: Diagrammatic representations of (a) the Kirk=Silber network and (b) the A-
clique network, with the equilibria relabelled for the purposes of this chapter.

yse the origin of the continuity or the discontinuity. In the case of the Kirk-Silber network,
we find that certain components of this map have a discontinuity in the limit as a trajectory
approaches the network. This discontinuity emerges from the presence of a separatrix near
the network, which exists because of the stable and unstable manifolds of certain invariant
sets that are not part of the network. In comparison, no component of completed return
map of the A-clique network has a discontinuity in the limit as a trajectory approaches the
network.

In §18, we analyse this completed return map for trajectories that begin near the switch-
ing manifold of the projected map. We define this completed map in logarithmic coordinates,
and show how a projected map can then be defined. Unlike the projected maps in Chapters I11
and 1V, this projected map depends on the location of the simplex, since the action of the
completed full return map in logarithmic coordinates is not linear. We then apply the projec-
tion to trajectories that begin near the switching manifold. We show that, when evaluating
the limit as these trajectories approach the network, the presence of a separatrix creates a dis-
continuity in the projected map of the Kirk—Silber network, but that no such discontinuity

emerges in the projected map of the A-clique network.

§16 Problem statement

In this chapter, we consider the Kirk-Silber and A-clique networks, as defined in §8. How-
ever, for notational convenience, we relabel the equilibria as A = &, B = &, X = &, and
Y = &4 These equilibria form three cycles: Cx) = A = B =+ X — A Cy) = A —
B—Y = A andCxy)j=A =+ B =+ X =Y — A The two networks are then
Nks = Cix) U Cpy) and Npa = Cixy] U Cly}. We show these two networks with relabelled
equilibria in Figure 16.1.
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Table 16.1: The cigenvalues of D f evaluated at the four equilibria of the two networks.

(a) Kirk=Silber network (b) A-clique network
Eigen- Equilibrium Eigen- Equilibrium
space A B X Y space A B X Y
X1 —Tra —CB XA (AN x1 —Tra —CB —CXA (AN
X2 €A —r'B —CxB —CyB T2 €A —rrs —CxB —CvyB
X3 —CAX €BX —Irx —Cyx Z3 —CAX €BX —Irx —Cyx
Y3 —CAY €EBy ~—Cxy Ty Y3 —CAY €EBY exy —Ty

We consider these networks as realised by the system of ODEs

T =x1(1 — ||ZE||§ + 0421903 + 04311'3 + Ol41y§ )

Ty =

X

(16.1)
T3 =

8

2

2(1 - ||$||§ + Q1] + a3 + aunys),
yg = y3(1 — Hl’”g + Oé14.il?% + 042423% + Q34T 3

3(1— ||$||§ + o327 + 33 + usy;),

Specific choices of the signs of the oy terms ensure the existence of certain heteroclinic
orbits in the two-dimensional coordinate planes, and the choices can be made in such a way
as to give cither of the two networks we consider. We list the eigenvalues of each equilibrium,
along with the corresponding coordinate axis that is its eigenspace, in Table 16.1. The entries
in the row corresponding to xy, excluding the —r radial eigenvalue, can be substituted into
the i terms in the equation for Z; in (16.1) to derive ODEs that contain the respective
network. (See (A.1.1) and (A.1.2) in §A.1). Note that each constant in Table 16.1 represents
a positive value, and so a negative eigenvalue is indicated with a minus sign. We also do
not exp]icit]y label transverse eigenvalues as —t, but instead as —¢, as this provides more
consistency between the two networks. Since we assume in this thesis that all transverse
cigenvalues are negative, this relabelling does not affect our calculations. These eigenvalues
ensure the existence of the necessary heteroclinic orbits needed to form the Kirk—Silber and
A-clique networks.

In the case of the Kirk-Silber network, we assume that there is an additional hyperbolic
saddle equilibrium P in the (x3, y3)-plane, and that there are robust heteroclinic orbits P —
X and P — Y in this plane, and B — P in the 21 = 0 subspace. The equilibrium P and
these additional orbits are themselves not components of the Kirk—Silber network, but their
existence is needed for the analysis presented in Sections 17 and 18.

With both networks, we consider the dynamics near a flow-invariant curve that exists in

the (23, y3)-plane. In both cases, we label this curve C. With the relabelling of the equilibria,
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Y Y
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B x
(d) (e) 6]

Figure 16.2: Dynamics within various subspaces of the two dynamical systems being consid-
cred. Equilibria are given by solid dots. The equilibria that are components of the network
are coloured the same as in Figure 1.3; the equilibrium P of the Kirk-Silber network is black.
Heteroclinic orbits are thick lines. The orbits that are part of the flow-invariant curve C' are
coloured green, and all other orbits are coloured black. Example trajectories are thin black
lines, and the flow-invariant coordinate axes are thin grey lines. (a) Kirk-Silber and (d) A-
clique: the 21 = 0 subspace, showing the two dimensional unstable manifold of B and the
curve C, and how these structures interact. (b) Kirk-Silber and (¢) A-clique: the (3, y3)-
plane and details of the invariant curve C. (c) Kirk-Silber and (f) A-clique: the z3 = 0
subspace, showing the two dimensional stable manifold of A and how it interacts with C.
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both networks can now be described as A - B — C — A.

For the Kirk=Silber network, the curve C'is the union of the three equilibria X, Y, and
P, and the two orbits P — X and P — Y. For the A-clique network, the curve C' is the
union of the two equilibria X and Y, and the orbit X — Y. We assume that the curve C' can
be parametrised by an angle 65, defined by tan 65 = ys/x3. For both networks, the angle of
the equilibria X and YV are 65 = 0 and 0 = 5, respectively. For the Kirk=Silber network,
the angle of the equilibrium P is 6% .

We present diagrammatic representations of the dynamics in relevant subspaces in Fig-
ure 16.2. For the A-clique network, we make no particular assumptions about the dynamics
in the (21, x3)-plane, other than the sign of the cigenvalue —cax at A in the x3-direction,
and the sign of the eigenvalue —cxa at X in the z;-direction. For this reason, we have shown
only a portion of the dynamics in this subspace, locally near A and X.

In terms of these relabelled equilibria, the cross-section HE’A is defined in a small neigh-

bourhood of B, transverse to the incoming heteroclinic orbit to B, A — B:
Hy " = {(x1,22,23,y3) € R* | 21 = h,|wa — 1| < h,0 < @3,y3 < h}.

As in previous chapters, we disregard two coordinates, as one coordinate is fixed in the defi-
nition of the section, and the radial coordinate again does not affect our analysis. Therefore,
we employ in the remainder of this chapter an abuse of notation and only consider the coordi-
nates (23, ¥3). When constructing a return map to HE’A following the usual methodology—
as outlined in Sections 6.1 and 9.1—the cross-section is partitioned into three subsets, I'x,
Iy, and I'c. We then have a map &5: I'x UT'y C Hiél’A — HE’A, defined in a piecewise

mannecr:

Ox(zs,ys), if (x3,y3) € I'x,
(16.2) B (4, ys) = x(Z3,ys3) (23,3) X

Oy (w3,y3), if (v3,y3) € I'y.

Transition matrices can be defined from these return maps, resulting in a piecewise-linear

Mx(X3,Y3), if (X3,Y3) € Dy,
. V(K ¥5) = | XY (X2, ) € D
My(X3,Ys), if (X3,Y3) € Dy.

We note that the sets Dx and Dy are subsets of D = {(X3,Y3) € R? | X3,Y3 <logh} C
R2.

From these transition matrices, the projected maps of the networks are defined, fxg: OxU
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@Y—>Sande: @qu@Y—>S:

fx(¥), if e Ox,
fy(@), ifv € 6y,

frs(V) =

and,
fxy(l?), ifd e @Xy,

fa(¥) = .
fy(9), ifY € Oy.

The domains of definition of each component of the map are

@X = (79570)7
@Y = (_17195)7

and

where

Note that the subscripts on the domains of the projected map refer to the cycle, whereas
the subscripts on the domains of the return maps and transition matrices refer to the next
equilibrium that the trajectory visits.

With the above information, we now proceed to explain the dynamical origin of the
discontinuity of the projected map fig at its switching manifold 1, and explain why the
projected map fa is continuous at its switching manifold. This discontinuity and continuity
was first presented in Sections 10.3 and 11.2. Since we have relabelled the equilibria and

cigenvalues of the linearised flow near the equilibria, the values of these limits are now

. . —CXBCAX
164 | P =1 ) =
(164) 191\‘1%5 fies(9) ﬂl\ntgs Jx() exp(cax + cay) + eacxy
and

) . —(cyBCax + €acyx)
16.5 lim ) = lim ) =
(16:5) g fies(V) = Jim fr(9) cys(cax + cay) + eacyx
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in the case of the Kirk—Silber network, and

) ) . —(cyBCax + €acyx)
16.6 | 9) =1 9) =1 9) =
(16.6) 191_{%sz( ) ﬂl\ngstY( ) ﬂl/(fgsz( ) cva(Cax + Cay) + eacyx

in the case of the A-clique network.

Given (16.4)-(16.6), we consider the projected map of the Kirk—Silber network to be
generically discontinuous, and the projected map of the A-clique network to be continuous.
However, we recall that the projected maps are not defined at 9, due to the mechanism by
which the map was constructed, excluding I'; from the domain of ®. (See §9.)

We highlight that the limit in (16.6) is the same as in (16.5). Both of these limits are cal-
culated from the component of the projected map fy or fxy, which corresponds to the Cpy;
cycle. Therefore, both of these limits are calculated from the part of the projected map that
describes the dynamics of trajectories that leave a neighbourhood of the curve C near the
equilibrium Y, with 03 close to 5. The limit in (16.4), however, is calculated from the com-
ponent of the projected map fx, which corresponds to trajectories that leave C' near X, with
053 close to 0. This difference provides us with an initial indication of the dynamical prop-
erties of the system that produce the discontinuity in the case of the Kirk=Silber network.
In particular, all trajectories sufficiently close to the A-clique network leave a neighbour-
hood of the invariant curve C' near the equilibrium Y, even if they have first visited X and
so are in the domain of fxy. In contrast, trajectories sufficiently close to the Kirk-Silber
network can leave a small neighbourhood of C' near cither X or Y. The limit from below of
the Kirk-Silber network—which corresponds to trajectories that leave near Y —is equal to
the limit of the A-clique network. However, the limit from above differs, and corresponds
to trajectories that leave near X. We can see in Figure 16.2(a) that there is a separatrix that
divides trajectories near the Kirk-Silber network into those that pass close to X and those
that pass close to Y. In Figure 16.2(d), we see for the A-clique network that there is a surface

of orbits from B to Y, with some passing close to X.

§17 Constructing a completed return map

We now construct for both networks a completed recurn map—that is, one that captures all
trajectories near the network. We follow the standard procedure to analyse the dynamics
of trajectories near a heteroclinic network, which is to construct cross-sections transverse
to the flow near the network, and construct maps between these sections. We adapt the

methodology presented in [KLP10, KPR12] to construct the parts of the map that differ from
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3y

”
in,B out,A
H X H

Figure 17.1: A diagrammatic representation of both the Kirk-Silber and A-clique networks,
and the sections we define near them, showing how they capture all trajectories sufficiently
close to the network. Because certain features differ between the two networks, the curve
C is shown as a dashed line between X and Y, as is the connection between X and A. For
visual clarity, we have not shown the entire heteroclinic orbit A — B.

the more straightforward calculations in Sections 6 and 9.1. We compose these maps to derive
a completed full recurn map for each network and, in the next section, we analyse these maps
to explain the (dis)continuity.

For convenience, we sometimes work in polar coordinates in the (x3, y3)-plane, giving

us coordinates (21, g, 3, 03), where r5 and 05 are defined by
2_ 2, .2
T3 =13t Y3
and

Y
1‘3'

tanfs; =

We also, when convenient, consider the angle 3 = 5 — 3.
We use the following six cross-sections in our construction of the completed return map.
Let h be a sufficiently small positive constant, so that all six of the following cross-sections

are defined in a neighbourhood of approximate linear flow. First, near B, we have

HE:’A = {(wlax27m3ay3) | Ty = h? |'T2 - 1| < h’o S T3, Y3 < h}7

out,C
HB

(x1,29,73,03) | 0 < 21 < h,|xe — 1] < h,r3 = h,0 < 03 < g}

Second, near C,

HiCn’B {(33'1,33'2,7"3,93) ‘ 0< T < h,l'g = h, ’7”3 — 1’ < h,() < 93 < g},

H%Ut’A = {(,fL‘l,:L'Q’Tg,eg) ‘ T = h,O < Ty < h,rg == h,o S 93 S g}
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Last, near A,

H ¢ {(9517552,7"3,93) o1 =1] <h,0 <22 <hrs=h0<0;< g}’
{

H(Xlt:B = <x171’2,373ay3) ‘ |f171 - 1| < h’7 Ty = h70 S T3,Y3 < h‘}

Figure 17.1 gives a diagrammatic representation of these sections. We note that these sections
have not been defined in terms of any rescaled coordinates, as we do in Chapters Il and VL
We construct three completed local maps, which approximate the dynamics in small

neighbourhoods of the equilibria A and B and the curve C. These maps are

> in,A out,C
N in,B out,A

o in,C out,B
wA. HA — HA .

We also construct three completed global maps, which approximate the dynamics along the

unstable manifolds of the equilibria A and B, and the curve C:

T . out,C in,B
T . out,A in,C
I . gyout,B in,A
Uap: HY™™ — HE™.
= in,A in,A . ..
The completed full recurn map @p: H5™™ — Hy"" is then the composition
O = UaYaVcatc VBB,
N in,.B _in,B oo
and we write g (237, Y3 — (2h, y5).

For Clarity, we say the map dp isfull in the sense that it applies to trajectories that make
one full excursion around the network. (This terminology is the same as in §6.) Moreover,
we say all local, global, and full recurn maps are complete in the sense that they account for all
trajectories sufficiently close to the network, and do not require removing from their domain
of definition an excluded cusp or its image. We represent completion of a map with a hat
above it, in contrast to the maps in Chapters II and III.

In many cases, because we want our maps to account for all trajectories near the net-
work, we are unable to derive an explicit form for most of the above maps. However, we know

enough about the dynamics in relevant subspaces to derive sufficient information about the

components of this map for our analysis. By the invariant sphere theorem [Fie96], we know
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we can exclude the radial component from each step of our analysis. With an abuse of nota-
tion, in the remainder of this chapter, we work with only two relevant coordinates for each
map, disregarding the radial coordinate and the coordinate fixed in the definition of cach

Ccross-section.

171  The local map 95 HEI’A — H%ut’c
We begin with a point (])gn’B, y;n’B> € HE’A. Near B, the linearised flow is

X1 = —CBT1, X3 = €BXT3, Y3 = €EBYY3.

Integrating these ODEs gives solutions x1(t), z3(t), and y3(¢), which can also be used to
find expressions for r3(t) and #3(¢). The trajectory crosses HoBut’C when 73(t) = h, and so

although the residence time Tg cannot be solved for exactly, it satisfies the equation

(171) h2 — x% GZEBXTB +y§ eZeBYTB

= 72 cos® O3 e?exTE 2 gin? f, o2 T
and we see that

(17.2) lim Ty = oc.

Thus, the local map IZB : HE’A — H%ut’c is defined by

> in,B inB\ __ out,B eout,B
Y3, Y3 =\Ty U3 )

where
x(l)ut,B _ hechTB
and
t,B _
tan egu B — tan b, eleBy —enx)Th
(17.3) yin’B
— I3 oleBy—enx)TB
in,B '
L3

172 The global map Upc: HOC — HIP

The two-dimensional unstable manifold of B intersects H%m’c at (z1,73,03) = (0, h,03),
and intersects Hiél’B at (zq,x9,03) = (O, h, 0_0(93)), where ¢ is an O(1) function of 6.
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Therefore, the effect of the global map {I}BC is, to leading order, to rescale zy by a 03-
dependent O(1) amount, and to map the outgoing angle to an incoming angle, and so we

have
T out,B pout,B in,C pin,C out,B\ out,B p out,B

Here, E¢ is an O(1) function of #5. We know little about the function f¢. However, due to

the invariance of the 3- and y3-axes, we know that 6 (0) = 0 and ¢ (g) = 7.

17.3 The 10cal map q:b\c : Hiél’B — H%Ut’A

The local map {b\c is the most difficult to construct, and is the only map that differs between
the two networks. We need to construct this map in such a way that it captures all trajectories
that begin on HE’A, noting that, for any part of the curve C, there exists initial conditions
on HE’A that give rise to trajectories that pass arbitrarily close to that part of C. As such, we
cannot simp]y consider the linear flow near each equi]ibrium that lies in C, as we usuaﬂy do
when constructing return maps near heteroclinic cycles. Here, we follow the methodology
in [KLP10, KPR12].

We assumed that the curve C' could be parametrised by the angle 65. We also know, by
the invariant sphere theorem, that in the (3, y3)-plane there is strong contraction onto the
curve C. Therefore, the evolution of 5 can be described by a #3-dependent function. The

local flow near C'is thus given by

iy = ga(fs)r1, @y = —gp(fs)re, O3 = go(6s),

where ga, 9B, 9o [0, %} — R are functions of 3, and depend on the particular network
being considered. A diagrammatic representation of the flow near the curve C'is shown in
Figure 17.2.

We have little precise information about the functions ga, gg, and gg. However, in the

case of the Kirk-Silber network, we know the following;

(a) 1 expands for all values of 63, and so ga (f3) > 0 for all 5 € [0, %} The only known

values of g are ga(0) = exa and gA(g) = eya.

(b) x5 contracts for all values of 3, and so gg(f3) > 0 forall 5 € [0, %] . The only known

values 0ng are gB(O) — CXB and gB(%) = CYB.

(¢) The invariance of the x3- and ys-axes implies that go(0) = 9(%) = 0. Moreover,

the existence of the equilibrium P implies that gy (93{3 ) = 0. The heteroclinic orbits
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P — X and P — Y imply that, respectively, gg(63) < 0 for all 85 € (0, 9?1):)7 nd
ge(03) > 0 for all 05 € (QP E)

372

(d) The linearisation of the vector field about X and Y implies that Dgy(0) = —cxy < 0
and Dgg(%) = —cyx < 0. It follows that, for small |03], 03 ~ —cxyBs, and that for

small |% — 03|, 3 = —cyxps3, where we recall that we set 3 = § — 0.

The following, mostly similar, properties are known in the case of the A-clique network:

(a) There exists an angle 5 such that 21 contracts for all 05 € [0,6%), and expands for
all 05 € (9;, 2} (See Figure 16.2(f) and Figure 17.2(b)). Therefore, ga(f3) < 0 for all
05 € [0,03) and ga(03) > 0 forall 03 € (9;, %} The only known values of g are
gA(O) = —CXA and gA(g) = EVvA-

(b) 29 contracts for all values of 3, and so gg(f3) > 0 for all 05 € [ } The only known

values of gp are gg(0) = cxp and gp (5) = cyB.

(¢) The invariance of the x3- and y3-axes implies that gg(0) = gp (g) 0. Morcover, the
0,3)-

(d) The linearisation of the vector field about X and Y implies that Dgy(0) = exy > 0

heteroclinic orbit X — Y implies that gg(63) > 0 for all 05 € (0,

o1

and Dgg(%) = —cyx < 0. It follows that, for small |03], 03 ~ exyfs, and thar for

N —Cyx¥s.

small |§ — 03

To derive the local map ¢, we first use separation of variables to solve 65, and find

6F (t) implicitly:

05 (t) 1
(17.4) t = / dé.
65 (0) 90(0)

. tA .
Next, the trajectory crosses H'"™ when 21 (t) = h, and so although we again cannot

solve for the residence time T¢ explicit]y, it satisfies the equation

/ gt dr = —bg(”“Tm)) = —10g(Be(#"")) + cah.

From this relationship we see that

(17.5) lim T¢ = oo.

1nC_)O

We write 05°¢ = 6$(0) and 63"C = 0S(T¢), and we note that 65" is a function of
both 6 and Te: 63" <9;n’c, Tc>.
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—CXB —CYB
X _ P - \i/Y
—Cxy - ~ —cyx +
v EXA EYA
1
(a)
L2 —CxB —CyB
X - \i/Y
EXY - —CyX \*/
v oA eva
(b)

Figure 17.2: A schematic representation of the dynamics near the curve C for (a) the Kirk—
Silber network, and (b) the A-clique network, showing the difference in how trajectories
pass near the curve C. We use the positive vertical axis to represent the coordinate x5, and
assume that 27 is small. We use the negative vertical axis to represent the coordinate 21, and
assume that x5 is small. The (x2, 23, y3)-subspace is thus represented above the curve C', and
the (21, x5, y3)-subspace below.

