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Abstract

Heteroclinic cycles and networks are flow-invariant structures in a dynamical system
composed of saddle-type objects and connecting heteroclinic orbits. Near an attracting
heteroclinic cycle or network, trajectories spend increasingly long periods of time near
each equilibrium without converging to any one of them. A trajectory near a heteroclinic
cycle always follows the same sequence of equilibria, whereas near a heteroclinic network
trajectories can switch between subcycles, and so their analysis is more complicated.

In this thesis, we present a new methodology to analyse heteroclinic networks: the
projected map, a piecewise-smooth discrete map that reduces the complexity of analysing a
network. We use this projected map to study the Kirk–Silber, ∆-clique, and tournament
networks in R4. Our analysis resolves a claim from 1994 that there is no regular or irregular
cycling near these three networks. We prove that previously identified conditions for stability
of a heteroclinic cycle can be determined at the network’s switching equilibrium, and that
stability loss of the cycle can correspond to a border-collision bifurcation in the projected map.
We extend this result to arbitrary heteroclinic networks in higher dimensions and prove a
general result about stability loss of component cycles in a network.

We also consider the continuity of the projected map at its switching manifold. We
prove that, for the Kirk–Silber network, the projected map is discontinuous due to the
presence of a separatrix near the network. For the ∆-clique and tournament networks, no
such separatrix exists, and the projected map is therefore continuous.

Lastly, we consider larger networks that exhibit regular and irregular cycling between
subcycles. We construct the projected map of these networks. To do so, we describe how to
resolve complications that arise if the switching equilibrium has multiple incoming hetero-
clinic orbits. We relate regular cycling near these networks to periodic orbits in the projected
map, and changes in stability to border-collision bifurcations. We find that irregular cycling
corresponds to an apparent strange attractor. We expect this analysis will allow us to prove
the structure of regular and irregular cycling near these and other networks.

i





Acknowledgements

Throughout this PhD, my supervisors Claire Postlethwaite and Vivien Kirk have been the
best supervisors any student has ever had. I thank them both for everything that they have
done for me—for their guidance and contributions—for giving me space to explore this topic,
and for supporting me when I got stuck—for always encouraging me to do everything as well
as I possibly could—for sharing with me their knowledge of dynamical systems theory—for
all the time they gave to me—for reading my work so thoroughly and giving me feedback on
my talks—for their patience and understanding—for correcting all the “which”s which were
wrong—for putting up with me. I am especially grateful for the support of Claire’s Marsden
grant for funding this research and my stipend, and also funding attendance at conferences
and my research visits. Most of all, I thank Claire for taking a chance on a disenchanted
engineering student who emailed her during a COVID lockdown, and the enthusiasm she
has shown that convinced me I could do this when I felt I couldn’t.

I thank David Simpson at Massey University for discussions that led to the idea of the
projected map, and I thank him for the interest he has shown in my work and the help he has
provided me throughout my PhD.

In June 2023, I had the pleasure to visit Alastair Rucklidge at the University of Leeds.
The work presented in Chapter V was begun in Leeds, and I thank him for the ideas he
suggested there and the time he gave to me. I thank him for the advice, guidance, and support
he has provided me on so many occasions, his encouragement in my academic pursuits, for
the hospitality he and Beverly showed me, and also for convincing me that I needed a TLR.

I also had the pleasure to visit Sofia Castro at the University of Porto in June 2023. I
thank Sofia for inviting me to come to Porto and for the work we did together during that
week, for giving me the opportunity to present my first seminar, and also for suggesting
I attend during the week of São João. I thank Sofia and Peter for the incredible kindness,
hospitality, and generosity they showed me during my week in Porto.

I thank the Department of Mathematics for supporting my attendance at numerous

iii



iv

conferences in New Zealand, Australia, and further away. I also thank the University of
Auckland for providing me with an extension to my scholarship in these last six months of
my PhD.

To everybody within the Department of Mathematics, and all my friends without, to
those I have known since before I started this PhD, and those I had the pleasure to meet
along the way, I thank you all for making these three years and counting the most enjoyable
and unforgettable experience, and all the fun we could have together: the cryptic crosswords,
OGH, the drinks and dinners, morning coffee, going to the footy and ice hockey, Hobbiton,
shuffleboard, bowling, billiards, and darts, watching Julie and Julia in A&E, the road trips and
camping trips, tramping and bird watching, hiking in the snow or on a glacier, unexpected
fords,1 looking for kiwi, drinking Kingfisher Strong in a Nelson holiday park carpark, surviving
the Pacific, Hobbiton, not crossing Tongariro, Hobbiton, and everything else. I am grateful
that there are simply too many of you to name, and I thank you all.

Lastly, I thank my family, for the unstinting support they have shown me in this, as in
all my endeavours.

To the memory of my Omas and Opas,

Marie Theodorus Groothuizen
Ceridwen Beinol Hughes

Cornelis Dijkema
Helena Johanna Wilhelmina Bakker

1Sorry again.







vii

There is nothing like looking, if you want to find

something. You certainly usually find something, if

you look, but it is not always quite the something

you were after.

— J R R Tolkien

The Hobbit, or

There and Back Again

Y así, del poco dormir y del mucho leer, se le secó

el cerebro de manera, que vino a perder el juicio.

— Miguel de Cervantes

The Ingenious Gentleman

Don Quixote of La Mancha





Contents

Abstract i

Acknowledgements iii

Chapter I Introduction 1
§1 An historical overview of heteroclinic cycles and networks . . . . . . . . 2
§2 Outline of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter II Background 15
§3 Heteroclinic cycles and networks . . . . . . . . . . . . . . . . . . . . 15
§4 Stability of invariant sets . . . . . . . . . . . . . . . . . . . . . . . . 19
§5 Itineraries and cycling . . . . . . . . . . . . . . . . . . . . . . . . . 20
§6 Return maps and transition matrices . . . . . . . . . . . . . . . . . . 22

6.1 Return map for the Guckenheimer–Holmes cycle . . . . . . . . . . 22
6.2 Conditions for fragmentary asymptotic stability of a

heteroclinic cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
6.3 Conditions for fragmentary asymptotic stability of a root

sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
§7 Piecewise-smooth dynamical systems . . . . . . . . . . . . . . . . . . 31

Chapter III The projected map of heteroclinic networks in R4 33
§8 Three heteroclinic networks in R4 . . . . . . . . . . . . . . . . . . . . 34

ix



x Contents

§9 Construction of the projected map . . . . . . . . . . . . . . . . . . . 35
9.1 Return maps near the Kirk–Silber network . . . . . . . . . . . . . . 35
9.2 Motivating the projected map . . . . . . . . . . . . . . . . . . . . . 40
9.3 The projected map of the Kirk–Silber network . . . . . . . . . . . . 41
9.4 Well-definedness of the projected map . . . . . . . . . . . . . . . . 43

§10 The Kirk–Silber network . . . . . . . . . . . . . . . . . . . . . . . . 47
10.1 Fixed points, admissibility, and stability . . . . . . . . . . . . . . . 48
10.2 Equivalence of the border-collision bifurcation and

Podvigina’s third stability condition . . . . . . . . . . . . . . . . . . 49
10.3 Discontinuity of the projected map of the Kirk–Silber

network at ϑs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
10.4 Dynamics when ν3 > 0 and ν4 > 0 . . . . . . . . . . . . . . . . . . 51
10.5 Dynamics when either ν3 < 0 or ν4 < 0 . . . . . . . . . . . . . . . 52
10.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 53

§11 The ∆-clique network . . . . . . . . . . . . . . . . . . . . . . . . . 54
11.1 Fixed points, existence, admissibility, and stability . . . . . . . . . . 60
11.2 Continuity of the projected map of the ∆-clique

network at ϑs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
11.3 Dynamics with ω34 < 0 or τ34 < 0 . . . . . . . . . . . . . . . . . . 63
11.4 Dynamics with a virtual fold . . . . . . . . . . . . . . . . . . . . . . 64
11.5 Dynamics with an admissible fold . . . . . . . . . . . . . . . . . . . 65
11.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 65

§12 The tournament network . . . . . . . . . . . . . . . . . . . . . . . . 66
12.1 Overview of analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 70
12.2 Continuity of the projected map of the tournament

network at ϑ+
s and ϑ−

s . . . . . . . . . . . . . . . . . . . . . . . . . 73
12.3 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Chapter IV The projected map in higher dimensions 75
§13 Defining the projected map . . . . . . . . . . . . . . . . . . . . . . . 76

13.1 Properties of transition matrices . . . . . . . . . . . . . . . . . . . . 76
13.2 Constructing the projected map . . . . . . . . . . . . . . . . . . . . 79
13.3 Properties of the projected map . . . . . . . . . . . . . . . . . . . . 82

§14 Generalised border-collision bifurcations. . . . . . . . . . . . . . . . . 84
§15 Other bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

15.1 Breaking λmax ∈ R . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
15.2 Breaking λmax > 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 87



xi

Chapter V Continuity of the projected map of heteroclinic networks in R4 89
§16 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
§17 Constructing a completed return map . . . . . . . . . . . . . . . . . . 95

17.1 The local map ψ̂B : H
in,A
B → Hout,C

B . . . . . . . . . . . . . . . . . 98
17.2 The global map Ψ̂BC : H

out,C
B → Hin,B

C . . . . . . . . . . . . . . . . 98
17.3 The local map ψ̂C : H

in,B
C → Hout,A

C . . . . . . . . . . . . . . . . . 99
17.4 The global map Ψ̂CA : H

out,A
C → Hin,C

A . . . . . . . . . . . . . . . . 103
17.5 The local map ψ̂A : H

in,C
A → Hout,B

A . . . . . . . . . . . . . . . . . 103
17.6 The global map Ψ̂AB : H

out,B
A → Hin,A

B . . . . . . . . . . . . . . . . 104
17.7 Composing the maps . . . . . . . . . . . . . . . . . . . . . . . . . . 104

§18 Analysing the continuity of the projected map . . . . . . . . . . . . . . 105
18.1 Projection of the completed full return map . . . . . . . . . . . . . 106
18.2 Calculating the completed full return map . . . . . . . . . . . . . . 108
18.3 Applying the projection . . . . . . . . . . . . . . . . . . . . . . . . 112

Chapter VI Dynamics near networks in higher dimensions 117
§19 Podvigina’s two-cycle network. . . . . . . . . . . . . . . . . . . . . . 118

19.1 Regular cycling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
19.2 Constructing the projected map . . . . . . . . . . . . . . . . . . . . 128
19.3 Numerical investigation of the projected map of

Podvigina’s two-cycle network . . . . . . . . . . . . . . . . . . . . . 132
19.4 Continuity of the projected map . . . . . . . . . . . . . . . . . . . 136

§20 The Rock–Paper–Scissors–Lizard–Spock network . . . . . . . . . . . . 136
20.1 Stability of regular cycling . . . . . . . . . . . . . . . . . . . . . . . 138
20.2 Return maps and transitions matrices of the network . . . . . . . . 141
20.3 Constructing the projected map . . . . . . . . . . . . . . . . . . . . 144
20.4 Regular cycling in the projected map . . . . . . . . . . . . . . . . . 151
20.5 Irregular cycling in the projected map . . . . . . . . . . . . . . . . . 155
20.6 Continuity of the projected map . . . . . . . . . . . . . . . . . . . 157

Chapter VII Discussion 161

Appendix A Numerical calculations 167
§A.1 Systems of ODEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

§A.2 Approximation of θout,C3

(
θin,C3

)
. . . . . . . . . . . . . . . . . . . . . 168

§A.3 Approximations of f (k)
KS and f (k)

∆ . . . . . . . . . . . . . . . . . . . . 169



xii Contents

Appendix B Expressions and parameter values 171
§B.1 Transition matrices of heteroclinic networks in R4 . . . . . . . . . . . . 171

B.1.1 The Kirk–Silber network . . . . . . . . . . . . . . . . . . . . . . . . 171
B.1.2 The ∆-clique network . . . . . . . . . . . . . . . . . . . . . . . . . 173
B.1.3 The tournament network . . . . . . . . . . . . . . . . . . . . . . . 174

§B.2 Transition matrices of Podvigina’s two-cycle network . . . . . . . . . . . 176
§B.3 Continuity of the projected map of Podvigina’s two-cycle network . . . . . 179
§B.4 Parameter values for figures in Chapter I . . . . . . . . . . . . . . . . . 181
§B.5 Parameter values for figures in Chapter III . . . . . . . . . . . . . . . . 182

B.5.1 Figures in §9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.5.2 Figures in §10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
B.5.3 Figures in §11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
B.5.4 Figures in §12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

§B.6 Parameter values for figures in Chapter V . . . . . . . . . . . . . . . . 190
§B.7 Parameter values for figures in §19 . . . . . . . . . . . . . . . . . . . . 191

References 193



List of Figures

1.1 An example of a trajectory near a heteroclinic cycle in R3

composed of three equilibria . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Examples of basins of attraction of an invariant set . . . . . . . . . . . . . . 5
1.3 Diagrammatic representations of three heteroclinic networks

between four equilibria in R4 . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 An example of a trajectory near the Kirk–Silber network [KS94]

that switches from component cycle to the other . . . . . . . . . . . . . . . 8
1.5 Diagrammatic representations of three heteroclinic networks

between five equilibria in R5 . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.6 Diagrammatic representations of two heteroclinic networks

between six equilibria in R6 . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

6.1 The Guckenheimer–Holmes cycle and the cross-sections used in
its analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

9.1 Examples of the action of the return map Φ: Hin,1
2 → Hin,1

2 . . . . . . . . . 38
9.2 Examples of the action of the map M : R2

– → R2
– . . . . . . . . . . . . . . . 39

9.3 Examples of the projection Π: R2
– → S . . . . . . . . . . . . . . . . . . . . 42

9.4 Four examples of the projected map of the Kirk–Silber network . . . . . . . 44
9.5 Examples of the half-lines for which the projected is defined . . . . . . . . . 45
10.1 Example timeseries of trajectories near the Kirk–Silber network . . . . . . . 53
11.1 Four examples of the projected map of the ∆-clique network . . . . . . . . 56

xiii



xiv List of Figures

11.2 A bifurcation set of the stability of the component cycles of the
∆-clique network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

11.3 Bifurcation diagrams of the stability of the component cycles of
the ∆-clique network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

11.4 Example timeseries of trajectories near the ∆-clique network . . . . . . . . 66
12.1 Four examples of the projected map of the tournament network . . . . . . . 67
12.2 A bifurcation set of the stability of the component cycles of the

tournament network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
12.3 Bifurcation diagrams of the stability of the component cycles of

the tournament network . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
12.4 An example of a trajectory near the tournament network . . . . . . . . . . 74

16.1 Diagrammatic representations of the Kirk–Silber and ∆-clique networks . . 90
16.2 Dynamics within various subspaces of the Kirk–Silber and

∆-clique networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
17.1 A diagrammatic representation of the sections used to analyse

the (dis)continuity of fKS and f∆ . . . . . . . . . . . . . . . . . . . . . . . 96
17.2 A representation of the dynamics near the curve C . . . . . . . . . . . . . . 101
17.3 The outgoing angle θout,C3 as a function of θin,C3 . . . . . . . . . . . . . . . . 103
18.1 A representation of the domain of the map M̂B and of the pro-

jection Π(k), and the set T (k) . . . . . . . . . . . . . . . . . . . . . . . . . . 106
18.2 Numerical approximations of the projected maps f (k)

KS and f (k)
∆

for various values of k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
18.3 Numerical approximations of the projected maps f (k)

KS and f (k)
∆

near the switching manifold ϑs for various values of k . . . . . . . . . . . . 108

19.1 Diagrammatic representation of Podvigina’s two-cycle network . . . . . . . 118
19.2 Examples of regular cycling near Podvigina’s two-cycle network . . . . . . . 121
19.3 A partial bifurcation set of stable root sequences of regular

cycling near Podvigina’s two-cycle network . . . . . . . . . . . . . . . . . . 123
19.4 A diagram of the root sequences that appear in the partial

bifurcation set of stable root sequences of cycling near
Podvigina’s two-cycle network, and the relationship between them . . . . . 126

19.5 Various examples of the action of the projected map fPod . . . . . . . . . . 133
20.1 Diagrammatic representation of the Rock–Paper–Scissors–Lizard–

Spock network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137



xv

20.2 A partial bifurcation set of stable root sequences of regular
cycling near the Rock–Paper–Scissors–Lizard–Spock network . . . . . . . . 140

20.3 The sets TΘ and TΦ represented as a subset of R2
– . . . . . . . . . . . . . . . 146

20.4 A representation of the set S = (−1, 0)2 . . . . . . . . . . . . . . . . . . . 150
20.5 Various examples of the action of the projected map fRPSLS . . . . . . . . . 152
20.6 Various examples of admissible X -orbits of fRPSLS near border-

collision bifurcations and shrinking points . . . . . . . . . . . . . . . . . . 154
20.7 Various stages of the evolution of an attractor of fRPSLS . . . . . . . . . . . 156





I Introduction

Heteroclinic cycles and networks are structures in dynamical systems composed of flow-
invariant sets and connecting heteroclinic orbits. These flow-invariant sets may include hy-
perbolic saddle-type equilibria, periodic orbits, chaotic sets, or other cycles and networks.
Although heteroclinic orbits can be of high codimension, heteroclinic cycles and networks
can be robust in certain dynamical systems. In particular, when the system contains flow-
invariant subspaces, the heteroclinic orbits may be saddle–sink connections when restricted
to these subspaces. Therefore, heteroclinic cycles and networks can be robust to sufficiently
small perturbations that preserve the invariance of these subspaces, which may be forced, for
example, by symmetries of the dynamical system, or properties of some underlying physical
model.