In the case of the A-clique network, we know that go(f3) > 0 for all 63 € (0, %)

~ .. .. in,C
Therefore, we know that, for a fixed initial condition 03",

. out,C in,C ™
Tilinoo " (03 ’TC> T2
However, since ga (9??) < 0 for all 835 < 65, 9;“’0 is bounded below, regardless of T¢:
03" > 05,

In the case of the Kirk—Silber network, since go(63) < 0 for all 03 € (O, 93{3), we know

that for a fixed initial condition an’c € (0, 9?1)3),

lim §3"C (9}{"0, TC) — 0,

Tc—o00

and since gg(f3) > 0 for all 3 € (93{3, %), we know that for a fixed initial condition an’c €
) o
lim §3"C <0§H’C,TC> =T

TC —00 2

Since go(05) = 0, then, i = 0P 03" = 0P regardless of Te.
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From these relationships, we have our first indication of the origin of the discontinuity
of the projected map in the case of the Kirk=Silber network. In particular, considering the
outgoing angle ng’c = 05 (T¢) as a function of the incoming angle 9;“’0 = 6$(0), where we
take the xiln’c—dependent expression T as a parameter, we have, in the case of the Kirk-Silber

network,

0, if6C <6k,
(17.6) lim 62°C (9;“70) — 0P, it gnC —gP,

xiln’c—>0 s
M m, P
o if e s P,

SIE

and, for the A-clique network,

(17.7) lim go"C (9};170> _
in,C
z; =0

Do

The function qut’c (9?@) is a continuous function for both networks, noting that .’Eiln’c # 0
for all trajectories that pass near C. However, in the limit as the trajectory approaches the
network, the function is continuous for the A-clique network—being a constant function—
and discontinuous for the Kirk-Silber network, being a step function. In the case of the
Kirk-Silber network, a separatrix is formed by the stable manifold of P, and is defined as

t,C in,C . .
" = 6577, No such separatrix exists near the A-

the surface of trajectories that satisfy 65
clique network.

Although we cannot analytically derive the function ng’c (Qén’c> ,we can, with numer-
ical computation, observe the limits in (17.6) and (17.7). We show in Figure 17.3 plots of these
functions for various values of 21, where we can observe the convergence to a constant or
step function. In §A.2, we describe how these figures were computed.

With assumptions about the functions ga, gg and gg, we could derive exact expressions

for components of this local map. In [KPR12], for example, they assumed that go(63) =

_A
4

here, as the asymprotic behaviour of these components is sufficient for our purposes.

sin 405 for the Kirk-Silber network. However, we do not need to make such assumptions
In summary, we write the local map as
N in,C pin,C\ out,C 5HC
Yo <$1 , 03 > = (5”2 , 03 (TC)>a

where

Tc
3 = ewp(~ [ @5 ar ).
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7 |

2

out,C

eout,C 93
3

7 |

3

*
03 |

s

6

(b)

Figure 17.3: Plots of the outgoing angle qu © as a function of an’c for both (a) the Kirk—Silber
network and (b) the A-clique network. The relationship is computed for various values of
in,C . ’ Xin,C o 1 in,C Th N 1 N . d - H b . oo
xy ", given as X; = logx;"". These plots were computed numerically by integrating
ODEs that contain the heteroclinic networks. We see that the function in the case of the
Kirk-Silber network begins as an identity function and converges to a step function, while
the function in the case of the A-clique case is initially more complicated but converges to a

. in,C . .
constant function as 27~ — 0. Parameter values for these figures are given in Tables B.6.1
and B.6.2.

174 The global map Wey: HR — HPC

The two-dimensional unstable manifold of C' intersects H%‘“’A at (x1,x9,03) = (h,0,03)
and intersects HY'C at (29, r303) = (0,7,04(63)). Again, we know that the effect of the
global map Ty s, to leading order, to rescale 29 by a 3-dependent O(1) amount, and to

map the outgoing angle to an incoming angle, and so we have

T out,C pout,C in,A pin, A\ out,C\ out,C p out,C

As for the global map {I\’BC, Exisan O(1
Oy, except again that 0,(0) = 0 and éA(

) function of f3. We know little about the function
3)

-z
-~ in,C t,B

17.5 The local map ¢5 : HY"™ — H}"

The local map QZA is the most straightforward to compute. The flow linearised about A is

To = eaTy, T3 = —CAXT3, U3 = —CAYY3.
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. t,B . .
The trajectory crosses HY'"" when 29(t) = h, and therefore the residence time T can be

found explicitly:

Thus, the local map is

CAX CAY

in,A N in,A ea
> in,A ein,A . out,A out,A\ __ h ein,A Lo B si ein,A Lo
Valzy, 03 = (T3 U3 = COs U3 n ; LS U3 A

17.6  The global map {I}ABi HoAut,B N HE,A

The heteroclinic orbit from A to B intersects HXM’B at (x9,23,y3) = (h,0,0), and inter-
sects HE’A at (z1,23,y3) = (h,0,0). The effect of the global map $AB is thus, to leading
order, to multiply the coordinates 23 and y3 by an O(1) amount. The expression for this

map is therefore

\/I\/ out,A out,A\ inB’ inB"\ _ B out,A B out,A
AB| T3 ;Y3 = \Ts Y3 = BXT3 ~ , LUBYY3 .

177 Composing the maps

Composing these maps, we can write the completed full return map &\DB : HE’A — HE’A as
(17.9) By (25 05" ) = (24 h).

where

(179) &y = Epxhcos(0a (65 (Tc))) (EA (65 (Tc)) exp (_ /oTC g(65 (1)) dT>) -
and

(17.10) 4 = Epyhsin(04 (65 (Tc))) (EA (05 (Tc)) exp (_ /OTC 9205 (7)) dT))

The value of 65 (T¢) is found by integrating 03 with initial condition

in,B

65 (0) = bc (—y?n,B <>> -
x

3
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These expressions for 25 and y4 are valid for both the Kirk-Silber and A-clique networks.
However, each network has a different definition of ga, g, and gy, and of the O(1) com-
ponents of the global maps. Therefore, the actual evaluation of these two expressions differs
between the two networks.

This return map ZI;B is defined on the entirety of the incoming cross-section HE’A, in-
cluding inside the cusp I'; excluded from the domain of @ in (16.2). Therefore, it is also de-

€BX

fined on the switching curve X defined by 25 = y5P*, which corresponds to the switching

manifold ¥ of the projected maps fis and fa. Moreover, it is a continuous map.

§18 Analysing the continuity of the projected map

We now analyse the completed return map (/ISB to determine the continuity of the projected
maps fks and fa on Us.
From the expressions in (17.9) and (17.10), we calculate the action of the completed full

return map in logarichmic coordinates:

X3 = log
(18.1) = log Epx + log h + log cos 0 (65 (T¢))
c Tc
+ GL; (log E\ (93C(TC)) — / g (65 (1)) dT)
0
and
Yy = logys
(18.2) = log Epy + log h + log sin 6, (03? (Tc))

+ 0 (Lo 5 (05 (1) - [ o5t a7)

€A

These expressions allow us to define a map My: D — D:
My (X, Ys) = (X5, V).

The domain of this map is

D= {(X3Ys) € R*| X;,Y3 < logh} C RZ.
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Figure 18.1: A representation of the domain of the map ]\/I\B and of the projection %) and
the set TW_ We show a subset of R2. The solid red lines are X3 = log h and Y3 = log h.
The lower-left region bounded by these lines, shaded green and orange, is the domain D of

]\/4\]3. The solid blue line is the set 7™ and the set D®) of all points that project onto a point
in T%) that are in D is shaded orange.

18.1 Projection of the completed full recurn map

Just as the projected maps fxg and fa are defined from the transition matrices in (16.3), we
can define a projected map from the map M. To do s0, we follow the methodology in §9.3.
Let & > 0 be a positive real number. We define the line T®) in the negative orthant of R?
by

TW = {(X3,Y3) € D | X5+ Y3 = —k}.

Note that in the definition given in (9.5), the set S, which is the domain of both fxg and
fa, is the straight line from the point (—1,0) to the point (0, —1). The line T®) is instead
a subset of D, and so does not extend to the coordinate axes, as all points (X3, Y3) on the
line T™) must satisfy X3 < logh and Y3 < log h. We can identify this line with the open
interval (—k — log h,log h).

We can rescale this set by k to define the open interval

logh logh
k) — [ 1=
s ( ol Log )
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0.0 0.0
k= k=
® 15 ® 15
fKS(ﬁ) ® 3 wa) 35
® 500 ® 500
—0.51 —0.51
~1.0 —-1.0
—1.0 0.0 —1.0

(a) (b)

Figure 18.2: Numerical approximations of the projected maps (a) fI((kS) and (b) f g{), for various
values of k, as indicated. The projected maps fkg and fa are plotted as solid black lines.

As k increases, fI(<kS) and fék) converge to fxg and fa, respectively. Note that, for larger ,
the domains of the maps widen. See Figure 18.3 for more detailed plots near the switching
manifold. See §A.3 for an explanation of how these approximations are calculated. For visual
c]arity, we plot only the components of the projected map within their domain of definition,
and we do not shade these domains. The dashed red line indicates ¥5. Parameter values for

these figures are given in Tables B.6.3 and B.6.4.

We then have limy_,o S® = S. We can define a projection % . pk) — gk by

—X;

" (X3, Y3) o
KaVs) = 53T,

The domain of this projection is

“logh “logh
o8 X3andX3<iY}.

DH — (X3 Ya)ED | Vo< —2
{( »Ys3) € ‘ 3 Tt logh Ftlogh ®

This set is the set all points in R? that project onto a point in T®) that are in the domain of
definition of Mp. We show a visual representation of this domain in Figure 18.1.

We can now define a projected map f*): §*) — k).
F® 9 I (1\73(19, k- 19)).

The map f*) is continuous. Since the map Mg is not linear, the value of f®)(19) depends on

the value of k; that is, if ¢ > k, then for any point ¥ € S®) ¢ SO fO(9) £ fF) (),
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—0.61
—0.46

frs(?) fa(9)

—0.48 1

—0.63 A

Figure 18.3: Numerical approximations of the projected maps (a) fI((kS) and (b) f Xg) near the
switching manifold ¥ for various values of k, as indicated. The projected maps fis and fa
are plotted as solid black lines. As & increases, we see that the functions converge to fxs and

fa. More importantly, however, we see a discontinuity emerge in the case of flgks) See §A3
for an explanation of how these approximations are calculated. For visual clarity, we plot
on]y the components of the projected map within their domain of definition, and we do not
shade these domains. The dashed red line indicates ¥. Parameter values for these figures are

given in Tables B.6.3 and B.6.4.

We show numerical approximations of this projected map for both networks in Fig-
ure 18.2. We observe that, as k — 00, the function f(k) appears to converge to the projected
maps fks and fa, and we conjecture that they do in fact converge, though we do not prove
that here. In Figure 18.2(a), the map f1(<ks) appears to be discontinuous at ¥, though only
because of the discretisation of the numerical calculations. In Figure 18.3, we show the same
calculations in a small neighbourhood of the switching manifold 5. We see that the pro-
jected maps f*) are continuous at ¥ = 9, for both the Kirk-Silber and A-clique networks,
though a discontinuity emerges in the limit & — oo for the Kirk-Silber network. We observe

.. . . . ~ . t,C t,C
a similar discontinuity emerge in the function 65" <9§u ’ >

18.2 Calcu]ating the completed full return map

We begin with the Kirk-Silber network. We assume we have some point

in,B in,B in,A
(atg Y3 )GHB .
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Applying the basic map defined by the composition (I}BCQZB to this point, we calculate
(0.) = () (25,

. . in,B _in,B . in,B . .

We assume that the trajectory beginning at (25", ya ) strikes Ha'~ in a small neighbour-
] y beg ) 3 Y3 C &

hood of the equilibrium P, and close to the heteroclinic orbit P — X. This condition is

in,C : : . , inB _ in,B
0 — h < 035" < 6. This assumption requires the point (331311 T ) to be close to the

switching curve X, defined by 25%Y = y5®%. Therefore, this point is inside the cusp I, that
is excluded from the domain of the return map ®p in (16.2). For 9?’0 < 0F we require
TEBY > yoBX

A

. . tA . ) .
We also assume that the trajectory strikes HZ™" in a small neighbourhood of the equi-

librium X. This condition is 0 < qut’c < 03 + h, and requires T to be sufficiently large.
We quantify this requirement explicitly in the inequality (18.4) below.
The flow linearised about P is given by
Ltl - gA(‘gg)fl,
iy = —gp (03 )2,

03 = —\p (05 — 03),

for some real number Ap > 0.
Our assumption that ngt’c < 0% + h implies that there is some time Tép) such that
0 <T((3P)> — 05 — h. Solving 63 with initial condition 3(0) = ¢ we find

in,C
) _ —1 0y — 63"
TP = “Zpe| 2778
C T Og( h

Solving both @1 and @5 with initial conditions
i t,B —
21(0) = ™€ = Eg (egu , )he enTis

and x2(0) = h, we find that

in,C

1 (Tép)> = E¢ <9§Ut’B> hecBTB <9i’1>D _h 3 )AP
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and
oo %)

T (T((jP)> =h (—9?1’3 _h9;n70> o

There is then a jump from P to X as the trajectory follows the heteroclinic orbit P —
X. In this transition, both 21 and x5 are scaled by an h-dependent O(1) amount, El()g)( and

E'l(f))o respectively. Therefore, at 83 = 65 + h, the value of z1 is

RACY
9P o ein,c Ap
183 BB (037 ) hemenTe | 2225
and the value of x5 is
()
0P - ein,c Ap
sito %557

A

. . : tA . .
Our assumption that the trajectory strikes H(éu in a small neighbourhood of X means that

we require the value of 2 in (18.3) to be strictly less than h. Solving this inequality for Tp

shows that we require

1 (1) out,B aga (0};) 9:1; . Q:ian,C
(18.4) s > o <log (EPXEC (93 >) -0 log ; |

. . . in,B . t,A
Therefore, our assumption that the trajectory strikes ng near P and then strikes H%u ’

. in,C
near X requires T — 00 as 037" — 6%

Near X, the linearised flow is

T = €xaTy,
To2 = —CXBT2,
03 = —nydgg.

)

We solve for the residence time TéX near X by solving xl(TéX)) = h with the initial con-

dition of 1 given in (18.3):

1 o g (6% 05 — 03¢
Téx) = —— <log<El(31>)<Ec <93 tB)) - A)(\ 3) log( 3 3 3 ) - CBTB>-

EXA P
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Therefore, the value of x5 on H%ut’A is
(18.5)

P P XB
9B (93 ) 9A (93 ) XA

QP . ein,c Ap QP . Qin,C T p
xcz)ut,c — EI(DQ))(h 3 h 3 El()l))(EC (9§ut,B>€chTB %

and the value of 65" = 0S(T¢) is

P Xy
IA (93 ) €XA

out,C (1) out,B\ —cpTs e?f) - ‘9:13n7c w
186) 02 = p| EQE (2R )e % %

h

A similar analysis can be completed in the case of the Kirk-Silber network when a tra-
jectory strikes Hiél’B in a small neighbourhood of the equilibrium P, and close to the hete-
roclinic orbit P — Y. This condition is 8f < 9;“’0 < Y + h. In this case, the value of
on Hocut’A is
(18.7)

P P YB
s (%) a(05)\

gP _ ein,C Ap o _ ein,C T e
xgut,C _ Eg)(h 3 - 3 EI(DlY)'EC <0gut,B>€fCBTB %

. out,C .
and the value of ¢3""" | where we recall 3 = 5 — 03, is

P °Yx
9gA (93 ) eYA

out,C (1) out,B\ —cpT; 0}; - Q?SHVC o

h

A lower bound similar to (18.4) exists for Tg.

Finally, in the case of the A-clique network, there is no equilibrium P. Any trajectory
that begins in the cusp that is excluded from the cross-section HE’A strikes Hiél’B a]ong the
heteroclinic connection X' — Y, and not in a small neighbourhood of X or Y. Therefore,
the initial conditions on Hiél’A are r1 = E¢ <9§Ut’B> he=¢8T8 x5 = h and 05 +h < an’c <
6y — h. We assume that the trajectory leaves C near Y, and thus we can again compute a
lower bound for Tg similar to (18.4).

The transition of the trajectory along the heteroclinic orbit X — Y rescales 21 and x5
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by h-dependent O(1) amounts, E%)( and E)((2\)(» respectively. Near Y, the linearised flow is

T1 = eyaTy,
Ty = —CyBT2,
p3 = —Cyxps.

Solving for x; (TéY)> = h and then integrating the above linear system gives g"C

°YB
(9 1 = B (B B (5P ) emeom)
and the value of qut’c is
YX
oo

18.3 Applying the projection

We now use the values for 6’§Ut’c and :Egm’c in the expressions for X% and Yy in (18.1) and
(18.2), respectively.

For the Kirk-Silber network with Hgn’c < 6F, qut’c = Hg(Tc) < 9? + h < 1
Therefore, we Taylor expand 5 about the fixed point 84(0) = 0 to derive the leading order

expansion

0.4(05(Tc)) = K65 (Tc) + O (65 (Tc)’).

for some O(1) constant K. We can then apply a leading order Taylor expansion to the

trigonometric terms in (18.1) and (18.2). The resulting expressions are rather long and cum-

. . 0P —gin:C )
bersome, and are the sums of terms involving 1§, log | =22 and the logarithm of con-
) g ) h ’ g

stant terms. Since we have assumed that 75 > 1 and 6) — an’c < h, we can ignore the
logarithm of the constant terms as they do not affect the asymprotic behaviour of the expres-
sions of interest in the limit T — 00 or 9;)“’0 — 0% . We then substitute the expressions in
(18.5) and (18.6) into (18.1) and (18.2), and the resulting expressions into the projection H(k),
and rearrange to derive

(18.11)
) (Xi/’n Yvi‘:) =
—CAX <_ - <9B(9§) - —gA(G?}’))CXB)% + ch>

CcBApP EXA

P\, o P\ o :
(CAX + CAY) <_ exa <gB(9§) _ga(63) XB)% + CXB) + eA(gA(Gg) XY logd 4 CXY>

CBAP exaA CBAP T
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In this expressions, we have written

P in,C
03 — 03

0=="7,

In §10.3, to evaluate the limit of the projected map fig as ¥ N\, ¥s, we must follow the
definition of the projected map outlined in §9.4, and calculate the projection of the action of
the transition matrix Mx on points on the line Y3 = log(1 — €) + z]}:—ng. Recall from (9.2)
and (9.3) in §9.1 that € was a positive constant used in the definition of the excluded cusp.
The limit ¥ \ ¥ is then the limit X3 — —o0.

On Hg’A, curves of constant angle an’B have the form 23 = ays. Therefore, in loga-
rithmic coordinates, curves of constant (9;“’]3 in D are X3 = loga + Y3. We see from the
action of the local map {b\B in (17.3) that curves of constant angle ng’B in D have the form
X3 =loga+ z]‘:—ﬁYg

For any 0 > loga > log(1 — €), the line X5 = loga + EE?Y}, lies inside the region

corresponding to the excluded cusp. Moreover, the expression in (18.11) is valid, and can be

zgi Y3, whereas the transition matrix Mx

evaluated, at any point on the line X3 = loga +

cannot. For any point along this line, ng’c, and therefore also 9, is fixed, but as X3 — —o0,

log 6
T

we see from (17.1) that T — 00 and thus — 0. Therefore, the expression in (18.11)

simplifies to

H(k) (X' Y') _ —CXBCAX
3708 expl(cax + cay) +eacxy’

which is the value of the limit limg\ », fxs(?) in (16.4). This limit applies for all0 > loga >
log(1 — €), and so 65 — 65 can be chosen to be arbitrarily close to 0, and thus the trajectory
is arbitrarﬂy close to the switching manifold.