Near an attracting heteroclinic cycle or network composed of equilibria and connecting
heteroclinic orbits, a trajectory typically spends a long period of time in a small neighbour-
hood of one equilibrium. The trajectory then rapidly transitions to the next equilibrium,
and, after a time, then transitions to the next equilibrium in the cycle or network, and this
process continues indefinitely, with the trajectory asymptotic to no single equilibrium. This
behaviour of nearby trajectories allows heteroclinic cycles and networks to be employed in
models of intermittent phenomena and intransitive relations, and so applied to a variety of
disciplines.

The study of heteroclinic cycles and networks has continually provided new develop-
ments and unexpected results. These structures can be strongly attracting but not asymptot-
ically stable, and bifurcations of cycles and networks can also be quite complicated. Changes
in the stability of a heteroclinic cycle have been identified that do not seem to align with com-
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2 I. Introduction

mon definitions of a bifurcation. The asymptotic dynamics of trajectories near networks can
qualitatively change without a change in the stability of the network or its component cycles.
For heteroclinic networks in particular, many papers have focussed on particular examples,
producing many interesting and unique results. Recently, these results have often concerned
the long-term behaviour of trajectories, but a complete understanding of the possible dy-
namics is lacking. Even for heteroclinic cycles, novel results and examples have recently been
considered, and many unanswered questions remain.

§1 An historical overview of heteroclinic cycles and
networks

The earliest known example of a heteroclinic cycle in the literature appears in a paper by
May and Leonard [ML75]. They considered a generalised Lotka–Volterra model of cyclic
competition between three species, and observed that, for some parameter values, trajectories
are typically not asymptotic to an equilibrium or limit cycle. In their words,

. . . [A] nonlinear study of this domain of parameter space reveals . . . a wider
class of asymptotic solutions in which the system cycles from being composed
almost wholly of population 1, to almost wholly 2, to almost wholly 3, back to
1, but with the time to complete the cycle becoming longer and longer (being
proportional to the length of time the system has been running), and with the
system coming in turn ever closer to the points with 1 alone, 2 alone and 3 alone,
yet never actually converging on any one point... [ML75, p. 244]

May and Leonard describe here the behaviour associated with a trajectory asymptotic to an
attracting heteroclinic cycle. We show an example of such a trajectory in Figure 1.1.

After May and Leonard’s initial study, heteroclinic cycles were encountered in various
models of population dynamics, such as in the works of Gilpin [Gil75], Grossberg [Gro78],
Coste, Peyraud, and Coullet [CPC79], Schuster, Sigmund, and Wolff [SSW79], Kirlinger
[Kir89], or Sikder and Roy [SR94], amongst others. The dynamical properties of the cy-
cle itself were not investigated in these papers, and their terminology reflects a different way
of thinking about these structures. For example, the behaviour that we now understand to
be a trajectory asymptotic to an attracting heteroclinic cycle was described as “unstable os-

cillation[s] of ever-lengthening period” [Gil75], and the cycle itself was sometimes referred to as
an “orbit of infinite period” [CPC79]. The earliest definition we can find in the literature of a
heteroclinic cycle is in a 1976 paper on the 3-body problem by Easton [Eas76], though, again,
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Figure 1.1: An example of a trajectory near a heteroclinic cycle of three equilibria, which was
studied in [ML75] and [GH88]. A part of the trajectory is shown in phase space in (a), and
two timeseries are shown in (b), in normal (top) and logarithmic (bottom) coordinates. In
(a), the three coloured dots are hyperbolic saddles, and are the equilibria of the cycle, and the
black dot is an unstable focus. Only a portion of the trajectory is shown for visual clarity. In
(b), the values of x1, x2, and x3 (and the corresponding logarithmic coordinates), are shown
in red, green, and blue, respectively. Parameter values and initial conditions used to produce
this figure are given in §B.4. See [Gro25a] for an animation of this timeseries.

the cycle itself was not studied in this paper.
Other early examples of heteroclinic cycles are found in studies of fluid dynamics. Build-

ing on the work of Küppers and Lortz [KL69] concerning convection in a fluid layer heated
from below and rotating about a normal axis, Busse and Clever [BC79] and Busse and Heikes
[BH80, HB80] found that, beyond the critical Taylor number, convection rolls are unstable
to rolls orientated at approximately 60◦. In [HB80], they derived equations for the amplitude
of these convection rolls that were the same as the equations considered by May and Leonard
[ML75]. Since then, analysis of the Küppers–Lortz instability with models that contain
heteroclinic cycles has continued [Swi84, Sow85, HPA98, TMG00, Lau01, Daw01, BSC06].
Knobloch and Silber [KS93] considered a generalisation of this problem with oscillatory ro-
tating convection, and identified the existence of a heteroclinic cycle between four states.
This cycle provided an explanation of the observed instability of travelling and standing
rolls, analogous to the Küppers–Lortz instability of steady rolls. Aubry, Holmes, Lumley, and
Stone [AHL88, AHL89] and Berkooz, Holmes, and Lumley [BHL91] studied fluid flow in a
channel and the associated turbulent boundary layer. The truncated ODEs of the dynamics in
the wall region were found to contain a heteroclinic cycle associated with turbulent bursting
[AHL88, AHL89, BHL91]. Stone and Holmes [SH89, SH91] similarly observed heteroclinic
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cycles in truncated ODE models of turbulence. Other examples of heteroclinic cycles in ap-
plications are seen in models of geodynamos and geomagnetic reversal [ACO01, MPR01] and
in experimental investigations of von Kármán swirling flows [NMQ05].

In dynamical systems theory, early studies of heteroclinic cycles considered equivariant
dynamical systems—that is, systems that have certain symmetries. The presence of symme-
tries can result in heteroclinic orbits that are robust to sufficiently small symmetric perturba-
tions [Fie80, Rei84, GH88]. Dos Reis [Rei84] proved the structural stability of heteroclinic
cycles—though they termed cycles “hyperbolic graphs of a vector field”—to sufficiently small
equivariant perturbations for a class of vector fields on two-manifolds. The first explicit
proof of the structural stability of a specific heteroclinic cycle was given by Guckenheimer
and Holmes [GH88], who considered a cycle equivalent to that studied by May and Leonard
[ML75]. Other early examples of robust heteroclinic cycles include those that exist in sys-
tems that are equivariant with respect to the group O(2) [AGH88, MCG89, Arm89b, CH91,
KM95b, SMH05] and O(3) [AC91, CA91, PK01, CG96].

A study of heteroclinic cycles inR4 in [CKM97] initiated a means to classify heteroclinic
cycles in systems with symmetry. For dynamical systems equivariant with respect to groups
of symmetries, the representation-theoretic properties of these groups can be used to classify
the heteroclinic cycles that occur in these systems. Chossat, Krupa, Melbourne, and Scheel
[CKM97] were able to classify into three different types all cycles inR4 in which all equilibria
lie in the same group orbit. These are known as typeA,B, andC cycles. The characterisation
of a cycle as being of type A, B, or C depends on where the cycle lies relative to certain
fixed-point subspaces. Krupa and Melbourne [KM04] later completed the classification of
all cycles of type B and C in R4. The complete classification of cycles of type A required
considerable additional effort [Sot02a, Sot02b]. Chossat, Lohse, and Podvigina, in a series of
papers [PC15, PC17, CLP18] extended this classification still further (into cycles said to be
pseudo-simple) after realising that certain assumptions had previously been implicitly made,
and Sottocornola [Sot05] and Podvigina [Pod13] have begun extending this work to R5.

Podvigina [Pod12] introduced a definition of a broad class of heteroclinic cycles, which
they called type Z cycles. Garrido da Silva and Castro [GC19] introduced the notion of
quasi-simple cycles, which generalises the notion of type Z cycles by replacing the fixed-point
subspaces of the system with subspaces whose flow-invariance is forced by any means, not
necessarily symmetry.

In [GH88], Guckenheimer and Holmes also consider the stability of the heteroclinic cy-
cle they study, not just its robustness. The vector field linearised at any one of the three equi-
libria of the Guckenheimer–Holmes cycle has three eigenvalues, which are the same for all
three equilibria due to the symmetry of the system: one negative eigenvalue corresponding to
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(a) (b) (c)

Figure 1.2: Schematic representations of the basin of attraction of an invariant set that is
(a) asymptotically stable, (b) essentially asymptotically stable, or (c) essentially completely
unstable. In each figure, the invariant set X is represented by the black dot at the centre,
and the basin of attraction of X is shaded green.

the radial direction in phase space, and one single negative eigenvalue (known as contracting)
and one single positive eigenvalue (known as expanding) that correspond to directions tangent
to the heteroclinic cycle. Guckenheimer and Holmes prove that if the contracting eigenvalue
is greater in absolute value than the expanding eigenvalue, the cycle is asymptotically stable.
In [Mel91], Melbourne considered a heteroclinic cycle composed of two equilibria that is at-
tracting but not asymptotically stable: all initial conditions in a cusp-shaped region of phase
space abutting the heteroclinic cycle give rise to trajectories that are not asymptotic to the
cycle. To address this difference, Melbourne introduced the concept of essential asymptotic

stability. The primary idea of this definition is that the proportion of initial conditions in
a neighbourhood of the cycle that are asymptotic to the cycle increases to 1 as the neigh-
bourhood shrinks. Therefore, although the cycle is not asymptotically stable, it is strongly
attracting in some sense. Heteroclinic cycles can also be only weakly attracting without being
completely unstable if the proportion of initial conditions in a neighbourhood of the cycle
that are asymptotic to the cycle decreases to 0 as the neighbourhood shrinks. Such a cycle is
said to be essentially completely unstable. Diagrammatic representations of these concepts are
shown in Figure 1.2.

However, the stability of a cycle can be yet more subtle. The geometry of the basin of
attraction of the cycle may change from one component heteroclinic orbit to another, and,
as a result, the cycle may not be essentially asymptotically stable or essentially completely
unstable. In [Pod12], Podvigina introduced a new concept, fragmentary asymptotic stability,
which incorporates all possible stability arrangements. This definition is formulated by con-
sidering the Lebesgue measure of the set of all trajectories that both start, and remain in
forward time in, a small neighbourhood of the cycle.

The stability of a heteroclinic cycle is typically analysed using return maps defined on
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cross-sections that lie close to each equilibrium. If the return maps of a cycle have a certain
form—which holds if the cycle falls into classes known as being of type Z [Pod12] or quasi-
simple [GC19]—these return maps can be transformed into logarithmic coordinates where
the resulting map is linear. This linear action is defined by a transition matrix, a process that
was first introduced by Hofbauer [Hof87] and Field and Swift [FS91]. Podvigina [Pod12] has
given three necessary and sufficient conditions on the eigenvalues and eigenvectors of the
transition matrices of a cycle of type Z that guarantee the cycle is fragmentarily asymptoti-
cally stable. Garrido da Silva and Castro [GC19] extended these results to quasi-simple cycles.
From the transition matrices of a cycle, stability indices can be calculated. These indices were
introduced by Podvigina and Ashwin [PA11], and quantify the relative size of the basin of
attraction of a cycle along each heteroclinic orbit.

Many authors have also studied bifurcations of heteroclinic cycles, which are often con-
sidered to be resonant or transverse. A resonance bifurcation is a global bifurcation, and occurs
when an algebraic condition on the eigenvalues of the linearised vector field at the equilibria
of the cycle is satisfied [SC92]. Generically, a resonance bifurcation is associated with the
birth or death of a long-period periodic orbit, and the heteroclinic cycle changes stability
after the bifurcation. On the other hand, a transverse bifurcation is a local bifurcation, and
occurs when an eigenvalue of the linearised vector field at an equilibrium changes sign, and
can result in most subtle changes in the type of stability of the cycle.

In their original paper, May and Leonard [ML75] observed a degenerate resonance bifur-
cation of a heteroclinic cycle—though they did not use this terminology—and they described
the infinite family of stable periodic orbits that exists at the bifurcation. Guckenheimer
and Holmes [GH88] also noted the existence of this family of periodic orbits. The first de-
tailed study of a resonance bifurcation of a heteroclinic cycle appears to be that of Hofbauer
[Hof87]. They proved that the loss of stability of the cycle was associated with the creation of
a long-period periodic orbit. This study was followed by studies in equivariant bifurcation
theory [AGH88, Arm89a, FS91, SC92]. The algebraic condition for a resonance bifurcation
of all typeB and C cycles in R4 was completed by Krupa and Melbourne [KM04]. A general
condition for a resonant bifurcation of a robust homoclinic cycle—one where all equilib-
ria lie in the same group orbit—of type C with any number of equilibria was determined
by Postlethwaite and Dawes [PD10], who had earlier studied a codimension-two resonant
bifurcation of a cycle that was not of type Z [PD06].

The earliest study of a transverse bifurcation we can identify is that of Campbell and
Holmes [CH91]. Chossat, Krupa, Melbourne, and Scheel [CKM97] give a comprehensive
study of transverse bifurcations of homoclinic cycles inR4, and identify the conditions under
which a long-period periodic orbit bifurcates from the cycle. Lohse [Loh15] gives a complete
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Figure 1.3: Diagrammatic representations of three heteroclinic networks between four equi-
libria in R4: (a) the Kirk–Silber network [KS94], (b) the ∆-clique network, and (c) the tour-
nament network. All three networks were also studied in [Bra94] as networks on the tetrahe-
dron. Coloured vertices represent hyperbolic saddle equilibria, and directed edges represent
robust heteroclinic orbits.

study of transverse bifurcations of cycles of type B and type C in R4. Podvigina [Pod12]
generalised many of these results by considering resonant and transverse bifurcations of het-
eroclinic cycles of type Z .

The study of bifurcations and stability of heteroclinic cycles has produced many novel
and unexpected developments. In 2010, Postlethwaite [Pos10] identified a new bifurcation of
a type C cycle in R4 that is associated with a pair of eigenvalues of the linearised vector field
at one equilibrium becoming complex conjugate. This bifurcation changes the stability of
the cycle, from essentially asymptotically stable to completely unstable, but is qualitatively
different from those that had been studied before. Most notably, it is not associated with the
birth or death of another dynamical object, such as a long-period periodic orbit.

An early example of an unexpected bifurcation of a heteroclinic cycle was studied by
Kirk and Silber [KS94], where a cycle loses stability in the full system to perturbations in
an orthogonal direction, though through neither a resonant nor transverse bifurcation, while
still remaining asymptotically stable in a proper subspace that contains the cycle. This change
in the dynamics of trajectories near the cycle does not necessarily seem to meet strict defi-
nitions of a bifurcation: for example, Guckenheimer and Holmes define a bifurcation as “[a
parameter] value.. .for which the flow...is not structurally stable. . .” [GH83, Definition 3.1.1, p. 119].
Nevertheless, new types of asymptotic behaviour of trajectories arise that are qualitatively
different, and there are changes to the stability properties of the flow-invariant structures
in the system. As such, this example illustrates the complications that arise when studying
heteroclinic cycles and the structures they can form. In particular, this bifurcation occurred
because the cycle was part of a larger structure, known as a heteroclinic network.

Informally, a heteroclinic network is a connected union of heteroclinic cycles. A het-
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Figure 1.4: An example of a trajectory near the Kirk–Silber network that switches from one
component cycle to the other. Parameter values and initial conditions used to produce this
figure are given in §B.4.

eroclinic network exists in many of the equivariant systems discussed above, because of the
symmetries of the system. However, the behaviour of trajectories near each component cy-
cle is related by symmetry, and flow-invariant hyperplanes lie between all component cycles.
Therefore, it is natural to eliminate this redundancy by identifying all cycles in the same
group orbit [KS94, KM04, Pod12]. The earliest example in the literature of a heteroclinic
network without this redundancy appears to be a 1992 study of equivariant bifurcation the-
ory by Field and Richardson [FR92]. The network in [FR92] is composed of five equilibria
and ten heteroclinic orbits, and has a structure equivalent to a complete graph on five vertices.
However, Field and Richardson do not consider the network structure, only the network’s
component cycles in isolation. They note that the cycles co-exist, but do not consider the
larger, connected structure. Early comprehensive studies of heteroclinic networks were com-
pleted by Kirk and Silber [KS94] and Brannath [Bra94], both in 1994. The networks studied
in these papers are shown in Figure 1.3.

Kirk and Silber [KS94] studied the union of two cycles, each containing three equilibria,
that share one heteroclinic orbit. These cycles are equivalent to that studied by [ML75] and
[GH88]. Trajectories near the Kirk–Silber network are asymptotic to only one component
cycle. However, they may make finitely many excursions around one cycle before switching
to the other cycle. This switch can only occur once, and only in a particular direction, which
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depends on the parameter values of the system. An example of a trajectory that switches
between the cycles of the Kirk–Silber network is shown in Figure 1.4. Brannath also stud-
ied the Kirk–Silber network, as well as the two other networks that may be defined on the
edges of the 3-simplex in R4. For certain parameter values, Brannath showed that trajecto-
ries may switch from one component cycle to the other, but that the ω-limit of a trajectory is
one cycle, and not a larger subset of the network or the whole network. Brannath only con-
sidered these networks assuming certain relations between parameter values, but claimed
“. . . that there should be a quite general (but non-trivial) argument which excludes such a ‘switching’

for networks on S3. . . ” [Bra94, p. 1381].
Since these early studies by Brannath and Kirk and Silber, several authors have stud-

ied heteroclinic networks, including their classification, stability properties, the dynamics of
nearby trajectories, and also various methods to realise a given strongly-connected graph as
a heteroclinic network in a dynamical system. For example, similar to the work to classify
heteroclinic cycles, Castro and Lohse [CL16a] and Podvigina and Lohse [PL19] have classified
all heteroclinic networks inR4 composed of simple heteroclinic cycles. Ashwin and Postleth-
waite [AP13] give an algorithm to construct an equivariant vector field that realises a given
strongly-oriented graph with n vertices as a heteroclinic network in Rn. Stability of het-
eroclinic networks has been studied in [DH09, KPR12, AMY16, CL14, PCL20]. Moreover,
several studies have considered heteroclinic networks in coupled cell systems [AF99, Fie15,
AD17], various examples of interesting dynamics near networks [RL14, VVM20, HOP21,
LR23, PR23], and their emergence in spatially-extended models of cyclic competition [GP23].
Several studies have been motivated by Boussineq convection [PA07, CLP10, PCL19]. Het-
eroclinic networks have also found applications in various fields, including neuroscience
[AGR15, ACN16, YZS24] and cosmology [HU06, LRT13, SN23, LU24].