In the case of the Kirk-Silber network with 62 < 9;n’c < 0F + h, substituting the
expressions in (18.7) and (18.8) into (18.1) and (18.2), disregarding the logarithm of O(1)
constant terms, which do not affect the dynamics in the limit 75 — 00, and applying the
projection, gives
(18.12)

W(X3,Y5) =

—cAX< : AP( 5(00) — w)wy +CYB> _€A<9A<o fovs logs X)

EYA CBAP
(03)c 0F)c :
(eax -+ eav) (=25 (9n(05) - %)logmm)+eA(—<CB;;xloguc J)

We note that the additional term in the numerator compared to (18.11) is a result of the
fact that the leading order Taylor expansion of log cos 84 (f) around the point Z is log 6, as

opposed to log 1 when the Taylor expansion is evaluated around 0.
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For any 0 < loga < log(i), the line X3 = loga + 22_1(1/3 lies inside the region
corresponding to the excluded cusp, and the expression in (18.12) is valid, and the expression

can be evaluated, at any point on that line. In the limit of X3 — —o0, we find

H(k)( YD) = —(cyBeax + eacyx)
38 cyp(cax + cay) + eACYX

which is the value of the limit limyg g, fxs () in (16.5).
We note that, since the map EI\DB is defined for all points in HE’A, we can evaluate this

map at any point on the line z5?Y = y5&%

, and we can therefore also evaluate ]\/ZB at any
point on the line egy X35 = epxY3. Therefore, for all & > 0, we can evaluate ) (s). We
cannot, however, determine the value of this expression since we do not know the value of
N (9?1?). However, evaluating the map %) ar Y, for any k > 0 does not tell us about the
limiting behaviour of fkg at ¥, since the components of these functions are defined only for
trajectories that leave C' near X or Y.

In the case of the A-clique network, the expressions for X4 and Yy differ on cither side
of the switching manifold by only an (’)(1) global constant, since, in both cases, the trajectory
follows the connection X — Y but does not strike Hi(?’B near X. Therefore, in both cases,

applying the projection gives

% (X3,Y5) =

(18.13) —cax (—%ﬁ + cYB> _ 6A<CY_XL n ch>

cg 1B

(cax + cay) (—?—BAﬁ + CYB) +ea (CYX ﬁ + CYX>

CB

The expression is valid, and can be evaluated, at any point on the line X3 = loga + :‘;—§Y3
for 0 > loga > log(l — €) and 0 < loga < log(ﬁ). Any such value of log a ensures the
line lies inside the region corresponding to the excluded cusp. In both cases, d is again fixed

and T — o0, giving us, in both cases,

H(k)( LYl = —(cyBeax + eacyx) 7
cys(cax + cay) + eacyx

which is the value of the limit limy_,y, fa(?) in (16.6).

In summary, we find that the discontinuity of fkg at ¥y is a result of two factors: first,
that evaluating the limit ¥ — 9, requires us to evaluate the flow in the limit as a trajectory
approaches the network; and, second, that there is a separatrix near the network that creates
a discontinuity in the flow in the limit as a trajectory approaches the network. In the case

of the A-clique network, however, although the first of these two factors is still required,



§18. ANALYSING THE CONTINUITY OF THE PROJECTED MAP 115

no discontinuity emerges in the flow in the limit as a trajectory approaches the network.
Therefore, the projected map fa is continuous at Js.

In §12, we also studied the tournament network, which is the union Cx; U Cryj U Cixyy.
Although the tournament network also contains a subnetwork whose graph representation
is equivalent to the Kirk-Silber network, the nearby dynamics does not contain a structure
equivalent to the equilibrium P, and so also does not contain the separatrix formed by its
stable and unstable manifolds. It instead contains two A-cliques, with trajectories leaving a
neighbourhood containing the A-clique near a common equilibrium. A small extension of
the map derived in §17 and the analysis in this section shows that the projected map of the

tournament network is continuous on both of its two switching manifolds.






Dynamics near networks in

higher dimensions

In this chapter, we present investigations of two heteroclinic networks withn > 5 equilibria,
embedded in R™ with the simplex realisation of Ashwin and Postlethwaite [AP13].

We begin in §19 with a detailed description of a network between 6 equilibria studied by
Podvigina [Pod23], composed of two cycles of four equilibria each, joined along one common
heteroclinic orbit. This network is a natural extension of the Kirk—Silber network [KS94].
We first summarise the results obtained by Podvigina [Pod23], and present examp]es of time-
series that complement Podvigina’s findings that suggest that more complicated behaviour
is observed in trajectories near this network than the Kirk-Silber network and other net-
works in R%. We then compute in §19.1 a partial bifurcation set of regular cycling near this
network. We make numerous observations about the structures and patterns in this bifurca-
tion set, and make conjectures about the structure of regions of fragmentarily asymprotically
stable root sequences in the complete bifurcation set. In §19.2, we construct the network’s
projected map, and relate periodic orbits of this projected map to regular cycling near the
network. We present in §19.3 a numerical investigation of some of these periodic orbits and
how they relate to the bifurcation structure of regular cycling near the network. We consider
the continuity of the projected map on the map’s switching manifold in §19.4

Next we consider in §20 the Rock—Paper—Scissors—Lizard-Spock network, studied by
Postlethwaite and Rucklidge [PR22]. In this network, the heteroclinic orbits are grouped
into two different classes, A and B. We present a bifurcation set of regular cycling near this

network in §20.1. In the case of this heteroclinic network, itineraries and root sequences of

117



118

VI. DYNAMICS NEAR NETWORKS IN HIGHER DIMENSIONS
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Figure 19.1: A diagrammatic representation of Podvigina’s two-cycle network [Pod23], and
the location of the three cross-sections relevant to the analysis of the network.

eventually periodic itineraries are not defined by the equilibria a trajectory visits but instead
by the classes of the orbits a trajectory follows when transitioning between equilibria. We
review the work of Postlethwaite and Rucklidge to construct recurn maps near the network in
§20.2, and then in §20.3 we construct the projected map of the heteroclinic network. Since the
switching equilibria of this network have multiple incoming heteroclinic orbits, the projected
map is not straightforward to define. We therefore present a method to overcome these
complications and construct a single projected map on a connected domain. We analyse
regular cycling near the network in the projected map in §20.4, and irregular cycling near
the network, in what appears to be a strange actractor, in §20.5. Lastly, we again consider the

continuity of the projected map on the map’s switching manifolds in §20.6.

§19 Podvigina’s two-cycle network

We begin by considering a network in RS that was studied by Podvigina in [Pod23], which we
refer to as Podvigina’s two-cycle network. This network is composed of six equilibria, &1, . . . , &,
that are each at unit distance from the origin in the positive orthant on each of the six coordi-
nate axes, and seven heteroclinic orbits that are contained in specific two-dimensional flow-
invariant subspaces. These equilibria and orbits form two cycles:' Cpy = & — & — & —
&4 — & andCry = & — & — & — &6 — &1- The nerworkis the union Npeg = Ci)UCR).-
A diagrammatic representation of this network is shown in Figure 19.1. As in the case of the

networks in Chapter 111, the equilibrium & has a two-dimensional unstable manifold, and

lof type Cf [KM04]
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so there in fact exists a continuum of heteroclinic orbits & — &5 and & — &5. However, all
but one of these orbits are not contained in a two-dimensional subspace. We do not consider
any of these heteroclinic orbits to be part of the network, only the orbit that is contained in
the (22, 23)-plane and the orbit that is contained in the (22, z5)-plane.

Truncated at third-degree, the general form of the equations (3.2) that contains Podvig-

ina’s two-cycle network is

. 2 2
Ir1 =T (1 — H$||2 — 021I2 t31I3 + 641]34 t51l’5 + 651136),

. 2 2 2 2 2
Tog = 11— H$||2 + €1907 — €325 — T42Xy — C50X5 — C62$6)7

(19.1)

. 2 2 2 2 2
Ty = Ty 1— ||ZL‘||2 — CLX] — t24$2 + €34T5 — t541’5 — t64$6)7

.jl’5:

3 2 2 2 2 2
T3 = I3 (1 |I’||2 — t13ZL‘1 + ELLy — C43Ty — t53{L‘5 — t63$6)7

2 2 2 2 2
1— HI'HQ — t15x1 + ERTy — t35£13'3 — t45£L'4 — 065.736),
. 2 2 2 2 2 2
T = Tg (1 — ||z||5 — cra] — tosxs — tsexs — tasTy + 656x5>,

where all €;5, ¢;;, t;; are strictly positive real constants. Note that, to simplify the presentation
of some results in the remainder of this section, we have made the identifications ¢, = ¢4,
CR = Ci6, €1, = €93, and er = €95.

In their paper, Podvigina [Pod23] considered root sequences (see §5) corresponding to
the two cycles, Cjr) and Cjgj, and of a trajectory that makes one excursion around one cy-
cle before switching to the other, then switches back again after one excursion around the
second cycle, and repeats this process. These root sequences are L = (1234), R = (1256),
and LR = (12341256). A trajectory which is asymptotic to either cycle has an itinerary
that is eventuai]y periodic with root sequence either L or R, and a trajectory which regu-
larly switches back and forth between the two cycles after one excursion around each has
an itinerary that is eventually periodic with root sequence LR. We show in Figure 19.2(a)
an example of a trajectory which regularly eycles between Cjry and Cprj, with root sequence
LR. Podvigina [Pod23] proves that the LR root sequence is fragmentarily asymprtotically
stable for certain parameter values. (Podvigina uses the term omnicycle and trail stability for
the concepts of a root sequence and its stability, respectively.) Therefore, for certain parame-
ter values, there is an open set of initial conditions that are asymprotic to the entire network
Npod, and not to a proper subset of the network. These properties are in direct contrast to the

three networks considered in Chapter I11: for those three networks, a trajectory asymptotic
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to the network is asymptotic to a proper subset of the network.

Podvigina’s proof of the stability of the LR root sequence relies on assuming that many
of the eigenvalues of the linearisation of the vector field at each equilibrium vanish. Since the
cigenvalues and eigenvectors of a matrix depend continuously on its entries, there is an open
set of values for each of these eigenvalues around 0 for which the conditions in Theorem 6.1
continue to hold. To simplify the analysis, Podvigina additionally assumes the system has

additional symmetry, namely a Zy symmetry generated by
(./El, T2, X3,Ty4,Ts, Iﬁ) — (xla X2, T5,Te6, T3, fL’4>.

We do not make these assumptions concerning vanishing eigenvalues and additional symme-

tries of the system.

19.1 Regular cycling

In their paper, Podvigina [Pod23] proved the fragmentary asymprotic stability of the root se-
quence LR. They also provided some preliminary numerical examples of more complicated
root sequences, such as L?’R* L*R, and L°R5, among others. In Figure 19.2, we present
similar example timeseries of trajectories near this network. We observe, as Podvigina did,
that these trajectories are asymptotic to the network, and not a proper subset of it—that
is, w(a:) = Npog. In addition to the LR root sequence, the trajectories in Figure 19.2 have
itineraries that are eventually periodic with root sequences LR?, L3 R? and L*RLR. These
root sequences were not observed or considered by Podvigina. We therefore ask what other
root sequences can be fragmentarily asymptotically stable, for what parameter values are
they fragmentarily asymprotically stable, and what relationships exist between these root
sequences? In the remainder of this chapter, we sometimes shorten fragmentarily asymp-
totically stable to stable for brevity. The definition of stability of a root sequence is given

in Definitions 5.6 and 5.7, and necessary and sufficient conditions for stability are given in

Theorem 6.2.

19.1.1  Constructing a bifurcation set

To answer these questions, we construct a bifurcation set of fragmentarily asymprotically
stable root sequences. We determine for what parameter values the transition matrices that

correspond to certain root sequences satisfy the three conditions in Theorem 6.2. We define
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Figure 19.2: Various example timeseries of trajectories near Podvigina’s two—cycle network.
The values of ¢, and cg vary between examples, while all other parameters remain the same.
For visual clarity, we plot only the 23- and 25-coordinates: when x5, coloured green, is close
to 1, all other coordinates are close to 0 and the trajectory is in a small neighbourhood of
&s. Similarly, when x5, coloured purple, is close to 1, all other coordinates are close to 0 and
the trajectory is in a small neighbourhood of 5. Time is plotted on a logarithmic scale, to
aid visual clarity. We see a regular pattern in these timeseries, and their root sequences are
readily deduced: (a) LR, (b) LR3, (¢) L?R?, and (d) L2RLR. Parameter values and initial

conditions for these figures are given in §B.7.
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the transition matrices My, and Mg by

app ap 00
(L) Qo1 (99 0 O
(19.2) My, = My~ = my12mss1mMagaMizs =
31 (39 1 O
Qg1 Qg9 O 1
'clnd
1 0 Biz Bua
0 1 Baz PBu
(19.3) Mg = MP = Me12M561M25610125 =
? 0 0 B B
0 0 Buz Bu

The expressions for the j; and S} terms are given in §B.2, along with the basic transition
matrices. These transition matrices act on the coordinates (X3, X4, X5, X), where X; :=
log ;, and where we have rescaled the coordinates x; so that we are in a neighbourhood of
approximate linear flow of &,.

In theory, we might have to consider every cyc]ic permutation of these two products
to determine when the Cr) and Cjg) cycles are stable. However, because £y is the only equi-
librium with positive locally transverse eigenvalues, the only basic transition matrices with
negative entries are 1123 and mya5. Therefore, the only transition matrices that must be
checked to determine the stability of each cycle are Mg(L) = mlggMLml_ng) and MEER) =
Mygs Mrmss. Having to check only these marrices is equivalent to having to check only
M. 353) and M, f) when studying the Kirk-Silber network in §10.

Fixing all parameter values but ¢, and cg to those specified in Table B.7.1, we construct a
bifurcation set for the parameter values ¢f, € (0,2.75] and cg € (0, 2]. Due to the difficulty
of evaluating the eigenvalues and eigenvectors of the matrices My, and Mg—these difficulties
being the motivation behind Podvigina’s assumptions in [Pod23]—we calculate this bifurca-
tion set numerically, which can be done, for example, by following the process outlined in
[PR22], or by discretely sampling parameter space and evaluating the transition matrices My,
and My at these parameter values.

In Figure 19.3, the blue shaded region, labelled L, is the set of all parameter values for
which the M?EL) matrix satisfies these conditions. This region is therefore the set of all pa-
rameter values for which the Cjj cycle, and thus also the L root sequence, is fragmentarily
asymptotically stable. The orange shaded region, labelled R, is the set of all parameter values

for which the R root sequence is fragmentarily asymprotically stable.
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Figure 19.3: A partial bifurcation set of stable root sequences of regular cycling near Podvig-
ina’s two-cycle network. Each shaded region is the subset of parameter space for which the
labelled root sequence is fragmentarily asymprotically stable; that is, there exists an open set
of initial conditions that give rise to trajectories that are asymprotic to the network and with
an itinerary that is eventually periodic with that given root sequence. Where two regions
overlap, there exist two such open sets, disjoint from each other, each corresponding to one
of the root sequences. In this bifurcation set, the contracting eigenvalues at & are varied,
while all other eigenvalues are fixed. We have calculated only finitely many stability regions,
and conjecture that the remaining white space is filled with similar scability regions. All root
sequences that are shown here and the links between them are presented in Figure 19.4. Pa-
rameter values for these figures are given in Table B.7.1.
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For the LR root sequence, we repeat the same process. We begin with the matrix*
Mg = Mg My, = me12mise1ma256M1251M041271M341 102341123

We consider the two cyclic permutations of this product that are the transition matrix of full

- in,2 in,2 :
return maps defined on Hgn’ and Hir)n’ . These permutations are

-1
(19.4) M 123M612M561M2561101251104121M341M234 = M3 M Mr,myss
and

1
(19.5) M1251041210341 M234M 123 M6 12M561M256 = M5 My, MRrm o

The light red region in Figure 19.3, labelled LR, is the set of parameter values for which
the LR root sequence is fragmentarily asymptotically scable; that is, there is an open set of
initial conditions that give rise to trajectories that are asymptotic to the network and that
have itineraries that are eventually periodic with root sequence LR.

In general, for a root sequence X' = (Xl-)le of minimal period k, where X; € {L, R}

and k is some positive integer, we consider the transition matrix My defined by

k—1

My =[] M, _,,

1=0

which is a product of the matrices My, and Mg. To determine for which parameter values
the root sequence & is stable, we need only verify Podvigina’s conditions for stability for the
permutations of this product that are the transition matrices of full recurn maps defined on

in,2 in,2
Hgn’ and H15n’ )

19.1.2  Observations of patterns

In Figure 19.3, we present a partial bifurcation set which consists of 34 stability regions cor-
responding to different root sequences. In each shaded region, the labelled root sequence
is fragmentarily asymprotically stable. Since we can only compute the stability region for
finitely many root sequences, this bifurcation set is only partially complete. This bifurcation
set has several particu]ar]y interesting properties. Many of these properties are similar to

the bifurcation set of the Rock—Paper—Scissors—Lizard-Spock network first considered by

*We note that, since function composition is applied right-to-left, with the operators written to the left of
the operand, the order of the subscripes differs between the terms of the product—which is read right-to-left—
and the matrix that represents that order of excursions around each cycle—which is read left-to-right.
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Postlethwaite and Rucklidge [PR22], presented in Figure 20.2, and in §20 we compare and
contrast these similarities in detail.

First, there is a Farey-like concatenation of certain root sequences. For example, we
observe that, in the region of parameter space bounded by the stability boundaries of L and
R, there is a region of stability of their concatenation, LR. Between the regions of stability
of L and LR, we observe the region of stability of their concatenation, (L)(LR) = L*R.
Moreover, between the regions of stability of L and L*R, we observe their concatenation
L3R. As a final example, between L?R and LR, we observe L RLR.

In general, every stable root sequence that is formed by concatenation appears to con-
catenate with both of its parent root sequences to form two new stable root sequences. More
explicitly, if the stable root sequences X and Y concatenate to form XY, then there exists a
region of‘parameter space in which the root sequence X2%Y is stable, and a region in which
XYV? is stable.

The second interesting property of this bifurcation set is that the regions of stability
of stable root sequences form chains, and it is the root sequences at the beginning of these
chains that follow the above Farey-like concatenation. For example, the root sequence LR
appears as the first stable root sequence in a sequence of stable root sequences of the form
L™R", of which we have computed five. We have also computed the first few root sequences
in eight other chains. To aid in understanding the bifurcation set, we present in Figure 19.4 a
diagrammatic representation of all stable root sequences in Figure 19.3 and the relationship
between these root sequences. Note that many of the stability regions of the root sequences
shown in Figure 19.4 are too small to be visible in Figure 19.3. Solid arrows represent the
Farey-like concatenation of two root sequences, and dashed arrows represent the transition
from one root sequence to the next in the same chain. For all chains of root sequences, we
observe that the transition from one root sequence to the next occurs via replacing an LR
with L2R? or an RL with R?L*—which, up to a cyclic permutation of the root sequence,
are equivalent. We also notice that each chain appears to converge to the codimension-two
point where both the Cprj cycle and the Cjgj cycle lose stability.

Successive stable roots sequences in a chain have stability regions that overlap. For all
parameter values in these overlapping areas, both root sequences are fragmentarily asymptot-
ically stable. Thus, there exists two disjoint open sets of initial conditions, each giving rise to
trajectories that are asymptotic to the network and that have an itinerary that is eventuaﬂy
periodic with one of the two given sequences as a root sequence. However, different chains
appear to always be disjoint. Moreover, for two stable root sequences X and ) that concate-
nate to form the stable root sequence XY, we can consider the boundary of the chains that

begin at the stability regions of X, Y, and X'Y. We observe that these boundaries are all
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L3R ™=~ L'R*---> L°R?
\
L*R =-> LR ---> L'R?

/ L*RL*RLR ---> L*RL*R*L*R ---» L*R?L*R’L*R
L*RL

L /
L*R---> LR’
™~
L*RIPR ---> L*R’L*R ---> L’R’L*R* > LR’ L’ R?

P
R---> L*R?L2R ---> [PR2L2R? ---> [PRPLPR? ---> [*R*L*R?
~N

L?RLRLR ---° L?R%2L2RLR

LR =5 [*R? -=-> [*R? ==~ L*R* ---> [°R’

/

LR? 2--> L*R?® ---> [*R*

N
LR*LR®
e

\ LR?

Figure 19.4: A diagram of the root sequences that appear in the bifurcation set in Figure 19.3 and the relationship between them. Solid lines
show the Farey-like concatenation between root sequences, and dashed lines link root sequences in the same chain.

R
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disjoint. In a less precise sense, there is always sufficient space in this bifurcation set between
two chains for the chain of their concatenation.

Lastly, for every root sequence shown in Figure 19.3, the boundary of the stability re-
gion corresponds to a breaking of Podvigina’s third condition for stability—that all entries
of the eigenvector Wiax are non-zero and have the same sign. Applying the consequences of
Theorem 14.1, we can therefore conclude that stability loss corresponds to a border-collision
bifurcation of the eigenvector Wayx of the transition matrix of the recurn map with domain
H,"'. For a given stability region, each of its boundaries corresponds to a different permu-
tation of the product that defines the transition matrices failing the admissibility condition.

Lastly, we note that we have not yet found any numerical evidence of irregular cycling
near Podvigina’s two-cycle network, though we have no reason beyond these numerical results

to expect that such irregu] ar cycling does not exist.