Kirk and Silber [KS94] and Brannath [Bra94] both considered switching of trajecto-
ries between cycles of the network, and many authors have considered such switching near
heteroclinic networks in higher dimensions. Postlethwaite and Dawes [PD05] considered a
heteroclinic network in R6 composed of six equilibria, shown in Figure 1.6(b). They showed
that trajectories exist that are asymptotic to a larger subset of the network than one compo-
nent cycle. In particular, they showed that there is sustained switching between subcycles of
the network, and that this switching may happen in a periodic or aperiodic sequence. Sim-
ilar behaviour is observed in trajectories near networks in R5 [CL16b]—see Figures 1.5(a)
and 1.5(b)—and near a network in R6 [Pod23]—see Figure 1.6(a).

Some authors have introduced a notion of “switching” in heteroclinic networks that is
unrelated to the ideas of the switching of a trajectory between subcycles of a network de-
fined in [KS94]. These authors say that there is switching near a network if, for any infinite
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Figure 1.5: Diagrammatic representations of three heteroclinic networks between five equi-
libria inR5: (a) the bowtie network, (b) the house network, and (c) the Rock–Paper–Scissors–
Lizard–Spock network. In (c), the heteroclinic orbits are coloured amber and blue for class
A and B orbits, respectively.

sequence of heteroclinic orbits in the network, a trajectory exists that follows this sequence.
Aguiar, Castro, and Labouriau [ACL04] study a network composed of two equilibria with
complex eigenvalues, and prove that there is infinite switching near this network, due to the
presence of a horseshoe of suspended horseshoes. They also prove that there is no infinite
switching in a network that contains the Kirk–Silber network as a subnetwork. The same
authors also prove infinite switching occurs in a class of networks in R4 [ACL06]. Other pa-
pers that have studied this type of infinite switching include [AC10, HK10, RLA11, Agu11,
IR15, Rod16, RC23]. Recent work by Castro and Garrido da Silva [CG23] has considered this
alternate notion of switching in more detail. In particular, they considered heteroclinic net-
works composed of a certain type of cycle (so-called quasi-simple cycles), where the linearised
vector field at every equilibrium has only real eigenvalues. They proved that there exist some
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Figure 1.6: Diagrammatic representations of two heteroclinic networks between six equilibria
in R6: (a) Podvigina’s two-cycle network [Pod23] and (b) the Postlethwaite–Dawes network
[PD05].

sequences of heteroclinic orbits, which may be finite or infinite, that are not followed by any
trajectory.

The dynamics near heteroclinic networks can be extremely intricate. Postlethwaite
and Rucklidge [PR22] studied the dynamics of trajectories near the Rock–Paper–Scissors–
Lizard–Spock network, a network in R5 composed of five equilibria. See Figure 1.5(c). This
network also appeared in [FR92], and was also studied in [CFG22]. The heteroclinic orbits
of this network can be classified as being either class A or B, and each equilibrium has an
incoming and outgoing heteroclinic orbit of each class. Postlethwaite and Rucklidge studied
trajectories that are asymptotic to this network and that follow certain periodic sequences
of A and B orbits. In particular, they calculated regions of parameter space where certain
periodic sequences are fragmentarily asymptotically stable, and showed that these regions
create complicated patterns in parameter space, with two notable features. First, there is
a Farey-like concatenation of certain stable periodic sequences. Second, these regions form
chains in parameter space, where successive regions that belong to the same chain meet at a
codimension-two point. Moreover, the corresponding root sequences of regions in the same
chain are related by the exchange of anAwith aBB. Postlethwaite and Rucklidge found that
many of these stability regions lie outside the region of parameter space where the sufficient
conditions of [PCL20] and [AMY16] for asymptotic stability hold, implying that these con-
ditions are not necessary for the network to be at least fragmentarily asymptotically stable.

Evidently, the study of heteroclinic cycles and networks over the last five decades has
provided many fruitful developments. For heteroclinic cycles, many general results have been
derived about their classification and stability. There are several similar results for hetero-
clinic networks, though they are more sparse. In addition to considerations about classifica-
tion and stability, for heteroclinic networks there is the additional complication of determin-
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ing and understanding the possible routes that a trajectory can take around the network. In
this regard, the study of heteroclinic networks is much more complicated, and only recently
has it become fully evident how nuanced these properties can be. Most studies until now have
focussed on specific examples of heteroclinic networks, and even then have not necessarily
been able to completely classify all possible dynamics of trajectories near these networks. It
would be desirable to have an understanding of how the structure of the network affects the
dynamics of nearby trajectories. In other words, given a representation of a network as a di-
rected graph, what topological features of this graph affect the dynamics of trajectories and
how. Such an understanding would allow us to determine the properties of large classes of
networks without studying them individually.

This thesis is concerned with the dynamics of trajectories near heteroclinic networks.
In particular, we are interested in developing tools that help us analyse this dynamics and the
long-term behaviour of trajectories. We develop a new methodology, the projected map, which
is an extension of the transition matrix method, and we use this projected map to analyse the
dynamics near certain heteroclinic networks. Although we cannot yet determine how fea-
tures of a network affect the dynamics of nearby trajectories, we are able to understand the
relationship between certain properties of dynamical systems containing heteroclinic net-
works and how they manifest in the projected map, and identify how the more complicated
properties of heteroclinic networks that have so far been numerically computed but not an-
alytically proven may be explained by employing the network’s projected map.

§2 Outline of thesis
The remainder of this thesis is organised as follows.

In Chapter II, we overview the relevant background of this thesis. We give the technical
definition of a heteroclinic cycle and network in §3, where we also consider some of the basic
properties of these structures. We define in §4 the various notions of stability that apply to
cycles and networks. The itinerary of a trajectory near a heteroclinic network is defined in
§5. We also define the switching of trajectories between subcycles of a network, and give
the definition of the regular or irregular cycling of a trajectory near a network. Analysis of
heteroclinic cycles and networks, and necessary and sufficient conditions for the fragmentary
asymptotic stability of a cycle, are presented in §6. In §7, we provide some basic notions from
the theory of piecewise-smooth dynamical systems used in the following chapters.

Chapter III is concerned with deriving the projected map of a heteroclinic network, a
piecewise-smooth map, and the analysis of the dynamics of trajectories near heteroclinic



§2. Outline of thesis 13

networks in R4. We derive the return map of the Kirk–Silber network in §9 and then use
it to define the projected map of the network. Then, in §10, we classify the dynamics of
trajectories near the Kirk–Silber network with the projected map, through an analysis of the
fixed points of this map and their stability and admissibility. In §11, we classify dynamics of
trajectories near the ∆-clique network using its projected map. The projected map of the
∆-clique network is qualitatively different from that of the Kirk–Silber network, and more
care is needed in using the projected map to deduce the dynamics of the network. In §12, we
consider the tournament network. We provide its projected map, but, due to its complexity,
do not provide an analysis to the same extent as the other two networks. Instead, we give
a qualitative overview of the important aspects of its analysis and the resulting dynamics
of trajectories near the tournament network. These results resolve the claim of Brannath
[Bra94] that there is no regular or irregular cycling near these networks.

In the analysis in Chapter III, a certain relationship is identified between admissibility of
fixed points of the projected map and Podvigina’s third condition for stability. We generalise
this relationship in Chapter IV for the projected map of an arbitrary heteroclinic network.
We construct this projected map and derive some of its properties in §13. We prove in §14 that
a border-collision bifurcation of the projected map, and thus a corresponding condition of
certain transition matrices, corresponds to stability loss of a heteroclinic cycle in a network.
In §15, we briefly consider Podvigina’s two other conditions for stability of a heteroclinic
cycle, and how the breaking of these conditions can manifest in the projected map.

In Chapter III, one of the observed properties of the projected map of the Kirk–Silber
network is that it is discontinuous on the point that divides the two pieces of the projected
map, while the projected maps of the ∆-clique network and tournament network are con-
tinuous on these points. Chapter V is concerned with studying this (dis)continuity, and we
focus on the Kirk–Silber network and ∆-clique network for simplicity. We construct a com-

pleted return map in §17 that captures all trajectories near the two networks. To construct
this map, we must linearise along the entire two-dimensional unstable manifold of the equi-
librium near which the projected map is defined, which presents many difficulties. Although
we cannot explicitly write down most of this map, we can derive sufficient properties about
components of this map to resolve the continuity or discontinuity of the projected map. An
analysis of this map in §18 allows us to prove that the discontinuity in the case of the Kirk–
Silber network is due to the presence of a separatrix that causes the completed return map
to be discontinuous in the limit as a trajectory approaches the network. No such separatrix
exists in the case of the ∆-network, and so its projected map is continuous.

The dynamics of trajectories near networks in higher dimensions is considered in Chap-
ter VI. We begin in §19 with the two-cycle network considered by Podvigina [Pod23]. We give
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numerical examples of trajectories near this network that regularly switch between the sub-
cycles of the network, and construct a bifurcation set of regular cycling near the network.
We construct the network’s projected map, and then relate periodic orbits in this map to
regular cycling of trajectories near the network. The Rock–Paper–Scissors–Lizard–Spock
network, studied by Postlethwaite and Rucklidge [PR22], is considered in §20. We overview
their results, and then construct the network’s projected map. The structure of the network
presents additional complications to deriving the projected map. We again relate regular cy-
cling to periodic orbits in this projected map, and also consider how irregular cycling near
the network appears to emerge as a chaotic attractor in the projected map.

Lastly, in Chapter VII, we summarise our findings and discuss avenues for future re-
search.



II Background

In this chapter, we give the necessary background to understand the results presented in
this thesis. We begin in §3 with the definitions of a heteroclinic cycle and a heteroclinic
network, and some useful related concepts. We then proceed in §4 to give various definitions
of stability relevant to the nuanced properties of heteroclinic cycles and networks, the most
important of which are an invariant structure’s δ-local basin of attraction and fragmentary
asymptotic stability. In §5, we give the definition of an itinerary, which allows us to determine
the route a trajectory takes around a network. We use this definition to define the property
of a trajectory switching between subcycles of a network. We also introduce the notion of
an eventually periodic itinerary with a particular root sequence, which allows us to define
regular and irregular cycling between subcycles. Analysis of the stability of a heteroclinic
cycle or network is introduced in §6. We construct a return map near the Guckenheimer–
Holmes cycle in §6.1 as a simple example. General results for an arbitrary heteroclinic cycle
are given in §6.2, and in §6.3 we extend these ideas to root sequences. Lastly, §7 briefly
presents relevant ideas from the theory of piecewise-smooth dynamical systems, including
the admissibility of fixed points and periodic orbits.

§3 Heteroclinic cycles and networks
We consider continuous-time dynamical systems of the form

(3.1) ẋ = f(x),

15
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where x ∈ Rn and f : Rn → Rn is an (at least) C1-smooth vector field.
For a point x0 ∈ Rn, let ϕ(x0, t) be the flow generated by (3.1) through x0. Let ξj

and ξk be two equilibria of (3.1). A heteroclinic orbit ϕjk(t) is a solution to (3.1) such that
ϕjk(t) → ξj as t → −∞ and ϕjk(t) → ξk as t → ∞. We also write ξj → ξk for a
heteroclinic orbit ϕjk(t). We note that, by this definition as a specific solution to the ODEs
(3.1), a heteroclinic orbit is a specific trajectory in phase-space. A heteroclinic orbit is thus
also a one-dimensional submanifold ofW u(ξj)∩W s(ξk) ̸= ∅. For convenience, we say that
ξj → ξk is an outgoing orbit of ξj and incoming orbit of ξk .

Definition 3.1. A heteroclinic cycle is a set C ⊆ Rn that is the union of a set of m distinct
hyperbolic saddles {ξ1, . . . , ξm} and a set of heteroclinic orbits {ϕ12(t), . . . , ϕm1(t)}, where
ϕjk(t) is a heteroclinic orbit from ξj to ξk .

When discussing the equilibria of heteroclinic cycles with m equilibria, we implicitly take
all operations involving indices modulo m, and therefore that ξm+1 ≡ ξ1.

Definition 3.2. Let C1, . . . , Cs, for s ≥ 2, be a finite collection of heteroclinic cycles, such that
there is at least one equilibrium not contained in every cycle. Then the union N =

⋃s
j=1 Cj

is a heteroclinic network if, for every pair of equilibria, there exists a sequence of hetero-
clinic orbits connecting them; that is, if ξa, ξb ∈ N, then there exists a set of p equilib-
ria
{
ξℓ1 , . . . , ξℓp

}
⊆ N and p heteroclinic orbits

{
ϕℓ1ℓ2(t), . . . , ϕℓpℓ1(t)

}
⊆ N, such that

ξℓ1 ≡ ξa, ξℓp ≡ ξb, and ϕℓiℓj(t) is a heteroclinic orbit from ξℓi to ξℓj , where p is a positive
integer.

Using this definition, there exists at least one equilibrium in the network with two out-
going heteroclinic orbits that are asymptotic to two distinct equilibria; that is, there exists
three distinct equilibria ξk, ξx and ξy such that ξk → ξx and ξk → ξy are orbits of the het-
eroclinic network. We refer to all equilibria with two outgoing heteroclinic orbits that are
asymptotic to two distinct equilibria as switching equilibria.

As shown by Ashwin and Postlethwaite [AP13], any given strongly-oriented graph com-
posed of n vertices can be realised as a heteroclinic cycle or network in an n-dimensional
dynamical system, where the system of ODEs (3.1) takes the form

(3.2) ẋj = xj

(
1− ∥x∥22 +

∑
k ̸=j

αkjx
2
k

)
.

Other systems of ODEs also exist that contain robust heteroclinic cycles. These include,
for example, the ODEs (3.2) with the addition of higher-order terms, and these equations
are topologically conjugate, in the positive orthant, to generalised Lotka–Volterra equations
(also said to be of May–Leonard type) following the coordinate transform x2j 7→ xj .
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It is straightforward to verify that the equations (3.2) have a hyperbolic saddle equi-
librium ξj on each of the n coordinate axes at unit distance from the origin in the positive
orthant. Moreover, they are Zn

2 -equivariant, where the symmetries are reflections in each of
the n coordinate hyperplanes. These symmetries ensure that the coordinate axes

Lj = {(x1, . . . , xj, . . . , xn) ∈ Rn | xi = 0 for all i ̸= j}

and coordinate planes

Pjk = {(x1, . . . , xj, . . . , xk, . . . , xn) ∈ Rn | xi = 0 for all i ̸= j, k}

are flow-invariant. For a given strongly-oriented graph, specific choices of the signs of the
parameters αkj ensure that certain equilibria are hyperbolic saddles or sinks in certain flow-
invariant coordinate planes, and thus that the desired heteroclinic orbits exist between them.
The given graph is thus realised as a heteroclinic network in the flow of the dynamical system.

A heteroclinic connection between a hyperbolic saddle and a hyperbolic sink in an in-
variant subspace is robust to sufficiently small perturbations that preserve the invariance of
the subspace. As a result, the heteroclinic cycles and networks we consider are robust, and
occur as codimension-zero phenomena; that is, they exist for an open set of parameter values.

When considering heteroclinic cycles and networks, the dimension of the stable or un-
stable manifold of an equilibrium may be greater than 1. Therefore, for two equilibria ξj and
ξk, the intersectionW u(ξj)∩W s(ξk) ̸= ∅ may be a submanifold of dimension two or more.
An infinite number of heteroclinic orbits ξj → ξk therefore exist. As such, we emphasise
that Definition 3.1 only allows for one heteroclinic orbit between two equilibria, and there-
fore a heteroclinic cycle is a one-dimensional flow-invariant structure. In the remainder of
this thesis, we consider only heteroclinic networks that have one heteroclinic orbit between
two equilibria, and therefore all heteroclinic networks we study are one-dimensional flow-
invariant structures. Many of the networks we consider have dim(W u(ξj) ∩W s(ξk)) ≥ 2

for certain equilibria. In these cases, we highlight the single heteroclinic orbit we consider
to be a component of the network, and this orbit is always contained in the flow-invariant
coordinate plane Pjk .

Let ξj , ξk, and ξℓ be three distinct equilibria of a heteroclinic cycle such that ξj → ξk

and ξk → ξℓ are heteroclinic orbits of the cycle. Therefore, the orbit ξj → ξk lies in the
coordinate plane Pjk, and the orbit ξk → ξℓ in Pkℓ. In [KM04], Krupa and Melbourne
classify the eigenvalues of Df(ξk) as radial, contracting, expanding, or transverse depending
on the subspace in which their corresponding eigenspace lies; this classification is given in
Table 3.1.
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Table 3.1: Classification of eigenvalues of Df(ξk) [KM04].