19.1.3 Conjectures

These properties allow us to form a series of conjectures about the regular cycling of trajec-

tories near Podvigina’s two—cyc]e nertwork. Our main claim is che following.

Conjecture 19.1. There are infinitely many stable root sequences in the completed bifurcation

set, which fill the remaining white space of Figure 19.3.

We expect that the concatenation of each root sequence with both of its parent root
sequences continues. This process gives root sequences of the form L™R and LR™ for all
positive integers m. It also gives root sequences of the form L™ 'RL™R and LR™LR™!
for all positive integers m, and so on, as the concatenation of these root sequences continues.

We make the following additional conjectures about the stability regions of root se-

quences.

Conjecture 19.2. Each of these root sequences formed through concatenation is the first root

sequence in a chain of stable root sequences.

Conjecture 19.3. The stability region of two consecutive root sequences in a chain overlap.

However, different chains are disjoint.

Conjecture 19.4. The transition from one root sequence in a chain to the next occurs via an

LR being replaced by an L?R?

We have as yet no explanation of why this replacement occurs in terms of the dynamics

of the flow generated by (19.1).
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For root sequences that have the L and R root sequence as a parent, it is straightforward
to conjecture the pattern of the resulting chain. In particular, these root sequences have the
form L™R or LR™, for some positive integer m. We expect the k-th root sequence in the
chain that begins at L™R or LR™ to be of the form L™*RF or LF¥ R™* respectively. For
root sequences which are not of this form, we do not yet know a general way to express all

root sequences in a given chain.

19.2  Constructing the projected map

To further our understanding of the bifurcation set in Figure 19.3 and present a method
by which we might prove the above conjectures about its structure, we now construct the
projected map of Podvigina’s two-cycle network.

We follow an identical process to that presented in Chapters [T and IV, and consider the
induced action of the transition matrices My, and Mg on a simplex defined in the negative

orthant of R*. We therefore begin by considering the simplex

;Xi:—l}.

We can, without ambiguity, represent each point in this simplex by its first three coordinates,

{(X37 X47 X57 X6) € R%

and so we define the set
S = {(¥h,02,93) € (—1,0)* | 91+ + U5 > -1} € (—1,0)°.

Since the domains of the transition matrices My, and My are subsets of R, we adape

the definition of the projection IT to IT: R* - S-

-1
(1,1,1,1)- X
B -1
X+ X+ X5+ X

H:X:<X3,X4,X5,X6)l—> (61‘X,€2'X,€3'X)

(X37 X47 X5>7

where e; = (1,0,0,0), e5 = (0,1,0,0), and e3 = (0,0, 1,0).
The switching subspace ¥ € Hy"" is defined by

o in,1 erR __ €L
ES—{xEHz | 2§ —x5}
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and, therefore, the switching manifold of projected map is
@S = {(191,192,193) es | 61:{191 = €L193}.

When analysing return maps defined on H;n’l, there is, of course, a subset of the cross-section
which must be excluded from the domain of definition of the return map, equivalent to I in
§9. However, an argument similar to that in §9.4 allows us to conclude that the only subset
of § which must be excluded from the domain of the projected map is the codimension-one

switching manifold ©g. Therefore, we define the domains
@L = {(191,192,193) €S ’ 6R191 > 6L193}

and

@R = {(191,192,193) es | 6R191 < €L193}

On each of these domains, we define a component of the projected map by
fu(91,99,93) = II(My, (¥4, 02,03, =1 =0 — ¥y —V3)): O, = S
if (01, 9,73) € Oy, and
fr(th,V9,73) = (Mg (01, 02,03, =1 — 1 — ¥y — 3)): O = S

if (01, U2, 93) € Or. We compose these two maps to define the projected map of Podvigina’s
two-cycle network fpoq: O, U O — S:

19 s {fm — (R0). 0. ). itd e,

() = (fr(0), [R(W), [R(V)), if Y € Og.
The expressions for the three components of the map fi, are

— (1191 + ag219)

D (01,9,95) =
L ( 1, V2, 3) DL('&) )

a1y + iaals)
Dy () ’

F29,,0,,95) = =

—(az101 + ases + Us5)
Dy(¥) 7

fIS3) (’1917 1927 193) =
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where the denominator is
Dy (V) = (11 + 21 + as; + aqr — 1)01 + (aq2 + a2 + ago + agp — 1)05 + 1.

The expressions for the three components of the map fg are

(Br2 — 1)V + Bia¥2 + (Br2 — B11)Vs — Pio

W9, g, 95) =
fR ( 1, V2, 3) DR(’&) )

(2) _ Baa1 + (B2 — 1)VU2 + (Baz — B21)VUs — Poz
1201, 02,0) = L ,

(3) _ Baay + Bt + (Bs2 — B31)Us — P2
fr (01,79,,03) = NE) .

where the denominator is

Dg(0) = 01+ Y2+ (L1 + Bor + B31 + Ba1) 03 — (Biz + Paz + Baz + Paz) (V1 + U2 + 05— 1).

As in Chapter I, fixed points of these maps correspond to eigenvectors of the transi-
tion matrices, and the stability and admissibility of certain fixed points corresponds to the
stability of the component heteroclinic cycles. Since we have assumed in (19.1) that there are
no positive transverse eigenvalues, it is straightfbrward to genera]ise the results in Proposi-
tion 10.2 and Proposition 11.2, using Theorem 14.1, to prove that all stability conditions of
the two component cycles of the network are realised as conditions on Hy"", and therefore as
bifurcations in the projected map. First, the first two stability conditions in Theorem 6.1—
that Apax € R and Ajax > 1—are always realised for all transition matrices, and so cor-
respond to existence and stability conditions, respectively, for the fixed points. If the first
two conditions are satisfied, then the third condition, as a consequence of Theorem 6.1 and
Theorem 14.1, corresponds to admissibility of the fixed points of fpoq.

The transition matrix M, clearly has eigenvectors (0,0, 1,0) and (0,0, 0, 1), both with
cigenvalue 1. These two eigenvectors lie in the X5- and Xg-axes, and therefore correspond to
the Cjgj cycle. The span of these eigenvectors is the cycle’s insignificant subspace. (See §13.1.1
for the definition of the significant subspace and insignificant subspace.) These eigenvectors
are analogous to the eigenvectors (1,0) and (0, 1) of the transition matrices of the Cjg) and
Cjy) cycles observed in Chapter III. In all cases, they are a consequence of the fact that the
cycle is contained in a proper subspace of the system. (See [Pod12, § 4.2] for full details.)

The transition matrix Mg similarly has eigenvectors (1, 0,0, 0) and (0, 1,0, 0) for the same
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reason. The existence of these eigenvectors immediately provides us with information about
the fixed points of the projected map fpoa.

First, we can immediately conclude that (0,0, 0) and (0,0, —1) are fixed points of the
map fi. Strictly speaking, these fixed points do not lie in the domain of fi,. However, as
with the fixed points ¢35 and ¥, of the projected map of the Kirk-Silber network in §10.1,
they have significance in the analysis of the projected map, as they represent the insignificant
subspace of the Cjp) cycle.

Second, if the cycle loses stability through a resonance bifurcation—which has the al-
gebraic condition that Ayax = 1—then, after the bifurcation, Apax remains equal to 1, but
the ecigenvalue with greatest absolute value has changed, and now wyax = (0,0,1,0) and
Wimax = (0,0,0,1). Therefore, the fixed points that are the projections of these two vec-
tors are asymptotically stable. Moreover, the fixed points that correspond to the other two
cigenvectors of Wiax lose stability, as their eigenvalues have values strictly less than 1. There-
fore, there is no need to impose any additional conditions on the analysis of the projected
map fpod, as there was in §11 and §12 when studying the Cixy1 cycle, which did not have an
insignificant subspace. The corresponding results are true for the component map fg, with
fixed points (—1,0,0) and (0, —1,0).

We now consider how regular cycling is realised in the projected map. We consider
regular LR cycling as a simple but illustrative example. To determine if this root sequence is
stable, we must verify if the transition matrices defined in (19.4) and (19.5) satisty Podvigina’s
three conditions for stability in Theorem 6.1. However, Theorem 14.1 tells us we can instead
study the matrices Mg = Mg My, and Mgy, = My, Mg, respectively, and, assuming the first

(LR)

two conditions of Theorem 6.1 are satisfied, verify that their respective eigenvectors wWmax
RL o
and wﬁnax) are admissible.
If both eigenvectors are admissible, then since,

MLRw(LR) = (MRML)W(LR) = /\maxwﬁ?,

max max

we observe that

My, (MpwER) = (MyMg) (Mpw(E) = My (Mg My )wER = N (Mw(EY).

max max max max

- ~ RL LR .. . LR
Therefore, wl(nax) = MLwﬁnax), and similar reasoning allows us to prove that wr(nax) =

MRwI(IiI;(). Thus, the eigenvectors of Mg and Mgy, are mapped to cach other under the

action of My, and Mpg. (See §6.2 for a more general explanation.)
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Write ¥ g = H(wﬁ?ﬁ)) and 0%, = H(wl(yi%()). Then
froa(Vigr) = fu(Vir) = H(ML (wr%l;}())) = H()‘maxwg%c)> = VRL,

and, similarly, fpoa(V5r) = fr(¥%) = Yir. These two points thus form a period-two
periodic orbit. Expanding this reasoning allows us to form a more general conclusion: that
stable regular cycling is realised in the projected map as a stable and admissible periodic orbit.

We next consider explicit numerical examples of such periodic orbits.

19.3 Numerical investigation of the projected map of Podvigina’s two-cycle

network

A direct analysis of the map fpoq—Ilike the analyses presented in §10, §11, and §12—would be
incredib]y Cha]]enging. For example, simp]y deriving closed-form expressions for fixed points
of these maps is equivalent to determining the eigenvectors of My, and Mg. These algebraic
expressions are difficult to produce, and it was for this reason that Podvigina made certain
simplifying assumptions in [Pod23]. Therefore, we present here a numerical investigation of
this projected map.

We begin by showing in Figure 19.5 some examples of the action of the projected map.
Parameter values and initial conditions vary between each of the four panels. All parameter
values that are not ¢f, and ¢ are identical to those in Figures 19.2 and 19.3. In each of the
four panels, points of the same orbit have the same colour.

In Figure 19.5(a), we choose ¢, = 1.9 and cg = 2.5; that is, we are in the upper right-
hand corner of Figure 19.3, where both the Cjp) cycle and the Cjg; cycle are stable. We plot
three different orbits in Figure 19.5(a) with different initial conditions. First, the orbit rep-
resented by the magenta points has initial condition (—0.08, —0.15, —0.12) € ©y,, and we
see that it is asymprotic to the fixed point 9] € ©Or. Next, the orbit represented by the
green points has initial condition (—0.12, —0.02, —0.08) € Og and it is asymptotic to the
fixed point ¥} € Or. The third orbit represented in Figure 19.5(a) is the most interesting: it
has initial condition (—0.11, —0.02, —0.12) € Oy, but after one iteration it is mapped into
Og, and the orbit is asymprotic to ¥ € ©Og. Therefore, the trajectories near Podvigina’s
two-cycle network that this orbit in the projected map represents switch from the Cp cycle
to the Cjgj cycle, to which they are then asymprotic. There are also orbits that are mapped
from O to Or,. These orbits correspond to trajectories that switch from the Cg; cycle to the
Cpr) cycle. We do not represent these orbits in Figure 19.5(a) for visual clarity. This mapping
of orbits between domains of the projected map is analogous to what was observed in §11

and §12 when studying the C3y) cycle. Both the Cjj and the Cgj cycle are of type C) when
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(c) (d)

Figure 19.5: Various examples of the action of the projected map fpoq for different parameter
values and initial conditions, plotted in the (¥, 3)-plane. We do not represent the 0J5-
coordinate. In each figure, the dashed red line indicates the switching manifold ©g, the
orange region is Og, and the blue region is Oy,. Points from the same orbit are shaded the
same colour, and each point is plotted slightly transparent, so that the attracting set appears
darker. The attracting set in each case is: (a) the fixed point 97 or 9§, (b) a period-two
LR-orbit, (c) a period-five L?2RLR-orbit, and (d) a period-three R?L-orbit or a period-five
R3L?-orbit. Further details are given in the text. In (a) and (b), we join successive points to
indicate the dynamics. In all panels, we label attracting points.
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restricted to the four-dimensional subspace that contains them. Therefore, they each have
two fixed points that are created in a saddle-node bifurcation. The stable and unstable man-
ifolds of these fixed points divide O, and O into sets of points that are eventually mapped
into the other domain. However, because an attracting fixed point remains admissible in
cach domain, there is no sustained switching between these two domains and, therefore, no
regular cycling between these cycles.

In Figure 19.5(b), we set ¢, = 0.5 and cg = 0.1, and so LR cycling is stable. In
this region of parameter space, both ¥ and ¥ have lost admissibility in border-collision
bifurcations, and so the Cjrj and Cjg) cycles are both unstable. We choose initial conditions
(—0.38,—0.3,—0.32) € Og, and observe that the orbit is asymptotic to a periodic orbit.
We observe that this orbit is composed of two points: 1981% € O, and 19]{21% € Og, and
fL (79£11>)L) = 19%% and fr (19]821%) = 1981%. Therefore, the symbol sequence of this orbit is
LR, and so this periodic orbit is an admissible LR-orbit. (See §7 for the definition of an
admissible X'-orbit in a piecewise-smooth dynamical system.) The admissibility and stability
of this periodic orbit corresponds to the fragmentary asymprotic stability of the LR root
sequence of trajectories asymptotic to the network.

Next, in Figure 19.5(c), we choose ¢, = 1.27 and cg = 0.5, and initial conditions
(—0.21,-0.02, —0.16) € Og. For these parameter values, the L> RLR root sequence is
stable. We observe that this orbit is asymprotic to a period-five orbit. We have not presented
the initial transient dynamics for visual clarity. Three points of this orbit lie in O, and two
lie in ©R. Similar to the LR-orbit above, this orbit is therefore a stable and admissible
L?RL R-orbit that corresponds to the L?RLR root sequence. In Figure 19.5(c), we can see
two points that lie quite close to the switching manifold. If we were to increase cr,, we would
observe the upper of these two points cross Og from O into Or, in which case the periodic
orbit would lose admissibility. If we were to decrease ¢, we would observe the lower point
cross Og from O, into Or. Again, the periodic orbit would lose admissibility. In both
cases, there would be a border-collision bifurcation of the periodic orbit, corresponding to
a certain cyclic permutation of the product that defines the matrix My no longer satisfying
Podvigina’s third condition for stability. In the former case, this product corresponds to the
transition matrix of the return map with domain Hi5n’2, and in the latter case this return
map has domain Hi3n’2. That both these periodic points are close to the switching manifold
is simply due to how thin the stability region of the L? RLR root sequence is in Figure 19.3
along the ¢, -axis.

Lastly, we consider Figure 19.5(d). We set ¢, = 1.165 and cg = 1.9, which in Figure 19.3
is located in the region of parameter space where both the X = LR? and Y = L?R? root

sequences are stable. In this panel, we plot two different periodic orbits, but not any initial



§19. PODVIGINA'S TWO-CYCLE NETWORK

135

transient dynamics. We observe that the periodic orbit represented by the black points is of
period-three, and has one point that lies in O, and two points that lie in Og. The periodic
orbit represented by the green points has two points in Oy, and three points in Og. With a
similar explanation to that in the proceeding paragraphs, the black points form an admissible
LR*-orbit, and the green points form an admissible L? R3-orbit. We notice that there are
four points in total that are close to the switching manifold. Similar to the L? RLR-orbit,
if we were to vary either ¢f, or cg, we would observe a border-collision bifurcation and a
loss of admissibility of the periodic orbit. If the periodic point that crossed ©g began in
OR, then the permutation of the product that defines My or My that no longer satisfies
Podvigina’s third stability condition would have domain Hi5n’2, and vice-versa for O, and
HEH’Q. This region of parameter space where the root sequences are bistable is quite small in
the direction of both ¢y, and cg, and so we are close to all four edges that define this region,
two from each root sequence. Therefore, we observe that we are close to the parameter values
of four different border-collision bifurcations, again, two from each periodic orbit.

In general, if we were to continue this process, we would observe a stable and admis-
sible X-orbit for each of the root sequences we have shown in Figure 19.3. We expect that
bifurcations of fixed points and periodic orbits of fpoq would occur at the same parame-
ter values as stability boundaries of stable regular cycling near the network. In piecewise-
smooth dynamical systems theory, a region of parameter space in which a periodic orbit is
admissible and stable is referred to as a mode-locking region. There have been many studies of
the bifurcation structure of periodic orbits in piecewise-smooth dynamical systems. These
have most]y focussed on continuous piecewise—]inear maps, where the so-called “strings—of—
sausages” [YH87] emerge, and which we discuss further when considering the Rock—Paper—
Scissors—Lizard—Spock network below in §20. The structure in Figure 19.3 bears some re-
semblance to the bifurcation sets presented in [Sim20], which concerns two-dimensional,
discontinuous piecewise-linear maps. The map in (19.6) is certainly not linear, though as ex-
plained in §13.3, it is a rational linear transformation, and as we show next it is generically
discontinuous.

Therefore, to prove the existence of the bifurcation structure we observe in Figure 19.3
and also prove the conjectures we make in §19.1.3 concerning how the root sequences relate
to cach other, we would need to establish the bifurcation structure of periodic orbits of fpoq.
The required analysis, however, would require some significant advances in the theory of
piecewise-smooth dynamical systems, since these structures have not been studied in detail
for maps that are not piecewise-linear. Moreover, the root sequences of regular cycling in
Figure 19.3 do not correspond to any of the various families of symbol sequences studied in the

literature, such as rocational symbol sequences [Sim16]. However, the work of Dullin, Meiss, and
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Sterling [DMS05] may provide an appropriate starting point, as it considers symbol sequences
of a more general type. The root sequences at the base of each chain formed by the Farey-like
concatenation are the same as those studied in [GAK17], which considered discontinuous
circle maps. The mode-locking regions of these discontinuous circle maps, however, do not
form chains. Therefore, a clear first step needed to analyse the structure of regular cycling
near Podvigina’s two-cycle network is to understand the structure of the symbol sequences
that form its stable root sequences. This understanding would then allow us to study the
bifurcation structure of these periodic orbits, and prove the existence of the structure we

conjecture Completes the bifurcation set in Figure 19.3.

19.4 Continuity of the projected map

We lastly make a brief comment on the continuity of fpoq, to compare with the results we

identified in Chapter V. We find that generically, for a point ¥ = (191, s, e—Lﬂl) € Og,
€R

fL(ﬁs) 7é fR(ﬁs)

Therefore, the projected map fpoq is discontinuous. The actual expressions for these terms
are quite long, and so we give them in §B.3.

We note that, restricted to the (22,23, z5)-subspace, the dynamics of the system is
equivalent to that of the Kirk—Silber network restricted to the (22, x5, 4)-subspace, a rep-
resentation of which is presented in Figure 16.2(a). Thus, we suspect that a simple extension
to the argument presented in in Chapter V explains the origin of this discontinuity, again as
the effect of a separacrix near the network resulting in a discontinuity of the completed full

return map, in the limit as the network is approached.

§20 The Rock-Paper-Scissors-Lizard-Spock
network

We now consider the Rock—Paper—Scissors—Lizard—Spock network in R®, a comprehensive
study of which is presented in [PR22]. This network is composed of five equilibria, &1, . . ., &5,
which we again assume are at unit distance from the origin in the positive orthant on each
of the five coordinate axes. A diagrammatic representation of this network is shown in Fig-
ure 20.1. Like Postlethwaite and Rucklidge [PR22], we assume that all equilibria of the net-

work lie in the same group orbit, where the symmetry is an order-5 cyclic permutation of the
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&1

&4 &3

Figure 20.1: A diagrammatic representation of the Rock—Paper—Scissors—Lizard—Spock net-
work [PR22]. The directed edges coloured amber represent the heteroclinic orbits of class
A, which form the Cja cycle, and the blue directed edges represent the heteroclinic orbits of
class B, which from the Cjgj cycle. An example of a Cjqy eycle, of which there are five in total,
is the length-three cycle § — & — §3 — &1 An example of the length-four Ciq cycle is
&1 =& =& 86— &

coordinates axes:
(201) ($1,$2,$3,$47x5) — ($2,$3,$4,$57x1>

This symmetry simplifies the analysis of the behaviour of trajectories near this network.
Along with the five equilibria, the network contains ten heteroclinic orbits, which are
of one of two different classes. The first, known as class A orbits, connect &; to &4 for
all 1 < j < 5, and so lie in the (x, 241)-plane, where all operations are taken modulo 5.
The second, known as class B orbits, connect &; to ;43 forall 1 < j < 5, and so lie in
the (z;,%j13)-plane. (Note that the labelling of orbits as being of class A or B is entirely
unrelated to the classification of heteroclinic cycles as type A, B, or C'[CKM97, KM04], and
how this classification is extended to heteroclinic orbits. In fact, all ten of these orbits are of
type C in the sense of Krupa and Melbourne [KM04, Definition 5.4]. To avoid confusion, we
refer to the orbits as being of class A or B here, not as type A or B, as is used by Postlethwaite
and Rucklidge [PR22].) The orbits of class A and B form two different cycles:’ Caj=6& —
=8>8 —>—>4andCr =86 = &G — & — & — & — & The nerwork is

3Both of which are type C in the sense of Krupa and Melbourne [KM04]
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then Mppsrs = C[A] U C[B].

We note that this network contains other subeycles. For example, there is the cycle C =
& — & — & — &, which is equivalent to the Guckenheimer—Holmes cycle without the
additional Zs-symmetry. There are five subeycles equivalent to the Guckenheimer—Holmes
cycle, found by applying powers of the symmetry in (20.1). We label all five of these cycles
as Cpr). There are also five cycles that can be found by applying powers of the symmetry in
(20.1) to the cycle & — & — & — &3 — &1 We label these five equivalent cycles Cig).

This network also contains five equivalent A-clique structures, formed, for example, by
the orbits £ — & and & — &4 — &, and those related by the symmetry (20.1). In the
(21, X2, x4)-subspace, there is a continuum of orbits &, — &, only one of which is contained
in the (21, z3)-plane. As before, we consider only this orbit to be part of the network, and
similarly for the other four A-cliques.

Truncated at third-degree, the general form of the equations (3.2) that contains a Rock-
Paper—Scissors—Lizard-Spock network is

)

T =1 (1 — ||z|? = caz? — cpa? + epx? + epal
To = 9 (1 —||z|1Z — caz? — cpx? + ean? + epa? |,
Ty = x3 (1 —||z12 = caz? — cpx? + eaxd + epal ),
Y

Ty = 14 (1 —||#|12 = cax? — cpxd + eax? + epa?

Y

A A - -

i5 = x5 <1 — ||z1? = cax? — cpaxl + ean? + epal

where ca, ¢, ea, ep are positive real constants.

Every equilibrium in this network has two outgoing heteroclinic orbits within the net-
work, one of each class, and therefore every equilibrium is a switching equilibrium. A signif-
icant difference between this network and the other networks we have considered until now
is that the switching equilibria have two incoming heteroclinic orbits within the network,
again, one of each class. This difference Complicates the construction of return maps near

the network, and in turn complicates the construction of the projected map.

20.1 Stability of regular cycling

A key realisation of Postlethwaite and Rucklidge [PR22] is that a trajectory asymptotic to the

network makes a series of transitions between successive equilibria that either follow close
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to an orbit of class A or an orbit of class B. Therefore, we refer to these transitions as also
being either of class A or class B. In particular, if a trajectory leaves a small neighbourhood
of &; and nexc visits &, thenif k — j =1 mod 5, we say the transition is of class A, and if
k —j =3 mod 5, we say the transition is of class B. Moreover, since all equilibria of the
network are equivalent under the symmetry (20.1), a trajectory’s itinerary is more meaning-
fully defined, not by the sequence of equilibria it visits, but by the sequence of transitions
it makes, which is then a sequence of As and Bs, rather than the indices 1,...,5. We do
not give explicit definitions of such an itinerary, as these can be readily found in [PR22, §4,
pp- 1713-1714]. Postlethwaite and Rucklidge [PR22] present a bifurcation set of stable root
sequences composed of As and Bs; we present a similar bifurcation set in Figure 20.2, cal-
culated similarly to the bifurcation set of Podvigina’s two-cycle network in Figure 19.3. To
calculate this bifurcation set, four transition matrices are needed. See §20.2 below for the
derivation and expressions of these matrices.

Like the bifurcation set of Podvigina’s two-cycle network, this bifurcation set has many
interesting features. These observations were all first made by Postlethwaite and Rucklidge
[PR22], and see therein for further observations and conjectures.

First, we note that there are no parameter values for which more than one of the cycles
Cia), Cip), and Cjpy is stable. The cycle Cg) does not appear to be stable for any parameter
values. Next, we observe many regions of stability of root sequences that do not correspond
to subeycles of the network. A series of these root sequences emerge from the boundary of
the stability region of the A root sequence. Some of these root sequences have the form 7" D
or T'D™, and can be found in the region ofparameter space bounded in part by the stabi]ity
regions of T' = AAB and D = BB. Thus, these root sequences are all formed by a Farey-
like concatenation. These root sequences are similar to the L™ R and LR" root sequences
in Figure 19.3. Between the stability regions of these root sequences are the stability regions
of their concatenations, such as TDTD? T?DTD, and T®*DT?D. Again, this process re-
peats, with every root sequence being observed to concatenate with both of its parent root
sequences, forming, for example, T°DT?*DTD and T?DT DT D.

Root sequences that are not of the form T'D"™ for positive integers 1 appear to be the first
stable sequence in a chain of stable sequences. In contrast to Podvigina’s two-cycle network,
there is overlap of different chains of stable root sequences regions. The successive stability
regions in a given chain do not overlap, like they do in the case of Podvigina’s two—cyc]e
network. However, their boundaries meet at a codimension-two point, known as a shrinking
point [SM09]. (We note that many successive regions in the chains in Figure 20.2 appear to
have a small gap between them, which is simply a consequence of the numerical discretisation

of the bifurcation set.) These chains—which are referred to as chains of mode-locking regions
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Figure 20.2: A partial bifurcation set of stable root sequences of regular cycling near the
Rock-Paper—Scissors—Lizard—Spock network. Each shaded region is the subset of parame-
ter space for which the labelled root sequence is fragmentari]y asymptotica]]y stable; that is,
there exists an open set of initial conditions that give rise to trajectories that are asymptotic
to the network and with an itinerary that is eventually periodic with the labelled root se-
quence. Where two regions overlap, there exist two such open sets, disjoint from each other,
cach corresponding to one of the root sequences. In this bifurcation set, the contracting
eigenva]ues c4 and cp are varied, while the two other eigenvalues are fixed at e4 = 1 and
ep = 0.8. We have calculated only finitely many stability regions, and, like Postlethwaite
and Rucklidge [PR22], conjecture the remaining white space is filled with further chains of
stability regions of stable root sequences.
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in literature concerning piecewise-smooth dynamical systems [Sim16]—are known as strings-
of-sausages [YH87] when they take this particular form. Strings-of-sausages are typical in
continuous piecewise-linear maps, because these maps admit periodic orbits contained in
invariant polygons [Sim17]. As observed by Postlethwaite and Rucklidge, all boundaries of
stability regions in these strings-of-sausages correspond to the eigenvector W,y of a certain
transition matrix having a 0 in its third component.

These chains of stability regions of root sequences all appear to terminate on the bound-
ary of the stability region of the D = BB root sequence. The T'D"™ root sequences them-
selves have a shrinking point that lies on this boundary, and for this reason they do not
appear to form a string-of-sausages-like chain. The transition from one root sequence to the
next in a chain corresponds to a replacement of an A by a BB. For example, the stability
region of 72D = (AAB)(AAB)(BB) meets at a shrinking point the stability region of
QTD = (ABBB)(AAB)(BB). This change of A — BB occurs at all shrinking points
that have been calculated. We highlight that an A and a BB form the two “routes” around
a A-clique. Therefore, this change represents a change in a trajectory’s path from a small
neighbourhood of one equilibrium to another equilibrium, without the equilibria changing.
We lastly observe that the cycle Cjg), which does not appear to be stable for any parameter
values in Figure 20.2, corresponds to the root sequence Q = ABB B, which is obtained from
T = AAB after the transition A — BB.

As with Podvigina’s two-cycle network, we expect that the projected map we construct
below will be able to explain the intricate patterns that exist in the bifurcation set, though,
again, certain advancements in the theory of‘piecewise—smooth dynamica] systems are 1ike]y

to be required.

20.2 Return maps and transitions matrices of the network

We first review the construction of the return map near the Rock—Paper—Scissors—Lizard—
Spock network, as understanding this process is necessary to understand the construction of
its projected map. This process was originally presented by Postlethwaite and Rucklidge in
[PR22], and the presentation below is adapted from [PR22]. We give only as much detail as
needed to understand how the projected map is constructed, and so do not give expressions
for every step in the process. Full details can be found in [PR22, §4.1-5.2.4], though we employ
different notation here.

Since all equilibria of Nrpsrg are equivalent under the symmetry (20.1), we consider an
arbitrary equilibrium €. The flow linearised about £ is defined by two expanding coordinates
x§ and zf, which grow at the rate of e5 and eg respectively, two contracting coordinates %

and Th, which decay at the rate of —cp and —cp respectively, and a radial coordinate. As a



142

VI. DYNAMICS NEAR NETWORKS IN HIGHER DIMENSIONS

consequence of the invariant sphere theorem [Fie96], we ignore the radial coordinate.
We define an incoming cross-section using polar coordinates (7, #) defined in terms of
: . 2 2
the contracting coordinates, such that r? = (2%)° + (2§)” and

IC
tanf = -2

C

TA
From here, we use these polar coordinates, and so for simplicity we remove the e superscript
from the expanding coordinates, and write x4 = 2% and zp = zf;. We refer to 6 as the

contracting angle. The incoming cross-section is then
in ™
H :{(xA,xB,T,H)\r:h,0<xA,xB<h,O§9§§}.

Since the radius 7 is fixed, it can be ignored in our calculations. Therefore, in an abuse of
notation, we present only the three coordinates on H™ that are relevant to our analysis,
which are (x4, 25, 0).

For a given initial condition zg = (2, B, 0), if (1 — €)x® > 2", then the trajectory
beginning at g leaves a small neighbourhood of € along a class A orbit, and therefore makes
a class A cransition. If (1 — €)af* > 22, then the trajectory makes a class B transition.

Postlethwaite and Rucklidge [PR22] calculate two different basic maps, one for each class of

transition:
O H" — H™, dp: H" — H™,
B TN
D A infxk
- A €cos Oz - Ca sinfzg
A _ea
Pp: | ap | — Dgsin Oz, ) Pp: | zp | — Cprazg™® |>
VA 9 2
5 DgIBCL’A Cg COS QJZB

where Cy, Cg, Cy, Da, D, and Dy are O(1) positive constants. Technically, the domain of
definition of each map is restricted to a subset of H™ which we could label T's and I'g, that
is defined by the relative sizes of e and ep. There is also an excluded subset I'c. However, to
lighten the notational burden in what follows, we do not make these domains of definition
explicit.

These maps cannot be expressed as transition matrices, due to the trigonometric terms.
However, as Postlethwaite and Rucklidge [PR22] observed, if the previous transition is of

class A, then the angle 6 is close to 7, and if the previous transition is of class B, then 6 is
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T _

5 — 0, and define two cross-sections that are subsets of H™:

small. We thus define ¢ ==
i — {(2a,75,0) | 0 < 2z, 25 < hand 0 < 0 < h} C H™

31’1d
H2 = {(za,25,9) | 0 < zs,25 < hand 0 < < h} C H™.

Substituting leading order Taylor expansions of the trigonometric terms in 5 and ®p
for small 6 and ¢, Postlethwaite and Rucklidge [PR22] define four different basic maps, each

of which depends both on the previous and current class of transition. These maps are, to

leading order,
. in in . in in
q)AHA'Hcp _>H<p7 (I)A%B'Hgo — Hy,
°B A
€A °B
- Dapx oA Cazg
cA _ea
CI)A—>A : B = DBHZ'ZA ) (I)A—>B : B = CB:CA.I'B B,
2 —2 © B
A CA
Dyxpx, Copxy
. in in . in in
®B—>A . Ha — HL,&’ (I)B_>B . He — 0
°B cA
€A °B
TA DACL‘A TA CAQZEB
cA _ea
Ppoa: [ap | = | Dgozr |- Ppop: | 2B | 7 | Oprpary ®
0 - 0 =
Dyxpx, Coxy

In each of these maps, the domain of the map depends on the class of the previous transition,
while the codomain depends on the current transition. Again, the domain of definition of
cach map is technically a subset of each cross-section, with an excluded cusp removed. We
emphasise that when the previous and current class of transition are identical, then the rel-
evant @ x_, y maps between the same cross-section, and if they differ, ® x_,y maps between
different cross-sections. Recognising that there is a difference between these cross-sections
is important for the construction of the projected map, which is why we present the results
here as we have done so, more explicitly than in [PR22]. (Note that these expressions correct
minor typographical errors made by Postlethwaite and Rucklidge [PR22].)

These maps can be written as transition matrices. To do so, we recall that the transi-
tion matrix represents the map written in logarithmic coordinates, and so we define Xy =

logza —logh, Xg = logaxg — logh, © = logf — log h, and ® = log ¢ — log h. (The
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— log h term is a rescaling by h). The transition matrices of @5, and ®5_,p therefore act

on a point (Xa, Xp, ®), and so we define the set
Vo = {(Xa, Xp, ®) € R?}.

For the transition matrices of ®p_, o and Pp_,p, we define the set
Vo = {(Xa, X3,0) € R®}.

Although both of these sets are equivalent to R, they represent different subsets of the orig-
inal phase space: in particular, they represent the set of points near £ that previously made a

class A or B transition. We then have the four transition matrices

Maa: Vo = Vo, Ma_p: Vo — Vo,
L 01 0 & 90
eA €B
Mpysa=1 & 0 0], Mysp= |1 =3 0f,
e 1 0o <« 1
€A €B
Mg_a: Vo = Vo, Mg_g: Vo — Vo,
L 00 0 & 1
€A €B
Mpoa= | 2 0 1, Mpop=[1 -2 0
—ew 10 0 £ 0
€A €B

20.3 Constructing the proj ected map

We now build on the work of Postlethwaite and Rucklidge [PR22] and construct the pro-
jected map of the Rock—Paper—Scissors—Lizard—Spock network. This map requires a slightly
different process to define than used before. The complication arises from the fact that there
are two different spaces, Vg and Vg, on which the transition matrices act. First, we define a
set of projected maps that act on these spaces separately, and then we “glue” them together
to form the projected map of the Rock—Paper—Scissors—Lizard—Spock network. This process
could also be used to construct the projected map of other heteroclinic networks where the
unique switching equilibria has multiple incoming heteroclinic orbits, such as the bowtie

network studied in [CL16b], shown in Figure 1.5(a). This process could also be used to con-
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struct a projected map for a network that has multiple switching equilibria in different parts
of the network, such as the network studied in [PR23].

In both of the spaces Vi and Vi, we define a simplex:

(20.2) T@Z{(XA,XB,@) € Ve |XA+XB—|—@:—1}
and
(20.3) T@Z{(XA,XB,(I))E‘/@ |XA+XB+CI)=—1}.

Since both of these simplices are two-dimensional, we can, without ambiguity, identify any
point on either with the first two coordinates of that point, which we write as 91 and Y. We

can thus identify both of these simplices with subsets of (—1, 0)%:

To = {(¥1,95) € (—1,0)* | 9y + 05 > —1} € (~1,0)°

and

Tp = {(V1,9) € (1,0 | ¥ + 9 > =1} € (—1,0).

Again, we highlight that, as with Vig and Vs, although these sets have identical definitions,
they represent different subsets of the original phase space. We note that, as subsets of
(—1,0)*—and therefore excluding the X3- and Xj-axes—the boundary of both of these sets
is the line ¥ + ¥ = —1. Given the defmition in (20.2) and (20.3), a point on this line
represents a trajectory for which © = 0 or @ = 0, respectively, and thus that the angle 6 or
¢ is no longer small, but is now O(1).

The projection IT is now defined by

II: X eR® — (e1-X,ex-X),

(1,1,1)- X

where e; = (1,0, 0) and e3 = (0,1, 0). Note that this defmition applies when the codomain
is Tg or T.
We now consider the subsets of the simplices Tg and T that correspond to trajectories

that make a certain class of transition. To do so, we define first

Qasa ={(V1,92) € Ty | egty > eaths} C T,
Qasp = {(V1,02) € To | egth < eatls} C Ty,
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Us

+ U

N 1
Figure 20.3: The sets T and Ty represented as a subset of R?, shaded blue. The dashed line
represents the condition © = 0 or & = 0, for Tg and T respectively, where the contracting

us

angle is no longer close to 0 or 5

and
QS = {(191,192) €Ty | eplth = €A792} CTs.

We similarly define

Epoa = {(Vh,0s) € To | egth > eaths} C To,
Epos = {(Vh,V2) € To | et < eatls} C To,

and
ES = {(191,792) < T@ | 613191 = 6A192} - T@.

These sets represent, respectively, trajectories that next make a transition of class A or of
class B, and the switching manifold, depending on if the previous transition is of class A
or B. As with Podvigina’s two-cycle network, the results of §9.4 can be generalised here to
prove that only the switching subspace defined by %% = 23" needs to be excluded from the
domain of the projected map.

The four components of the projected map are thus

gasa: Qasa = T,
gasa: (U1,02) = II(Ma (01,902, —1 — 01 — 1)),

dhn: (9 19>H>< (c — et — ea(vs + 1) ol )
A—A - 1, V2 (6A+6B_CA—CB)191+€A7(€A+€B_CA_CB>791+6A ’
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gasn: Qap — To,
gA—B: (791, 192) — H<MAAB(§1; Vg, —1 =V — 792))7

cals egl — eats )
(ea+ep—ca—cp)da+ep (ea+ep—ca—cp)la+ep

gA—B: (191,792) — <

JB—A: ZBsA — Lo,
gB—A': (191, 792) — H(MBAA(ﬁla Vo, —1 — 1 — 792)),

gpsa: (V1,02) ( csVs (ca —ea)y —ea(V2 +1) )
T (ea+es—ca—cp)li+en (eates—ca—cp)diten/)

and

9B—B: ZB>B — 1o,
gB—B: (V1,02) — II(Mp_p(Y1, 02, =1 — ¥y — ¥9)),

(ca —ep)¥y —ep(th + 1) ety — eatds )
(€A+€B — CA —CB>T92—|—€B7 (€A+€B — CA —03)1924—63 ’

9B (U1,72) — (

In each case, if the previous transition is of class A, then the domain of the map gx_y is a
subset of T, and if it is of class B, then the domain is a subset of T. The codomain similarly
depends on the class of the current transition.

These four component maps can then be used to define a projected map

g: (Qasa UQap) U (Epsa UZpon) — To U Te.

Both the domain and the codomain of this map require the disjoint union to be taken, so
that we can keep track of the sequence of transitions that a trajectory makes. We therefore
require some way to modify the domain and codomain of this map to build a single connected
domain while preserving the ability to identify the previous and current class of transition.
We now present a method to construct such a projected map.

Both T and T are subsets of (—1, 0) and, as we can sec in Figure 20.3, we can visually
describe them as the upper right-hand triangle of this space which is bounded by a square
region. The lower left-hand triangle is disjoint from these domains and not used in the defi-
nition of the map. It is, however, the equivalent to both T and T, but reflected across the
line ¥4 + 199 = —1, and so we can make it the domain of one of the component maps, while
leaving the other domain unchanged.

Therefore, we define S = (—1, 0)2. With the identity map, we embed the set T into
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S as the subset

SA = {(191,192) €S | 191 +192 > —1}

Next, we use a reflection across the line 91 4+ 99 = —1 defined by

P:S— S
: (191,792) —> (—1 —192,—1 —191)

to embed the set Ty into S as the subset
Sp = {(V1,92) € S|V + 92 < —1}.
The embedding of the sets Q4,4 and Qa_,p gives us the sets
Oasa = {(V1,092) € S| U1+ U2 > —1 and ety > eata} C Sp

and
@A—>B = {(191,192> es | 191 +192 > —1 and 6]3191 < 6A192} - SA.

For Za_4 and Ea_5, we have
Opoa = {(01,05) € S |01 + 95 < —1 and ep(—1— ) > ea(—1 — 1)} C Sp
and
O = {(W1,02) € S |91+ < —1 and ep(—1 — ) < ea(—1 —9)} C Sp.