Eigenvalue class Eigenvector subspace
Radial (r) Vk(r) = Lk ≡ Pjk ∩ Pkℓ

Contracting (c) Vk(c) = Pjk ∩ L⊥
k

Expanding (e) Vk(e) = Pkℓ ∩ L⊥
k

Transverse (t) Vk(t) = (Pjk + Pkℓ)
⊥

This definition, however, leads to some ambiguity in the case of heteroclinic networks.
Suppose that ξa, ξk, ξx, and ξy are four distinct equilibria of a heteroclinic network such that
ξa → ξk → ξx and ξa → ξk → ξy are heteroclinic orbits of the network. Therefore, ξa
and ξk belong to more than one component cycle of the network—which we label C[x] and
C[y]—and ξk is a switching equilibrium of the network. Then, according to the definitions
in Table 3.1, we can consider the eigenvalues of Df(ξk) with respect to the C[x] cycle or the
C[y] cycle. For example, the expanding eigenspace could either be defined by Pkx ∩ L⊥

k or
Pky ∩ L⊥

k . In the former case, the eigenvector of Df(ξk) in the direction of ξy belongs to
the transverse eigenspace. In the latter case, the eigenvector of Df(ξk) in the direction of ξx
belongs to the transverse eigenspace. Similarly, if there are two incoming heteroclinic orbits
that are asymptotic to ξk, Df(ξk) has eigenvalues that can be classified as contracting or
transverse, depending on which cycle is being considered.

We adopt the convention of [PCL20] and say that an eigenvalue of Df(ξk) is (globally)
contracting if the corresponding eigenvector lies in the contracting eigenspace with respect
to at least one cycle, that an eigenvalue of Df(ξk) is (globally) expanding if the correspond-
ing eigenvector lies in the expanding eigenspace with respect to at least one cycle, and that
an eigenvalue of Df(ξk) is (globally) transverse if the corresponding eigenvector lies in the
transverse eigenspace with respect to all cycles of which ξk is a component equilibrium. Usu-
ally, we omit the word globally. However, we include it when it is useful to highlight this
property. In the few specific instances that we need to emphasise that we are considering
eigenvalues with respect to a particular cycle, we shall precede the name of the eigenvalue
with locally; that is, locally contracting, locally expanding, or locally transverse. Note that all
globally transverse eigenvalues are locally transverse, but that the converse does not neces-
sarily hold.

With respect to the above example, the eigenvalues of Df(ξk) whose eigenvectors lie in
the direction of ξx or ξy are both expanding. However, if we specifically consider the C[x]
cycle, then the eigenvalue whose eigenvector lies in the direction of ξy is locally transverse.

We write −ckl < 0, ekl > 0, and −tkl for the contracting, expanding, and transverse
eigenvalues of Df(ξk). The constants ckl and ekl are necessarily positive. The constants tkl
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can be positive or negative. In this thesis, we consider only networks such that all transverse
eigenvalues are negative; that is, that −tkl < 0 and so the constants tkl are positive.

§4 Stability of invariant sets
Stability properties of heteroclinic cycles and networks can be subtle, because positive locally
transverse eigenvalues affect the geometry of the basin of attraction of the cycle or network.
We assume throughout this section that X is a heteroclinic cycle or network, though these
definitions readily apply to any compact flow-invariant set.

First, we write d(·, ·) for the usual Euclidean distance on Rn, and define d(y,X) =

infx∈X d(y, x). We write µ(·) for the Lebesgue measure, and for a set S ⊆ Rn, we write
S for its topological closure. For any r > 0, we define the generalised ball of radius r of X ,
Nr(X), as the set of all points y ∈ Rn within distance r from X :

Nr(X) = {y ∈ Rn | d(y,X) < r}.

We define the ω-limit set of a point x0 ∈ Rn as

ω(x0) =
⋂
T>0

{ϕ(x0, t) | t > T}.

We say that a trajectory ϕ(x0, t) is asymptotic to X if ω(x0) ⊆ X . The basin of attraction of
X , B(X), is

B(X) = {x ∈ Rn | ω(x) ⊆ X}.

The basin of attraction of X may include points that are quasi-asymptotic, but not asymp-
totic, toX ; that is, trajectories starting nearX that are asymptotic toX may first move away
from X . Therefore, we also define, for all δ > 0, the δ-local basin of attraction of X , Bδ(X),
as

Bδ(X) = {x ∈ Rn | ω(x) ⊆ X and ϕ(x, t) ∈ Nδ(X) for all t ≥ 0}.

In [Pod12, Definition 2], Podvigina introduced the definition of fragmentary asymptotic sta-
bility: X is fragmentarily asymptotically stable if µ(Bδ(X)) > 0 for all δ > 0.

For a set B ⊆ Rn such that X ⊆ B, X is asymptotically stable relative to B if, for every
neighbourhood U of X , there exists a neighbourhood V of X , such that, for all x ∈ V ∩B,
ϕ(x, t) ∈ U for all t ≥ 0, and ω(x) ⊆ X [Ura64]. The set X is asymptotically stable if it
is asymptotically stable relative to a neighbourhood of X , and X is essentially asymptotically
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stable if it is asymptotically stable relative to a set B such that

lim
r→0

µ(B ∩Nr(X))

µ(Nr(X))
= 1.

It is generally agreed in the literature [Bra94, PA11, Loh15] that this definition of essential
asymptotic stability is the corrected version of the definition given by Melbourne [Mel91]
and Krupa and Melbourne [KM95b], and that the definition of essential asymptotic stability
in [Mel91, Definition 1.1] is in fact equivalent to fragmentary asymptotic stability.

The set X is essentially completely unstable if it is asymptotically stable relative to a set
B such that

lim
r→0

µ(B ∩Nr(X))

µ(Nr(X))
= 0.

We schematically represent examples of invariant sets that satisfy different notions of stabil-
ity in Figure 1.2.

If µ(B(X)) = 0 and there exists a set D ⊆ Rn of Lebesgue measure 0 such that
B(X) \ (X ∪D) is non-empty, then X is almost completely unstable. If there exists a neigh-
bourhood U of X , and a set D ⊆ Rn of Lebesgue measure 0, such that, for all x ∈ U \D,
ϕ(x, t) /∈ U for some t > 0, thenX is completely unstable. Note that these three definitions of
essentially completely unstable, almost completely unstable, and completely unstable differ
slightly from those used in some parts of the literature [Loh15, KM95b].

§5 Itineraries and cycling
Let N be a heteroclinic network containing the equilibria ξ1, . . . , ξm.

For a trajectory sufficiently close to N, we define its itinerary as the indices of the se-
quence of equilibria the trajectory visits; that is, W = (an), where an ∈ {1, . . . ,m}. If
the trajectory leaves a small neighbourhood of the network, the itinerary is a finite sequence,
whereas a trajectory that is asymptotic to the network has an itinerary indexed by N. We
focus on this latter case. For convenience, let I = {1, . . . ,m}.

We fix some 0 < H ≪ 1
2
minj,k∈I d(ξj, ξk). As in [AP13, PR22], we define the function

χ : Rn → I ∪ {0} = {0, . . . ,m} by

χ(x0) =

k, if there exists a k ∈ I such that d(x0, ξk) < H,

0, otherwise.

The choice of H ensures that this function is well-defined.
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Definition 5.1. For a point x0 ∈ Rn, the trajectory ϕ(x0, t) has itinerary W = (an)n∈N,
where an ∈ I , if there exists some neighbourhood U of N such that ϕ(x0, t) ∈ U for all
t ≥ 0, and there exists strictly increasing sequences of positive real numbers (tn)n∈N and
(sn)n∈N, where tn < sn < tn+1 for all n, such that

1. χ(ϕ(x0, t)) = an for all tn < t < sn; and

2. χ(ϕ(x0, t)) = 0 for all sn < t < tn+1.

The times tn and sn are the times that the trajectory enters and leaves a small neigh-
bourhood of the equilibrium ξan and, between sn and tn+1 the trajectory is close to the het-
eroclinic orbit ξan → ξan+1 . For example, the trajectory in Figure 1.1 has itinerary (123)∞,
and the trajectory in Figure 1.4 has itinerary (123)3(124)∞.

Definition 5.2. An itinerary W is eventually periodic with minimal period p and with root se-
quence X ∈ Ip if there exists a positive integer N such that WN+j = Xj for 1 ≤ j ≤ p and,
for all n > N , Wn+p = Wn and there does not exist a p′ < p such that Wn+p′ = Wn.

If C = ξ1 → ξ2 → · · · → ξℓ → ξ1 is a cycle of N , let X = (12 . . . ℓ). If a trajectory
is asymptotic to C, then its itinerary is eventually periodic with minimal period ℓ and root
sequence some circular shift of X . We say that X , and every circular shift thereof, are the
root sequences of C.

Definition 5.3. If C1 and C2 are cycles of N with an equilibrium in common, then a trajectory
ϕ(x0, t) switches from C1 to C2 if there exists a root sequence X1 of C1 and X2 of C2 such that
the itinerary of ϕ(x0, t) has (X1X2) as a subsequence.