These sets allow us to define the four components of the projected map, where we set

7N :=CA+CB— € — €B:

fasa = gasa: Oasa — 5,

(eA — CB)791 + 6A(192 + 1) —CA191 >
At (V1,02) — ) )
Jaca ( ! 2) ( nd — ea ndy — ea

fass = Pgap: Oap — S,

. 63(191 + 1) + (6]3 — CA — CB)192 (eA +ég — CB)ﬁQ + e
fass: (U1,72) = ( 795 — en ) 795 — en )
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fBHA = gBaAP3 Op_a — S,

—cg(vs + 1) ea(Vy +1) + (ea —ca)Vy — CA)
. ’19 ,19 —> y 9
Jooas (V1 02) (7]192 + (ca + cg — eB) nds + (ca + cg — ep)

and

feoB = PggpP: Opp — 5,

feos: (V1,02) — <<

e — CA — CB)191 + 6]3(192 + 1) — CA — CB
77191 + (CA + CB — GA)

(eA — CB)191 — 63192 + (€A — €EB — CB))
Ny + (CA +cg — eA) .

I

With these functions, we finally define the projected map of the Rock—Paper—Scissors—Lizard—
SpOCk l’letWOI‘k7 fRPSL83 @A%A U @Bﬁ\A U @A%B U @BHB — S

fA—>A(19)7 if ¥ € @A—>Aa

5(09),  if Y€ Onp,

(204) fRPSLS(ﬂ) _ fA B( ) A—B
fB—)A(/ﬁ)a if € @B—>A7

fB—>B(19)7 if ¥ € Op_p.

As a two-dimensional piecewise-smooth map, this projected map has a one-dimensional
switching manifold, ©g, which for this map is piecewise-linear and defined as the union of
three different components. First, there is the embedding of {2g, the switching manifold

between the maps ga_a and ga_p:
@gﬁ = {(191,192) cSs | €B191 = €A?92 and 191 + 192 > —1} = aS@A%A M aS(aA%B7

where JgX represents the topological boundary of the set X as a subspace of S. Next, there

is the embedding of =g with the reflection P:

@SB*> = {(1917192) I~ S ’ 63(—1 — ?92) = €A<—1 — 191) and 191 +792 < —1}
= 0sOp_A N IsOp_E.

These two switching manifolds represent trajectories that begin in the excluded cusp I'¢, and
thus that do not remain sufficiently close to the network to be captured by the return map.
They divide trajectories according to the current transition, and thus crossing one of these
lines generically represents a change in the current transition of a trajectory, without a change

to the previous transition of that trajectory.
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Figure 20.4: A representation of the set S = (—1, 0)* and its components. The four shaded
regions represent the domains © y_,y of the component functions fx_,y, as labelled, where
X,Y € {A, B}. The dashed red lines represent the components of the piecewise-linear
switching manifold, as labelled. The point 9§ is highlighted as the labelled red dot, where all

four component lines of the switching manifold meet.

Lastly, there is the line ¥4 + 2 = —1, which is the separation of the embeddings of T
and Tg. Since this line is fixed by the reflection P, for both Sy and Sp this line corresponds
to the contracting angle 6 no longer being close to 0 or F. Therefore, crossing this line
generically represents a trajectory that changes whether it strikes Hi; or H when it enters
a small neighbourhood of €, and so represents a change in the class of the previous transition,
without a change to the class of the current transition.

[t is convenient to decompose the line 91 + 93 = —1 into two lines and one point. The

first of these lines is
@;A = {(1917192) (- S | 191 + 192 = -1 and 6]3791 > €A192} == as®A->A N aSG)B—>A
and the second is

@;B == {(191,192) € S | 191 + 192 = —1 and 63191 < €A792} = as@A%B N 85@]3_&3.
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Finally, there is the point 9§, which is the unique limit point of all four of ©47 05~ o34,

and @;B:

—€A —E€R
g = ; = 0504 N0sOs5 N IsOp_A NIsOp,B.
ea+eg ea+ep
Crossing the point ¥ generically results in a change in both the current and previous class
of transition.
The entire switching manifold thus is ©g = O, U Op_, U O_, UO_p5 UV We

represent the entire domain S in Figure 20.4.

20.4 Regu]ar cycling in the projected map

As with Podvigina’s two-cycle network, stable regular cycling with root sequence X is rep-
resented in the projected map with an attracting and admissible X'-orbit. We present four
examples in Figure 20.5. In all four examples, ex = 1 and eg = 0.8. The initial condition
used in all four examples is (—0.1, —0.1), though we do not plot this point, beginning instead
from the first iterate.

The cycles Cjo] and Cjgj are represented in the projected map with stable and admissible
fixed points ¥} € ©a_a and ¥ € Op_,p, respectively. Examples of an orbit attracted to
cach fixed point are shown in Figures 20.5(a) and 20.5(b), which have ¢4 = 1.6 and cg = 1.1,
and cpo = 1.8 and cg = 3, respectively. We note, however, that these cycles are represented
as fixed points because they represent trajectories always making the same class of transition,
either of class A or B.

The five Cjpy cycles are not represented in the projected map as a fixed point, because
such a cycle does not correspond to a trajectory making the same class of transition, but
rather the sequence of transitions AAB. Therefore, these Ciry cycles are represented by an
admissible and attracting period-three periodic orbit, specifically a T-orbit, where we recall
T = AAB. See Figure 20.5(c), where ¢y = 1.1 and cg = 3.05. We also observe initial tran-
sient cyc]ing around the C[B] cyc]e before the trajectory is asymptotic to the C[T] cyclc. More
complicated behaviour of trajectories near the network includes examples where a trajectory
has an eventually periodic itinerary, but where the root sequence is not the root sequence of a
subcycle. For example, trajectories that have the root sequence T'D = (AAB)(BB), where
we recall D = BB. Such cycling behaviour is represented with an attracting and admissible
period-five T'D-orbit. See Figure 20.5(d), where o = 1 and cg = 1.5

In Figure 20.6, we present admissible X'-orbits close to parameter values of border-
collision bifurcations. In these figures, we colour periodic points two colours: the outer edge

colour represents the class of the previous transition, and the inner colour represents the class
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Figure 20.5: Various examples of the action of the projected map frpsys for different param-
eter values and initial conditions. In each ﬁgure, the dashed red line indicates the switching
manifold, and the four domains are coloured the same as in Figure 20.4. Each point is plotted

slightly transparent, so that the attracting set appears darker. The attracting set in each case
is: (a) the fixed point 97}, (b) the fixed point U5, (¢) a period-three T = AAB-orbit, and (d)
a period-five T'D = (AAB)(BB)-orbit. Further details are given in the text. In all panels,

we label artracting sets.
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of the current transition. For both, amber represents class A, and blue class B.

In Figures 20.6(a) and 20.6(b), we present an admissible T-orbit and 7" D-orbit, respec-
tively. In these panels, we set cA4 = 1.2 and cg = 2.945, and ¢y = 1.2 and cg = 2.23,
respectively. We see that, in both panels, there are two periodic points that are near to a com-
ponent of the switching manifold. In both cases, one periodic point is close to O3 UBk~.
This component of the switching manifold corresponds to the excluded cusps that separate
trajectories that next make a class A or B transition at a certain equilibrium of the network.
Therefore, by Theorem 14.1, we expect that, at the next equilibrium, there is a 0 entry in Wiax.
For all stability boundaries observed in Figure 20.2, all 0 entries are the third component of
Wax, which corresponds to the logarithm of the contracting angle 6.

However, under the symmetry (20.1), the two equilibria are equivalent, and the con-
ditions © = 0 and ® = 0 are represented in the domain of the projected map along the
line defined by ¥ + ¥9 = —1. Therefore, the other periodic point that can be observed in
both Figures 20.6(a) and 20.6(b) to be near a border-collision is near the line 94 + 95 = —1.
Moreover, this periodic point is the next periodic point in the periodic orbit.

In general, near any stability boundary in Figure 20.2, we expect two border-collision
bifurcations. The first is a point near ©F 7, where X € {A, B}. This border-collision
is equivalent to all other border-collision bifurcations we have until now considered, and
represents trajectories passing through the excluded cusp I, of initial conditions that do not
remain sufficiently close to the network under the flow of the dynamical system. The second
is a point near Og'*, where X € {4, B}, and represents the change in the contracting
:mgle as the class of the previous transition chzmges. However, there are exceptions to this
phenomenon.

In Figures 20.6(c) and 20.6(d), we present an admissible period-eight T2 D-orbit and an
admissible period-nine QT D-orbit, respectively. In these panels, we set ¢4 = 1.0216 and
cg = 1.935, and ¢y = 1.02185 and cg = 1.93555, respectively. The parameter values in
these panels are either side of the shrinking point that joins the stability regions of these two
root sequences. The shrinking point is the codimension-two point where the chain of stability
regions has zero width, and is where the two stability boundaries of the root sequence meet.
Therefore, at the parameter values for these panels, there is a total of four periodic points
near a border-collision bifurcation. Since the transition 7D = (AAB)(AAB)(BB) to
QTD = (ABBB)(AAB)(BB) corresponds to the exchange A — BB, the QT D-orbit
has one additional periodic point, which lies in the ©p_,5 domain.

Comparing Figures 20.6(c) and 20.6(d), we see that the periodic points all undergo per-
sistent border-collision bifurcations; that is, an admissible periodic point lies either side of

the critical parameter value of the border-collision bifurcation. However, unlike in the per-
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Figure 20.6: Various examples of admissible X'-orbits for different parameter values that are

near the point of a border-collision bifurcation. In each panel, the dashed red lines indicate

the components of the switching manifold, and the four domains are coloured the same as in

Figure 20.4. We do not plot any initial transient dynamics, and each point has two colours:

the outer edge colour represents the class of the previous transition, and the inner colour

represents the c]ass Of‘ the current transition. For bOt]’l, amber represents ClaSS A, and b]ue

class B. The attracting set in each case is: (a) a period-three T-orbit near a border-collision

bifurcation, (b) a period-five T'D-orbit near a border-collision bifurcation, (¢) a period-eight
T D-orbit near a codimension-two shrinking point, and (d) a period-nine QT D-orbit near

the same codimension-two shrinking point. Further details are given in the text. In all panels,

we label attracting sets.
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sistent border-collisions of fixed points observed in Figures 11.3 and 12.3, the admissible peri-
odic points may not exist in different domains on cither side of the bifurcation. For example,
the points 19(1?2)[) and 198%11) undergo a persistent border-collision bifurcation on ©47 since
there exists a periodic point either side of the critical parameter value. However, these points
both licin © 4, o. The same holds for their respective forward images ﬁgli)D and ﬁg%D, which

undergo a persistent border-collision bifurcation on ©g’ but both lie in ©4_,p.

(4)

In the border-collision bifurcation of 55, and 1983%1]3, we see that the domain in which
the admissible periodic orbit lies differs either side of the critical parameter value, going from
Op_ A to Op_,p. The domain for points that cross the switching manifold ©_, 4 also changes,
from ©5_,4 to ©p_a. However, in this case, the point colliding with ©_, 4 is not the next
periodic point on the orbit, as after the bifurcation, the point 198%]3 is now admissible. We
show below in §20.6 that fg,ao = fe_nfBoB, and thus we still expect a border-collision
bifurcation ofﬁg%D on O34, by continuity.

As noted, the strings-of-sausages structure seen in Figure 20.2 are typically found in the
bifurcation sets of periodic orbits in continuous piecewise-linear systems. The functions in
(20.4) are clearly not linear. However, as we noted in §13.3, they are the ratios of linear maps.
Moreover, as we show below in §20.6, the functions are not continuous on all switching
manifolds. Moreover, the symbol sequences of the periodic orbits are always of a certain
class, known as rotational symbol sequences [Sim16]. In continuous piecewise-linear systems,
the symbol sequence of successive stable periodic orbits in a given chain are of the same
length, whereas the root sequences in Figure 20.2 increase in length by one as the first root
sequence transitions to the next through the shrinking point.

Therefore, although there is a clear understanding of these structures in the piecewise-
smooth dynamical systems literature [Sim16], considerable additional work is still needed to
apply the results of continuous piecewise-linear systems to the projected map of the Rock—
Paper—Scissors—Lizard—Spock network, and to account for the different nature of the root
sequences of stable cycling near the network. Nevertheless, we expect that the projected map

frpsis can be used to explain the structure in Figure 20.2 and prove the conjectures made

by Postlethwaite and Rucklidge in [PR22].

20.5 Irregular cycling in the projected map

We now present numerical examples of the projected map for parameter values that corre-
spond to numerical observations by Postlethwaite and Rucklidge [PR22] of irregular cycling
near the Rock—Paper—Scissors—Lizard-Spock network. For these parameter values, trajecto-
ries remain asymptotic to the network, but their itinerary is not eventually periodic. There-

fore, in the projected map, we do not expect to find a periodic orbit.
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Figure 20.7: Various stages of the evolution of an attractor of frpsrs for different parameter
values, which we expect is a strange attractor. The orbit in each panel begins at the same
initial condition, and we plot each point in this orbit with slight transparency, so that both
initial transient behaviour and the long-term attractor is apparent. In (b) to (d), the plotted
orbits are calculated in regions of parameter space for which Postlethwaite and Rucklidge
[PR22] observed irregular cycling near the network. In each figure, the dashed red line indi-
cates the switching manifold, and the four domains are coloured the same as in Figure 20.4.
See the text for further details. See [Gro25b] for an animated bifurcation set of the birth,
evolution, and destruction of this attractor.
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We present in Figure 20.7(a) the projected map for the parameter values ¢y = 1.8 and
cg = 0.671. These parameter values are slightly larger than for the lower stability boundary
of the A root sequence. We sce in Figure 20.7(a) that the fixed point ¥} is weakly attracting,
and that there is considerable initial transient dynamics.

In Figure 20.7(b), with cg = 0.65, ¥} has lost stability. In [PR22], Postlethwaite and
Rucklidge calculate that the loss of stability of the Cjaj cycle occurs in a bifurcation that cor-
responds to a breaking of Podvigina’s first stability condition in Theorem 6.1. In particular,
a complex-conjugate pair of eigenvalues now has greatest absolute value. We observe in Fig-
ure 20.7(b) that, under iteration of the projected map, the orbit is asymprotic to what appears
to be a strange aceractor. This attractor bears some resemblance to the actractor observed in
the piecewise-affine Lozi map [Loz78]. Comparing the shape of the attracting structure in
Figure 20.7(b) to the initial transient dynamics in Figure 20.7(a), we see that there are traces
of this attractor, suggesting that it possibly is of saddle-type for the parameter values used in
Figure 20.7(a).

In Figure 20.7(c), with cg = 0.5, we see that the strange attractor now appears larger in
phase space, and has gained additional structure. Additional self-similar components of this
attractor appear to form after border-collision bifurcations of the attractor. In Figure 20.7(d),
we can see the beginning of the break-up of this attractor, as the network as a whole loses
stability. Orbits are attracted to the boundaries of the domain S, which represent Xa=0
and Xp = 0. Therefore, the expanding coordinates x5 and zp are growing and become
O(1), and the network is unstable.

We expect that an ana]ysis similar to that in [SG24] will be able to prove that there exists
a chaotic attractor for the region of parameter space below the region of stability of A cycling
in Figure 20.2. Such a proof would in turn confirm Postlethwaite and Rucklidge’s conjecture

that there exists irregular cycling near the Rock—Paper—Scissors—Lizard—Spock network.

20.6 Continuity of the projected map

We conclude our study of the projected map of the Rock—Paper—Scissors—Lizard—Spock net-
work by considering the continuity of the projected map at its switching manifold.
Recall that we set 1) == ca +cp+ea +ep. First, forapoint ) = (U1, —1 — ¥y) € @S_’A,

we find that
—63191 —CA191

Froat) = (S0, 2N o)

and for a point ¥ = (¥, —1 — 1) € OB, we find that,

fassa(¥) =

(—(CA—|—CB)(191+1) (€A+6B—CB>(?91+1)—GB
nWy+1)+es ’ n(d + 1) +ep

) = fea(V).
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Thus, the projected map has the following continuity:*
faca 1054 = faon [ O5

and

fass 1057 = fap | O3

In Sections 11 and 12, we observed that there was continuity on a switching manifold
that corresponds to an excluded cusp that divides trajectories that transition between each
of the two ways around a A-clique. The components of the switching manifold ©4~ and
OF ™ also correspond to such an excluded cusp. Therefore, we might naively expect that we
also have continuity along the ©47 and OF~ switching manifolds; that is, that the following

two conditions hold:

fasa 1087 = fasp 1647

and

fB—>A f @SB_> = fB—>B f @184_>

e
These conditions, however, generically do not hold. In fact, for a point (191, —Aﬁl) € 047,
€B

we find that

—(cg —ea —ep)¥1 +ea  —cath )
N1 — ea " —ea)’

fasa(V) = (

while

(cg —ea —ep)vy — en
@) = (1, :
fa-n(V) ( -

Moreover, for a point (191, -1+ e—A(l + 191)> € O57, we find that
€B

—CB(191+1) —n(ﬁ‘1+1)—|—cB—eB>

fB—>A(19>: (77(191+1)+637 7]<191+1)+€B

while

—cp(th +1)

fon(0) = (_ "N +1) - €B)'
In the case of the A-clique network in R*, once a trajectory has made the equivalent of
a class B transition, it must then make another class B transition, as {3 — &4 is the only
outgoing heteroclinic orbit of §3. However, in the case of the Rock—Paper—Scissors—Lizard—

Spock network, after one B transition, a trajectory need not make another B transition and

*Since the notation in this section is rather involved, we write the function restriction as f | ©, without
the subset of the domain as a subscript for typogmphical Clarity.



§20. THE ROCK—PAPER—SCISSORS—LIZARD—SPOCK NETWORK 159

traverse the A-clique, but can instead make a class A transition. Only for those trajectories

that do make another B transition should we expect continuity of the projected map. For a

point (191, e—Af}l) € @éﬁ, we find that
€B

(cg —ea —ep)¥y +ea  —cath
nvy —ea "nYy —ea

Froal) = (= ) = (an o Jaca0),

and for a point (191, -1+ z—A(l + 191)) € ©57 we find that
B

—cg(W1+1) —nWh+1)+cs—ep
n+1)+ep’ n(d + 1) +ep

fB*)A<79> = < > = (fB*)B © fB*)B)(Pl?)'
Therefore, we instead have a certain compatibility condition. Namely, the following two

conditions hold

fasa 1047 = (fsmp o fass) | 047

and

fooa [©57 = (fsupo faum) [ ©F.

As in the case of Podvigina’s two—cycle network, we expect that an extension of the
ideas in Chapter V will allow us to explain the dynamical origin behind these continuity and
compatibility conditions, since there is no separatrix present like there is in the case of the

Kirk-Silber network and Podvigina’s two-cycle network.






Discussion

Since they were first observed in 1975, the study of heteroclinic cycles and networks in dy-
namical systems theory has provided many interesting and challenging problems, the resolu-
tion of which has led to the development of new techniques and produced many novel results.
There are many interesting questions to ask about isolated heteroclinic cyc]es—that is, after
identifying all cycles in the same group orbit, heteroclinic cycles that are not embedded in
a heteroclinic network—particularly concerning their classification and stability. Neverthe-
less, a trajectory’s path near an attracting isolated heteroclinic cycle is always the same: all
trajectories that are asymptotic to a Cycle have the same itinerary, regardless of any nuances
in the cycle’s stability. Near a heteroclinic network, however, a trajectory’s itinerary can be
more complicated, and the possible itineraries that trajectories can have can vary intricately
with changes in parameter values. This thesis has focussed on the dynamics of trajectories
near heteroclinic networks.

In Chapter 11, we introduced an extension to the study of heteroclinic networks by
deﬁning the piecewise—smooth projected map of a network as the induced action of the tran-
sition matrices on a codimension-one simplex. This map is defined on a cross-section near
a switching equilibrium of the network. The primary idea of this projected map is that the
analysis of a network is simplified by identifying all trajectories that are equivalent in a cer-
tain sense, even though these trajectories are disjoint orbits in phase space. The projected
map allowed us to completely classify the dynamics of trajectories near the three heteroclinic
networks in R? with four equilibria: the Kirk-Silber, A-clique, and tournament networks.
This analysis resolved a claim by Brannath [Bra94] that there is no regular or irregular cycling

near these three networks. In particular, it is straightforward to show that, for the three net-
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works we studied in Chapter 111, the projected map of each network is injective and strictly
increasing, and so cannot contain periodic orbits. This result confirms Brannath’s conjecture
“..that there should be a quite general (but non-trivial) argument...” [Bra94] to prove complicated
switching cannot occur near these three networks. To complete this analysis, it was neces-
sary to show that the breaking of Podvigina’s stability conditions is apparent at the switching
equilibrium, which is not a priori known to be the case. We proved that stability of a compo-
nent cycle can be determined at the switching equilibrium, in particular because Podvigina’s
third condition for stability manifests as a border-collision bifurcation in the projected map.

We generalised this result in Chapter IV, and proved that if the eigenvector Wmax of a
transition matrix lies in the switching subspace, then the heteroclinic cycle is not stable; that
is, a border-collision bifurcation causes stability loss of a heteroclinic cycle. This result is
partieularly significant, as it relates stability loss of a cyc]e that corresponds to the breaking
of Podvigina’s third stability condition to changes in the unstable manifold of an invariant
structure near the nerwork.

We focussed on the continuity or discontinuity of the projected map on its switching
manifold in Chapter V. We showed that, in the case of the Kirk—Silber network, the projected
map is discontinuous because a separatrix exists near the network that creates a discontinuity
in the flow in the limit as a trajectory approaches the network. This discontinuity emerges
at the switehing manifold because eva]uating the limit ¥ — 9, requires taking the limit as a
trajectory approaches the network. For the A-clique network, no such separatrix exists, and
so the projected map is continuous at its switching manifold. We note that, as we proved
in Chapter I11, a trajectory is asymptotic to at most one component cycle. As such, for the
three networks in R* composed of only four equilibria, the continuity or discontinuity of the
projected map at the switching manifold does not correspond to a qualitative difference in
the long-term dynamics observed near these networks.

In Chapter VI, we considered two heteroclinic networks composed of more than four
equilibria: Podvigina’s two-cycle network and the Rock-Paper—Scissors—Lizard—Spock net-
work. For both networks, we constructed a partial bifurcation set of the regions of fragmen-
tary asymptotic stability of root sequences of regular cycling near the network. These bifur-
cation sets have many interesting features, most notably the presence of a Farey-like concate-
nation of stable root sequences, and that the stability regions of root sequences form chains
in parameter space. For both networks, we constructed their projected map. In the case of
the Rock—Paper—Scissors—Lizard—Spock network, this process required additional steps, due
to the increased complexity of analysing the dynamics near this network. We then considered
regular eycling oftrajectories in these maps and observed that this eyeling is realised as peri-

odic orbits. We also considered border-collision bifurcations of these orbits. For the Rock—
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Paper—Scissors—Lizard-Spock network, we observed that irregular cycling near this network
appears to manifest as a strange attractor in the projected map. For both networks, we con-
sidered their continuity, observing that the projected map of Podvigina’s two-cycle network
is generically discontinuous. The projected map of the Rock—Paper—Scissors—Lizard-Spock
network, however, is continuous on a subset of its switching manifold, and satisfies a certain
compatibility condition of continuity of certain compositions that correspond to trajectories
that follow a A-clique.

This work has allowed us to establish a future course for studying the dynamics of
higher-dimensional heteroclinic networks.

For example, as a straightforward extension of the work in Chapter 111, we could investi-
gate the dynamics of the projected maps of the three networks in R* that we have considered
with positive transverse eigenvalues. This work would allow us to determine the nature of
regular and irregular cycling near these networks which was initially considered in [CL16b].

A complete understanding of the possible dynamics of the projected map is a desirable
extension of the work in Chapter IV, particularly all possible bifurcations of fixed points of
the projected map. Transition matrices have a particu]ar form, and these matrices are defined
with many of the same parameters. However, it is not yet apparent what the consequences
of this form are on the cigenvalues and cigenvectors of these matrices, and the resulting dy-
namics under iteration of the matrix. This work would require determining all possible ways
in which Podvigina’s stability conditions can be broken, and all other possible values of the
remaining eigenvalues and eigenvectors—that is, those other than A,y and wyax—after such
changes. It would also be desirable to understand the possible invariant structures the pro-
jected map admits. For example, it is not readily apparent what properties of the transition
matrices of the Rock—Paper—Scissors—Lizard-Spock network allow for the apparent strange
attractor in §20.5. A further extension of this work could involve the analysis of the projected
map of a heteroclinic network that is contained in a proper subspace of a dynamical system.

A particularly exciting direction of future work is an understanding of the bifurca-
tion structure of regular cycling near Podvigina’s two-cycle network and the Rock—Paper—
Scissors—Lizard-Spock network, allowing us to resolve the conjectures made about these
networks. We expect to accomplish this analysis by investigating the bifurcations of peri-
odic orbits in the projected map, for which we expect the continuity of the projected map
to be important. However, as noted, this ana]ysis requires certain advances in the theory
of piecewise-smooth dynamical systems. These advances could then allow us to prove more
general results regarding heteroclinic networks in higher dimensions.

With the general methodology used to construct a projected map, we could construct

the projected map of many heteroclinic networks that have been studied in the literature,
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such as the house network studied in [CL16b]. Moreover, with the methodology used to
create the projected map of the Rock—Paper—Scissors—Lizard—Spock network, we could also
define the projected map of the bowtie network [CL16b], and other networks where the
switching equilibria have multiple incoming heteroclinic orbits. There are many ways to form
general classes of heteroclinic networks. For example, the house network and Podvigina’s
network both generalise the Kirk-Silber network. We could therefore ask if there are any
common features to the bifurcation sets of networks that are the union of two cycles, possibly
of a different number of equilibria, joined along one—or possibly even more than one—
heteroclinic orbit. We could ask if all such networks have the same bifurcation structure as
Podvigina’s two-cycle network, or if this structure is affected by the length of the network’s
component cycles and the common connections.

The continuity or discontinuity of a piecewise-smooth map on its switching manifold
can greatly affect the resulting dynamics seen in the system [ZM03, BBC08, Sim10, AGS19].
For example, in piecewise-linear continuous maps, we often find the so-called “strings-of-
sausages” [YH87, Sim17]. However, in a piecewise-smooth discontinuous map, the rotation
numbers of periodic orbits can form a devil’s staircase in parameter space. With our analysis
in Chapter V, we expect that we can determine more generally the properties of a hetero-
clinic network that results in a discontinuous projected map, and thus how these properties
also affect the nature of regular and irregular cycling near the network.

With an understanding of the dynamics possible in the projected map, how the topology
of the network affects the transition matrices and therefore also the projected map, and how
the topology of the network affects the continuity and more general compatibility conditions
of the projected map on its switching manifold, we expect it will be possible to understand
more generally the possible dynamics of trajectories near many broad classes of heteroclinic

networks.









Numerical calculations

In this appendix, we describe in §A.2 the numerics used to produce Figure 17.3, and in §A3

the numerics used to produce Figures 18.2 and 18.3.

§A.1  Systems of ODEs

For reference, the ODEs (16.1) with the necessary constant terms to ensure the existence of a

Kirk=Silber network are

(1 — Hx”é — chg + eXAxg + eYAyg),

I
&

(ALD) 2(1 — Hfﬂﬂg + eaxi — expal — CYBy§)>

I
8

i) (
io (
i5 = x3(1 — 2|5 — caxa? + epxas — cyxy3),
U3 = ys(

2 2 2 2
ys(1 — ||z||5 — cayz] + epyxs; — nyl’g),
where cach constant is a positive real number.
The ODEs (16.1) with the necessary constant terms to ensure the existence of a A-clique
network are
. 2 2 2 2
iy = a1 (1 — ||z||; — cpal — cxa®i + eyays),

Ty =

8

(A12) '
T3 =

8

2 (1= ||z|f5 + eaz? — cxpal — eypy3),
3(1 — ||$||§ — CAXZE% + ewaS — chyg),

g3 = y3(1 — ||z|l; — cava] + epya3 + exva3),
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where each constant is a positive real number.

§A.2 Approximation of ng’C (9;)”’0)

. . . . t,C in,C
To derive a numerical approximation of 05" (05"

), we begin with a point z(0) € H&,
which implies that 22(0) = h and 21(0) < h. As such, 21(0),22(0) < 1. To minimise
round-off error when computing 1 and &2, we use the change of coordinates X; = log
and Xy = log x2, and compute Xl and Xg. Since 21 (1), 22(t) < 1 while the trajectory is
in a small neighbourhood of C, we can ignore them from the right-hand side of the ODEs.

Thus, we have the following system of ODEs for the Kirk-Silber network

Xi=1— (23 +y3) + exax3 + evays,
(A21) Xz =1- ($;2:, + y§) — CXB$;2:, — cYBy?f,
iy =x3(1— (23 +3) — evxy3),

Yz = y3(1 - (532 + 3/32,) - nyl’g),

and the following system of ODES for the A-clique network

X1 =1— (23 +3) — exa2? + evavs,
Xy =1 — (22 +42) — 2 2
(AZZ) .2 (xg ng) 2 e QCYByB

T3 = xg(l — (1’3 + yg) — CYXyg),

Ys = y3(1 - (Ig + yg) + exyxg).

For an initial condition (X7(0),log h, 23(0),y5(0)) € HiCn’B, with X;(0) < 0, these ODEs
can be integrated until X; = 0, at which time (X1 (t), Xo(t), z5(t), ys(t)) € Ha",

To produce Figure 17.3, we integrated (A.2.1) and (A.2.2) with a range of initial condi-
tions. In particular, we chose first X;(0) € {—107'2, =1, -2, —4, —8}. For each value of
X1(0), we then sampled 1000 values of the angle 65 from the open interval (3 « 1557, 5 — 5 * 1057 )
ﬁ for all positive integers 1 < ¢ < 1001. (Note we de-
liberately exclude 63(0) = 0, 7, as we trivially know the angle on H%Ut’A
then used as initial conditions 23(0) = cos 9:(3[) and y3(0) = sin Qz(f).

We used the eighth-order Dormand-Prince method [HNWO08, § I1.5] of the Python sci-
entific computing library SciPy [VGO20] to integrate the ODES (A.2.1) and (A.2.2) with

these initial conditions until the solver detected that X;(t) = 0 att = To. We then calcu-

. . . Y4
in particular, setting Qé) =17 -

in these cases.) We

lated 03(T¢) := arctan % The results, plotting 85(7) against the initial angle Qég), are
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shown in Figure 17.3.

§A.3 Approximations of f I(<]€S) and fy)

For a given k£ > 1, we begin with a subset of 50 equispaced points in S defined by
X:Ef):ﬁz 1<0<50%.
51 - -

The point (Xéz), Y})(e)> e S®) where Yg(e) = —k—X(Z), lies on HE’A expressed in logarith-
mic coordinates. Therefore, as an initial condition, we know for that point that z1(0) = h
and |z2(0) — h| = 0. For Figure 18.2, we used A = 1072, and, for simplicity, we chose
x9(0) = 1.

To minimise round-off error, we integrate the ODEs (A.1.1) and (A.1.2) in logarithmic
coordinates, with the initial condition X (0) = (log 10720, X?EZ), Yg(z)) Again, we used the
cighth-order Dormand-Prince method of SciPy until the solver detected that the trajectory
intersected HE’A again. This intersection point is a numerical approximation of (X3, Yy).
The projection II*) of this point was then calculated. This projection provided a numerical
approximation of fI(<kS) or fék) at the point ¥ = Xéé). We last rescaled the set S® to unit
length. These numerical approximations are presented in Figures 18.2 and 18.3.

We note that a point (X?EZ), Y})(K)> € S™® may satisfy either exp X?Ee) > logh or
exp Y3(Z) > log h, in which case the point is not actually in HE’A. If this is the case, we
exclude the point from consideration as they are not in the set T®). For this reason, the

domain of f® lengthens as k increases.






Expressions and parameter values

§B.1 Transition matrices of heteroclinic networks
in R?

We list all basic transition matrices and relevant full transition matrices used in the analysis
of the three networks we study. Recall that the basic transition matrices have the notation

mijr = M (pijk), and the full transition matrices have the notation M](k) = M(@§k)). The

. in,7 in,j . . . .
basic maps ;i H}n’l — H}™ are the maps between successive incoming cross-sections

)
j
cross-section of an equilibrium &; to itself, around the Cpy cycle. The full recurn maps are

in a cycle, and the full recurn maps @ H;-n’l — H}H’Z are the maps from the incoming

the composition of basic maps, and so the full transition matrices are the product of basic

transition matrices.

B.1.1 The Kirk-Silber network

The basic transition matrices of the Kirk—Silber network are

C13 0 c21 0 €32 0
. €12 o €23 o €31

msig = ) mig3 = ) ma31 = . )
C14 1 _ e 1 34 1
€12 €23 €31
€13 1 O €21 C42 0
€12 _ €24 o €41

my1o = s mioy = ) mog1 =
cs ) __e23 ta3 1
e12 €24 €41

171
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The relevant full transition matrices of the Kirk=Silber network are

a3 (93 0
M; = M2 = MM312M2311M123 = )
ps 1
and
_oa@ (1 pa
M, = M2 = My12M241M124 = )
0 o4
where
C13C21C32
03 =———= >0,
€12€23€31
C14C21C42
5, =22 5,
€12€24€41
€24  Cait3g  C14C21C32
ps=——+ + :
€23 €23€31 €12€23€31
and
€23 Cartaz  C13C21Ca2
Pg=——-F +

€24 €24€41 €12€24€41

From the full transition matrices

(3)
M3 = M1237M31211231

and
4) _
M4 = M124M412M241
we derive
t34  C14C32  C13C32€24
Vg =2 4 -
€31 €12€31 €12€23€31
arld
ty3  C13C42  CraCa2€23
]/4 _— + P

€41 €12€41 €12€24€41

The remaining full transition matrices are the products

(3) _
M1 = M2317M1231M312
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and

4) _
M1 = M241M 124711412

B.1.2 The A-clique network

The basic transition matrices of the A-clique network are

ts QL ) ) —¢s
€12 €23 €24
m = m = m =
412 as ) 123 ew 1] 124 1 e |
€12 €23 €24
1 i a2 () cz ]
€34 €41 €41
m = m = m =
234 0 e ) 241 I 341 e ()
€34 €41 €41
The relevant full transition matrices of the A-clique network are
Q1 Qg
My, = MPY = =
34 = Vg = MM412MM3411M12341M123 = )
a3 Oy
arni
(4) 1 P4
My = M2 = Mg12M241M124 = )
0 4
where
= e Co1Ca2t13 Cazeaalis  Cyz€oqlsn  Cageoatislay
1= - - - )
€23€41 €23€41€12 €34€23€12 €41€23€34 €41€23€12€34
C3al13  Cazlzr  caotislsn
Qo = + + )
€34€12 €41€34 €41€12€34
O — C14C21C42 C14C32€24 C14C42€24131
3 — - - )
€12€23€41 €12€34€23 €12€41€23€34
C14C32  C14C42l31
ay = —F

)
€12€34 €12€41€34
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and

€23 (21043 C21C42l13
P4 = —— + + )
€24 €24€41 €24€41€12

and dy4 is the same as for the Kirk-Silber network. The remaining full transition matrices of

the A-clique network can be found by evaluating the following products:

(34) _

M;™" = ma3q1mo3amiazmai,
(34)

M3 = 11237M0412711341771234,
(34)

M4 = M2341M 1231041211341,

4) _
M1 = M241M124M412,
and
(4) _
M4 = MM 12414121241 -

4 . .
From Mi ), we obtain the expression

L Ca2lis  Ci4Ca2€93
N = — — .
€41 €41€12 €12€41€24

B.1.3 The tournament network

The basic transition matrices of the tournament network are

as ) 1) @2 ) 1 2
o €12 o €23 o €31 o €31
msig2 = , Mi123 = , Ma3z1 = , Ma34 = )
a1 —@ e 0 -
as ] 0 e 2 () caz ]
o €12 o €24 o €41 o €41
ma12 = , Mi124 = , Mog1 = , M3a =
as ) 1 —c2 caz ] cas ()
€12 €24 €41 €41

The relevant full transition matrices of the tournament network are

03 0
M; = M2(3) = T312M231M 123 = ’ )
ps 1
a1 Qo

— a4 _ _
Msy = M2 = M4127M3411M234110123 = )
Q3 Oy
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and
(4) 1 P4
My = M2 = My12M241M 124 = )
0 4
where
C21C43 C13C21C42 C43€24€31 C13C42€24€31 C13C32€24
0] = + + + — ,
€23€41 €12€23€41 €41€23€34 €12€41€23€34 €12€34€23
o — C32C13  C43€31 C13C42€31
2 = - - )
€12€34 €41€34 €12€41€34
C14C21C42 C14C42€24€31 C14C32€24
a3 = + - 5
€12€23€41 €12€41€23€34 €12€34€23
~ C14C32 C14C42€31
Qg = - )
€12€34 €12€41€34
€G3 (21C34 | C14C21C32
py=——— + :
€23 €24€31 €12€23€31
and
€23 C21C43 C13C21C42
pa=———+ +

)
€24 €24€41 €12€24€4]

and d3 and d4 are the same as for the Kirk-Silber network. The remaining full transition

matrices of the tournament network can be found by evaluating the following products:

Ml(g) = M123M312M231,
M?ES) = M123M3121M231,
M = magmagamissmana,
M3(34) = MM123MM4127M0341 1234,
M£34) = M2341M 12314121341,

(4)
M1 = MM241M124M412,
and

4) _
M4 = MN124MM412M241 -
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From M1(3) and MAE4), we obrtain, respectively, the expressions,

Cla  C13€24 C13C21€34

H3 = ’
€12 €12€23 €12€23€34

and

Uy — C43 4 C13C42 C14C42€23
I = — .
€41 €12€41 €12€41€24

§B.2 Transition matrices of Podvigina’s two-cycle

network

The basic transition matrices for Podvigina’s two-cycle network are:

a1 0 0 0 0 Lo 1
€23 €25
B 227; 0 00 100 Zﬁ 0
migo3 = _es g 1 0 ) Mmigs = 10 —es o )
%23 0 01 01 m% 0
€23 €25
?Ti 1 0 0 i1 00
“2 000 S22 0 0 0
Mogq = | 3 ) Maose = | & ;
?Ti 010 % 010
B ) 0 1 Li g 0 1
€34 €5
e 1 0 0 2 1 0 0
€41 €6
as (0 0 0 1 0
mgy = | 4 ; Mser = | ¢° ;
2—51 010 % 0 01
s 0 0 1 L0 00
€41 €6
s 1 0 0 22100
a0 0 0 a4 0 1 0
Mmyip = | 12 me1s = | ¢!
bs 0 1 0 bs 9 0 1
a6 0 0 1 a6 0 0 0

€12 €12
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The full transition matrices of the network are then:

L) _
]V[l = MN3417M2341M1231M412,

(L) _
]V{Q = M4127M3411M234110123,

(L)
M3 = M12371412713411M234,

(L)
]Vf4 = MN2341MM 1231141211341,

R)_

j&fi = M5611M25671012571612,
(R)_

JVfé = Tg12MM561110256710125,
(R)

JVfg = M125MeE12M56111256,

(R)_
Mg ™= mosemia5me12Mse1 -

The expressions for the aj;, of My, = MQ(L) in (19.2) are:

Q11 =

12

Q21

Q22

a31

where

Az

32

(0751

where

An

7]

C21C43€12€34 + 163481342 + C32€41t13T24 + Ca3€12l24t31 + 1324831142

€12€23€34€41

C32€41t13 + C43€12t31 + L13l31142

€12€34€41

Y

c1a(Cor1€34tan + C32€41tog + tostsitys)

€12€23€34€41

c1a(c32eq1 + t31t40)

€12€34€41
Az

bl
€12€23€34€41

C21€12€34145 + Ca1€34T 15842 + C32€41t15024 — €12€25€34€41 + €12€41T24t 35+

€12taat31tas + tistoalzitan,

Y

Y

C32e41t15 + €12€41l35 + €12t31145 + L15t31142

An

)
€12€23€34€41

C16C21€34142 + C16C32€41124 + Cr6l24t31la2 + Ca1€12€34t46 + €12€34€41T26+

€12€41l24t36 + €12t24%31146,

€12€34€41

Y

C16C32€41 + Cipt31la2 + €12€41t36 + €12l31t46

€12€34€41

Y
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Brs

The expressions for the ;5 of Mg = M2(R) in (19.3) are:
B3
61262565666,

where

Bis

Bra

Bas

where

B

624

633

Bs4

Bas

Baa

Ca1€12€56t63 + Ca1€56l13t62 + C52€61t13t26 — €12€23€56€61 + €12€61126t 531

e12taglsites + t13tastsiten,

Cs2€61t13 + €12€61t53 + €12l51t63 + L13l51t62

)

€12€56€61
B

)
€12€25€56€61

C14C21656t62 1+ C14Cs2€61T26 + Craloglsitea + C21€12656T64 + €12€56€61T241

e12€61t26t54 + €12t26t51064,

C14C52€61 + Cratsilea + €12€61t54 + €12l51t64
)

€12€56€61

C21C65€12€56 1+ Ca16€56t15t62 + C52€61T15T26 + Co5C12t26t51 + Listosts1te2

Y

€12€25€56€61

Cs2e61t15 + Ces12t51 + tisls1t62

Y

€12€56€61

c16(Car€s6te2 + Cs2ep1los + togtsite)

Y

€12€25€56€61

c16(cs2€61 + ts1tea)

€12€56€61
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§B.3 Continuity of the projected map of

Podvigina’s two-cycle network

For a point ¥5 = <191, ¥, 6—Lﬂ1> € Og, we have the following expressions for each compo-
€rR

nent of each piece of the projected map fpoq:

él)(ﬁs) = —(carcazerzesal + cazeazeatizVs + cagerzeastsiVs + caresatistaot +
coeatiztoaly + cageratoatzith + esstistaitaols + tistoatsitsoth),
ff) (Us) = —cra(csaeazearVa + caresatanthy + czaeqtonts + eastsitants + tostzitaath),
fég) (Us) = —(care12e34t4501 + Caneaseqrtisva + eraeazeqitssy + coresatistopti+
capeqitistagVi + eraeastzitase + eroeqiloatssth + eratostsitasti+

eastistsitaals + tistastsitsntdy),
where

DL(195> = 21C43€12€3401 — €12€23€34€41 + C14C32€23€41V2 + C16C32€23€41 02—
126236344101 — €12€23€34€41 V2 — €12€25€31€4101 + C14Co1€34t4201 + Cracz2€41T2401+
C16C21€341 4201 + Cr6C32€41t2401 + C32€23€41t 1302 + Cazeiaea3lz1Vs + cor€12€34t4501+
C32€23€4111502 + Cor€12€34t4601 + €12€23€41t3502 + €12€23€41T3602 + €12€34€41 806001+
core3at13taoly + caoeqrtistost + cageratostsiVr + craeostaitaots + coresatistsod+
cageqitistosi + Creastaitanls + e12€a3ts1tasVa + e12e41toalsst)) + e1aeastsitsso+
e12€41toatz6V1 + Cratoutsitaoty + cigtoatsitaoth + eastistsitaots + eratostsitasdi+
eastistsitaols + erataatsitaets + tistoatsitasty + tistaataitanty.
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However,

fl(al)ws) = —(cs2e93€61t13 + €12€23€61t53 + €12€23t 51163 + astistsiler + Cr2€a3€61t1301+
Cs2e23€6111302 + Craeaseaitizt — careiaesetasth + e12ea3€a1ts301 + e12e23€61t5302+
126256115301 — Caresetisteat)i — Csaee1listati + €12€23ls1t6301 + €12€23l51t6302+
e12€asts1te3t) — eraeaitastssth + eastistsiteaths + eastistsiteat)s + eastistsiteat) —
e1atastsitesth — tislaslsiteat)r),

ff({Z) (Us) = —(craeastsiter + €12€23€61t54 + €12€23t51t64 + CraC52€23€61 + C1aCs50€23€6101+
C14C52€23€6102 + CraCs2€25€6101 — €12€23€56€6102 — C14C1€56t6201 — ClaCs2€61t2601—
ca1€12€56t6401 + €12€23€61T5401 + €12€23€61T5402 + €12€25€61E5401 — €12€56€61E240 1+
ciaea3tsiteat)t + craastsitealls + craeastsiteat) + eioeastsiteat)s + e12eastsiteatlat
e12easts1teatn — eraegitastsat — cratoglsiteathh — eratastsiteath),

frE{S) (Us) = —(Ccs2e23€61t15 + Cose12€23t51 + €astistsiter — Ca1Ce5€12€560 1+
Cs2€23€611 1501 + Cose12€23t5101 + Cs2e23€61T1502 + Co5e12€23t51 U0+
Cs2€25€6111501 + Cose12€25t5101 — Careselisteat) — Csaee1t15t061)1—
cesC12tosts1V1 + eastistsiteat)s + eastistsiteatla + eastistsiteat —

tistastsiteath ),
where

Dg (V) = csoeasepitiz + csaeasesitis + Cos€r2€23ts1 + €12€23€61t53 + €12€23€61t54+
Cr4€23t51t62 + Cr6€23t51t62 + €12€23T51163 + €12€23T51T64 + €23t13t51T62 + €23t15t51t62+
C14C52€23€61 + C16C52€23€61 + C14C52€23€61U1 + ClaCs2€23€6102 + CraCs2€25€6101+
C16C52€23€61U1 + C16C52€23€6102 + Ci6C52€25€61U1 — C21Ce5€12€5601 —

1262365666102 — C14C21€56t6201 — CraCsaee1to6)1 — C16Co1€56t 62101 —

C16C52€61t2601 + Cs2€23€61113U1 + Craea3€61t1302 + Crae23€61t 1501+

Cs2€25€6111301 + Cos€12€23t5101 — Ca1€12€56t63U01 + CraeaszeaitisUat

Ce5C12€23t5102 — Ca1€12€56t64 01 + Cs2€25€61T 1501 + Co5€12€25t510 1+

e12€23€6115301 + 1262366115302 + €12€23€6115401 + €12€23€6115402+

126256115301 + 126256115401 — €12€56€6112401 + Cra€astsiteat) i+

ciaea3tsiteatls + Craeastsiteaty + cieeastsiteat)s — coresetisteaty —

cs2€61t13t26U1 + cigeastsitealla + Cieeastsiteat — caiesetisteati —
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csae1l15t26U1 — CosCiatasts1Vr + €12ea3lsitest) + e1aeastsitezat
e12€23t51l6401 + €12€a3t51t6402 + €12€25t 5116301 + €12€05l51t6401 —
12661265301 — €12€61t26t54U1 — Cralaslsileat)s — cietastsiteat)1+
eastistsiteath + eastiztsiteats + eastistsiteaty + eastiatsiteat)1 —
e1atastsitests + eastistsiteata — eratastsiteat)s + eastistsiteat)i —

tistastsiteatn — tistastsiteaVs.

We have verified with MathWorks’ MATLAB’s [Mat22] Symbolic Math Toolbox that
these expressions are not equal to each other; that is, fi,(Js) # fr(Js), and therefore fpoq is

not continuous on its switching manifold.

§B.4 Parameter values for figures in Chapter |

Figure 1.1 is calculated using the ODEs (6.1), with the initial conditions
(X1, Xs, X3) = (—0.5551, —0.5551, —0.5551),

and the parameter values ¢; = 0.48 and e; = 0.4

Figure 14 is calculated using the ODEs (10.2), with the initial conditions
(X1, Xo, X5, X4) = (0.9973,4.1875 x 107°,3.6 x 107%,1.085 x 10~ '),

and the following parameter values:

Table B.4.1: Parameter values for Figure 1.4

&1 3 &3 &4
ero 0.8 cor 0.8 |e3r 081 ey 0.9
cia 1.2 eas 057 || cag 1.2 | cuo 1.2
ey 12 ess 09 |ty 1 |t 1
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§B.5 Parameter values for figures in Chapter I11

B.5.1 Figures in §9

Figure 9.1(a) is calculated using (9.4), and Figure 9.2(a) using the corresponding transition
matrices, with initial conditions (x3,z4) = (0.9,0.65) and (23, x4) = (0.4,0.9), and the

following parameter values:

Table B.5.1

& &2 €3 €4
ets 091 coy 06| e33 091 ey 09
c13 2 ez 1.2 c3a 1.2 | ¢ 1.2
cia 1.5 e 08| t3gs 1 tis 1

Figure 9.1(b) is calculated using (9.4), and Figure 9.2(b) using the corresponding transi-
tion matrices, with initial conditions (z3,z4) = (0.875,0.65) and (x3,x4) = (0.45,0.8),

and the following parameter values:

Table B.5.2

& &2 €3 €4
ers 091 coy 06| e3x 1.2 ey 09
ci3 4.5 e 1.2 c3a 1.2 cs2 0.9
cia 1.5 e 08| t3a 1 tis 1

B.5.2  Figures in §10

Figures 9.4(a) and 9.4(c) are calculated with (9.9), with ¢14 = 2 and c4o = 2.3, and ¢4 = 1.2
and ¢4o = 4.5, respectively, with initial conditions ¥ = —0.16 and ¥ = —0.95, and ¥ =

—0.07 and ¥ = —0.95, respectively, and these common parameter values:
Table B.5.3
&1 €2 €3 €4
€12 0.8 Co1 0.3 €31 0.9 €41 0.8
C13 2.9 €923 1.2 C32 2.9 Cy2 —
C14 — €24 0.8 t34 1 t43 3
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Figure 9.4(b) is calculated with (9.9), with initial conditions ) = —0.55 and ¥ = —0.95,

and with the parameter values:

Table B.5.4
3! &2 §s €4
€12 1 Co1 1 €31 2 €41 0.8
C13 1.5 €23 1.2 C32 1.5 C42 2.3
C14 2 €924 0.8 t34 1 t43 5

Figure 9.4(d) is calculated with (9.9), with the initial conditions ¥ = —0.545 and ¥ =

—0.95, and with the parameter values:

Table B.5.5
& &2 €3 €4
€12 3.6 Co1 2.3 €31 9.6 €41 2
C13 10 €923 C32 9 Cy2 20
C14 3 €24 t34 4.36 t43 0.1

Figures 10.1(a) and 10.1(b) is calculated with (10.2), with ¢33 = 0.9 and €24 = 0.9, and

c13 = 1.1 and egy = 1, respectively, with initial conditions
(X1, Xo, X3, X4) = (0.995,2.95 x 107%,2.472 x 107%,1.195 x 10~**)

and
(X1, Xo, X3, X4) = (0.989,7.22 x 107%,2.536 x 1072,3.424 x 1077),

respectively, and with the following parameter values:

Table B.5.6
51 52 63 54
€12 0.8 Co1 0.8 €31 0.8 €41 0.9
C13 — €23 0.57 C32 1 Cy2 1.4
cia 1 |l ey — | t3g 1 | la3 1

Figure 10.1(c) is calculated with (10.2), with initial conditions

(X1, X, X5, X4) = (107°,0.999,3.72 x 107*,1.452 x 107*),
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and the parameter values:

Table B.5.7

&1 &2 &3 €4
ela 3.6 |1 231 e31 96 | en 2
ci3 10 |l es 9 c32 9.96 || cus 12
cly 3 ey 6 tsqa 4.36 || t43 5.55

B.5.3 Figures in §11

Figure 11.1(a) is calculated with (11.1), with initial condition ¥ = —0.1, and with the param-

eter values:

Table B.5.8

&1 3 £ €4
era 0.8 ||y 735 || tar 7.14 || esq 6.48
t13 048 || ea3 1.2 || c32 824 || cyo 0.27
cly 481 1| ey 08 |eyy 79 || g3 6.5

Figure 11.1(b) is calculated with (11.1), with initial condition ¥ = —0.965, and with the

parameter Va]ues:

Table B.5.9

&1 3 &3 3!
€12 8 co1 6.29 || t3;1 4.63 || en 5
ti13 219 [ eaz3 1.2 || 30 571 cg0 3.63
cly 943 || eay 0.8 | ess 9.9 || cu3 1

Figure 11.1(c) is calculated with (11.1), with the initial conditions ¥ = —0.4, ¥ =
—0.525, and ¥ = —0.98, and with the parameter values:

Table B.5.10

&1 3 &3 €
era 122 ¢y 336 || t51 0.2 || esqg 0.67
tis 0.06 || ea3 1.2 || c3a 7.13 || cua 0.36
cly 4.5 |l ey 08 |leyy 028 cy3 74
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Figure 11.1(d) is calculated with (11.1), with the initial conditions ¥ = —0.1 and —0.9

Wltl’l the parameter Values:

Table B.5.11

&1 &2 &3 €4
€12 2.28 || co1 2.69 || t31 7.39 || eqn 9.73
tiz 1.84 | ez 1.2 | 30 9.32 || g0 2.98
Cla 883 | e 08 || e3q 828 || cus 7.9

Figure 11.2 is calculated with the following parameter values:

Table B.5.12

&1 §a §s €4
€12 1.1 Co1 3 t31 0.4 €41 0.95

t13 0.2 €923 1 C32 2.5 Cy2 —

C14 3.2 €24 0.8 €34 0.9 C43 —

Figure 11.4(a) is calculated with (11.2), with initial conditions
(X1, X, X3, X4) = (107°,0.999,4.36 x 107%,1.402 x 107°"),

and with parameter values:

Table B.5.13

&1 §a &3 €4
e1a L.73 || cor 0331 t31 0.59 |[eq 0.81
tis 0.108 || eas 1.2 || c30 2 cypp  1.43
Cl4 2 eos 0.8 || ess 0.188 || cy3 2

Figure 11.4(b) is calculated with (11.2), with initial conditions

(X1, Xo, X3, X4) = (107°,0.999,4.54 x 107°,8.194 x 10~*"),
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and with parameter values:

Table B.5.14

&1 3 £ €4
e 358 || cor 0.7 t31 0.4 || ey 0091
tis3 0.2 || ey 1.2 c30 1.92 | ¢y 1.3
Cla 295 | ey 081 e3a 1.67 | ca3 1.96

Figure 11.4(c) is calculated with (11.2), with initial conditions
(X1, X2, X5, X4) = (107°,0.999,6.826 x 107°,2.343 x 107°),

and with parameter values:

Table B.5.15
3! &2 §s €4
€12 1.99 C21 0.77 t31 0.02 €41 1.02
t13 0.04 €93 1.5 C32 3.04 Cy2 1.03
C14 1.41 €24 0.5 €34 0.94 C43 3.45

B.5.4 Figures in §12

All plots in Figure 12.1 are calculated with (12.1) and the following common parameter values:

Table B.5.16

&1 &2 &3 €4
€12 — Co1 2 €31 1.1 €41 —
i3 — || €s 12 32 — || a2 —
Clg — €24 0.7 €34 0.9 C43 —

The plot of v4 < 0, pt3 > 0 in Figure 12.1(a) is calculated with:

Table B.5.17
&1 3 €s €4
€12 6.85 Cy1 — €31 — €41 1.92
C13 2 €23 — C32 5.37 Cy2 4.67
Ci14 7.96 €2qg — €34 — C43 5.47
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The plot of v4 > 0, pt3 < 0 in Figure 12.1(a) is calculated with:

Table B.5.18
&1 §a €3 €4
€12 6.75 Co1 — €31 — €41 6.06
C13 3.59 €23 — C32 9.41 Cy2 9.38
C14 4.2 €oqg — €34 — C43 9.89

The plot of 13 > 0, v4 < 0 in Figure 12.1(b) is calculated with:

Table B.5.19
61 52 53 54
€12 1.4 Cy1 — €31 — €41 1.84
C13 2 €23 — C32 7.65 Cy2 0.82
C14 12 €oq4 — €34 — C43 5.82

The plot of p13 > 0, v4 > 0 in Figure 12.1(b) is calculated with:

Table B.5.20
&1 3 €3 €4
€192 1.4 Cy1 — €31 — €41 1.84
C13 2 €23 — C32 7.65 Cy2 0.82
C14 5.5 €y — €34 — C43 5.82

The plot of 13 < 0,74 < 0 in Figure 12.1(b) is calculated with:

Table B.5.21
&1 & €s €4
€12 1.4 Co1 — €31 — €41 1.84
C13 6.5 €23 — C32 5 Cy2 0.82
C14 11 €y — €34 — C43 5.82
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The plot of p13 < 0,4 > 0 in Figure 12.1(b) is calculated with:

Table B.5.22
&1 &2 &3 €
€12 1.4 Coy1 — €31 — €41 1.84
C13 3.3 €23 — C39 9 Cy2 0.82
C14 4.8 €oy — €34 — C43 0.52

The plot of v4 < 0, 13 > 0 in Figure 12.1(c) is calculated with:

Table B.5.23
51 52 63 64
€12 2.64 Coy1 — €31 — €41 3.39
C13 2 €23 — C32 3.68 Cy2 1.58
C14 13 €24 — €34 — C43 9.98

The plot of v4 > 0, pt3 > 0 in Figure 12.1(c) is calculated with:

Table B.5.24
& 3 &3 &4
€12 2.64 Cy1 — €31 — €41 3.39
C13 1.76 €23 — C32 3.68 Cy2 1.58
C14 6 €y — €34 — C43 9.98

The plot of v4 > 0, 13 < 0 in Figure 12.1(c) is calculated with:

Table B.5.25
&1 3 €s €4
€12 2.64 Co1 — €31 — €41 3.39
C13 5 €23 — C32 3.68 Cy2 1.58
C14 5.31 €oqg — €34 — C43 9.98
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The plot of v4 < 0, pt3 > 0 in Figure 12.1(d) is calculated with:

Table B.5.26
&1 §a &3 €4
€12 3.48 Co1 — €31 — €41 4.01
C13 5.53 €23 — C32 7.24 Cy2 8.43
cy 13 €24 — || €3¢ — C43 6

The plot of v4 < 0, pt3 < 0 in Figure 12.1(d) is calculated with:

Table B.5.27
61 52 53 54
€12 3.48 Co1 — €31 — €41 4.01
C13 5.53 €93 — C32 7.24 Cy2 8.43
ciy 6 | e — €34 — | c3 6

The plot of v4 > 0, pt3 < 0 in Figure 12.1(d) is calculated with:

Table B.5.28
&1 §a €3 €4
€12 3.48 Ca1 — €31 — €41 4.01
C13 5.53 €23 — C32 7.24 Cy2 8.43
C14 3.22 €y — €34 — C43 6

Figure 12.2 is calculated with the parameter values:

Table B.5.29
&1 €2 §s 3!
€12 6.07 Co1 3 €31 1.1 €41 3.37
C13 — €23 1.2 C32 6.14 Cy2 3.15
C14 — €24 0.7 €34 0.9 Cy3 8.11

Figure 12.4 is calculated with (12.1), with initial conditions:

(X1, Xo, X5, X,) = (107°,0.999,1.185 x 1077,4.08 x 10~*")
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and with parameter values:

Table B.5.30

&1 3 &3 &4
ela D24 | c1 HD2 |l e31 H43 | ey 6.1
c13 941 || ea3 8.65 || 32 6.72 || cg2 4.65
cly 822 | ey 6.01 || €34 2.78 || cy3 4.11

§B.6  Parameter values for figures in Chapter V
Figure 17.3(a) is calculated as outlined in §A.2, with parameter values:

Table B.6.1: Parameter values for Figure 17.3(a)

X Y

EXA 0.8 EYA 0.9
CXB 1.1 CyB 1.2

CXy 1.2 Cyx 0.8

Figure 17.3(b) is calculated as outlined in §A.2, with parameter values:

Table B.6.2: Parameter values for Figure 17.3(b)

X Y

CXA 04 EVYA 0.9

CXB 2.5 CYyB 1.1

exy 0.9 CyX 0.2

Figures 18.2(a) and 18.3(a) are calculated with the completed projected map fI(iks) and the

following parameter values:

Table B.6.3: Parameter values for Figures 18.2(a) and 18.3(a)

A B X Y

€AB 0.8 CBA 0.8 EXA 0.8 EYA 0.9

CAX 1.2 EBX 1 CXB 1.2 CYyB 1.2

CAY 1.2 CBY 0.8 CXy 0.2 CyX 0.1
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Figures 18.2(b) and 18.3(b) are calculated with the completed projected map fék) and

the following parameter values:

Table B.6.4: Parameter values for Figures 18.2(b) and 18.3(b)

A B X Y
€A 1.2 CB 1.3 CXA 0.8 EYA 0.9

CAX 0.3 EBX 1.2 CXB 2.3 CYB 1

CAY 1.8 ERY 0.9 exy 0.5 [62%'¢ 2.4

§B.7 Parameter values for figures in §19

The common parameter values used to calculate Figures 19.2 and 19.3 are:

Table B.7.1: Parameter values for Figures 19.2 and 19.3

3! & §s €4 &5 €6
€12 1 Co1 1 t31 0.2 €41 1 t51 0.2 €61 1
t13 0.2 €L 1 C32 1.2 t42 0.2 C52 1.2 t62 0.2

Cr, — t24 0.2 €34 1 C43 1.1 t53 0.2 t63 1
t15 0.2 €R 0.9 t35 0.2 t45 0.57 t54 0.2 t64 0.2
Cr — tog 0.2 tsg 0.2 tae 0.2 €56 1 Cg5 1.1

Figure 19.2(a) is calculated by integrating (19.1) with the above parameter values and
c, =land cg = 1.

Figure 19.2(b) is calculated by integrating (19.1) with the above parameter values and
¢, =0.1and ecg = 0.9.

Figure 19.2(c) is calculated by integrating (19.1) with the above parameter values and
c, = 1.5and cg = 0.3.

Figure 19.2(d) is calculated by integrating (19.1) with the above parameter values and
¢, = 1.25 and eg = 0.05.

Figures 19.2(a) to 19.2(d) are all calculated with the following initial conditions:

(1'1, To2,X3,Ty,T5, l’ﬁ) = (099, 001, 001, 001, 001, OOl)
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