Therefore, for a trajectory to have switched between cycles, it must, starting in a small neigh-
bourhood of an equilibrium they have in common, make at least one full excursion around
one cycle before returning to that equilibrium and then make at least one full excursion
around the other cycle before returning to that equilibrium. We emphasise that our defini-
tion of switching is a property of a particular trajectory, and not a property of the heteroclinic
network. This definition of switching is unrelated to the various notions of switching at a

node, switching along a connection, or finite switching and infinite switching near a network used in
papers such as [ACL04, CL16b, CG23]. Here, switching is used as it was by Kirk and Silber in
[KS94].

If there is sustained switching between cycles of a network, we say that there is regular
or irregular cycling, which has been studied in papers such as [PD05, PR22, Pod23].

Definition 5.4. If C1, . . . , Cs are cycles of a heteroclinic network, then a trajectory regularly
cycles between C1, . . . , Cs if there exists a root sequence Xℓ of each cycle Cℓ such that the
itinerary of ϕ(x0, t) is eventually periodic with root sequence (X1 . . .Xs).
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Definition 5.5. A trajectory irregularly cycles if its itinerary is not eventually periodic.

We can extend the notions of stability in §4 to root sequences. We adapt the following
from [PR22].

Definition 5.6. Given a root sequence X ∈ Ip, for some positive integer p, the δ-local basin of
attraction of X , Bδ(X ), is the set of all points x ∈ Rn such that ω(x) ⊆ N, ϕ(x, t) ∈ Nδ(N )

for all t ≥ 0, and the itinerary of ϕ(x, t) is eventually periodic with minimal period p and
with root sequence X .

Definition 5.7. A root sequence X ∈ Ip, for some positive integer p, is fragmentarily asymp-
totically stable if, for all δ > 0, µ(Bδ(X )) > 0.

§6 Return maps and transition matrices
The typical method to analyse the stability of heteroclinic cycles and networks, and the dy-
namics of nearby trajectories, is with return maps. In this section, we first construct a return
map for the cycle studied by Guckenheimer and Holmes [GH88] (equivalent to that studied
by May and Leonard [ML75]), as a simple example of the process to follow. This example
follows the process outlined, for example, in [Mel91, Hof94, KS94, KM95a], or [Gle94, §12.3]
in the case of a homoclinic bifurcation. We then discuss the general theory of return maps.

A return map is composed from two different types of maps: local maps and global maps,
sometimes referred to, respectively, as first-hit maps and connecting diffeomorphisms. Local maps
describe the behaviour of trajectories in a small neighbourhood of an equilibrium, and are
constructed with the linearised flow near the equilibrium. Global maps describe the be-
haviour of trajectories close to the cycle’s heteroclinic orbits, as the trajectory transitions
from a small neighbourhood of one equilibrium to the next.

6.1 Return map for the Guckenheimer–Holmes cycle

The Guckenheimer–Holmes cycle is composed of three equilibria and three heteroclinic or-
bits: ξ1 → ξ2 → ξ3 → ξ1. We show a representation of this cycle in Figure 6.1.

In the case of the Guckenheimer–Holmes cycle, the ODEs (3.2) take the form

(6.1)

ẋ1 = x1
(
1− ∥x∥22 − c1x

2
2 + e1x

2
3

)
,

ẋ2 = x2
(
1− ∥x∥22 − c1x

2
3 + e1x

2
1

)
,

ẋ3 = x3
(
1− ∥x∥22 − c1x

2
1 + e1x

2
2

)
.
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ξ1

ξ2

ξ3

Hin
1

Hout
1

Hin
2

Figure 6.1: A visualisation of the Guckenheimer–Holmes cycle and the cross-sections used
in its analysis. The local map ψ1 approximates the dynamics of the orbits near ξ1, contained
betweenHin

1 andHout
1 . The global mapΨ12 approximates the dynamics near the heteroclinic

orbit from ξ1 and ξ2, between Hout
1 and Hin

2 . Heteroclinic orbits are shown as bold lines,
whereas the thinner line shows an example trajectory near the cycle.

These equations areZ3⋊Z3
2-equivariant, generated by a cyclic permutation of the coordinate

axes
ρ : (x1, x2, x3) 7→ (x2, x3, x1)

and a reflection across the (x2, x3)-plane

κ1 : (x1, x2, x3) 7→ (−x1, x2, x3).

A reflection across the (x1, x3)-plane is given by κ2 = ρ2κ1ρ and across the (x1, x2)-plane by
κ3 = ρκ1ρ

2. These reflections ensure that each coordinate axis and plane are flow-invariant
fixed-point subspaces of some isotropy subgroup, and therefore that the cycle is robust.

We begin by constructing a local map near ξ1, and to do so we define two cross-sections:

Hin
1 =

{
(x1, x2, x3) ∈ R3 | |x1 − 1| < h, 0 ≤ x2 < h, x3 = h

}
and

Hout
1 =

{
(x1, x2, x3) ∈ R3 | |x1 − 1| < h, x2 = h, 0 ≤ x3 < h

}
,

for someh≪ 1, sufficiently small to ensure the cross-sections are defined in a neighbourhood
of approximate linear flow. The local map is then ψ1 : H

in
1 → Hout

1 . The dynamical system
defined by (3.2) has two important properties that help us construct this map. First, the
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existence of n invariant planes near a hyperbolic equilibrium ensures that the linearised flow
is at least C1-diffeomorphic to the flow of the system, regardless of any resonances between
the n eigenvalues of Df(ξ1) [Hof94].

Second, the invariant-sphere theorem [Fie96] allows us to disregard the radial coordi-
nate x1, as it is not relevant in determining the stability of the cycle [Kru97]. As a result,
since x3 is fixed on Hin

1 , the only relevant coordinate on Hin
1 is x2, and since x2 is fixed on

Hout
1 , the only relevant coordinate on Hout

1 is x3.
The local map is properly defined with three variables: one is fixed by the definition of

the cross-section, one is the radial coordinate, and a third coordinate. The first two variables
have no effect on the stability of a heteroclinic cycle, nor the behaviour of nearby trajectories.
The third coordinate only is relevant in the analysis of the local map. Therefore, in all that
follows, we choose to abuse notation in the interests of simplicity when presenting this map—
as well as the global map and compositions involving these maps—by providing only the
expression of the map for relevant coordinates.

The relevant linearised flow near ξ1 is

ẋ2 = e1x2,

ẋ3 = −c1x3.

Since Hout
1 is defined by x2 = h, an initial condition (x1(0), x2(0), x3(0)) ∈ Hin

1 first
strikes Hout

1 at time

T = − 1

e1
log

(
x2(0)

h

)
,

known as the residence time. Since x3(0) = h, we have x3(T ) = h
(

x2(0)
h

) c1
e1 . The local map

is therefore given, to lowest order, by

ψ1(x2) =

(
h
(x2
h

) c1
e1

)
.

We now construct the global map, which requires us to define

Hin
2 =

{
(x1, x2, x3) ∈ R3 | |x2 − 1| < h, 0 ≤ x3 < h, x1 = h

}
.

The global map is then Ψ12 : H
out
1 → Hin

2 . The radial coordinate near ξ2 is now x2, and so,
since x1 is fixed, the relevant coordinate is x3, the same asHout

1 . Moreover, the (x1, x2)-plane
is flow invariant, and thereforeΨ12(0) = 0. We Taylor expandΨ12 and find the leading order
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expansion of the global map is
Ψ12(x3) = Ax3,

for some O(1) positive constant A. We again have abused notation and present only the
coordinate relevant to the analysis of the heteroclinic cycle.

Composing the local and global maps gives a map φ312 = Ψ12ψ1 : H
in
1 → Hin

2 defined
by

φ312(x2) = Ah
(x2
h

) c1
e1 .

We refer to this map as a basic map. In general, we need to construct two additional basic
maps, φ123 = Ψ23ψ2 : H

in
2 → Hin

3 and φ231 = Ψ31ψ3 : H
in
3 → Hin

1 . We can then compose
these three maps together to construct three full return maps, which are to leading order:

Φ1 = φ231φ123φ312 : H
in
1 → Hin

1 ,

Φ2 = φ312φ231φ123 : H
in
2 → Hin

2 ,

Φ3 = φ123φ312φ231 : H
in
3 → Hin

3 .

However, by the symmetry ρ, we have Φ1 = (ρφ312)
3, and Φ2 = ρΦ1 and Φ3 = ρ2Φ3.

Therefore, any fixed point of φ312 is also a fixed point of Φ1, and thus also of the other two
full return maps, with the same stability properties. As a result, we need only analyse the
map φ312.

We thus consider the following map, which is a leading order approximation of the flow
of the dynamical system for all trajectories sufficiently close to the heteroclinic network:

y 7→ kyδ,

where 0 ≤ y < h≪ 1, δ = c1
e1

, and k is a positive constant. Again, we have abused notation
here to present only the relevant coordinate.

The stability of the cycle can be determined from this map alone. The fixed point y⋆ = 0

represents the heteroclinic cycle, and the fixed point y⋆ = k1/(1−δ), when it exists, represents
a periodic orbit that lies in a small neighbourhood of the cycle. The cycle is stable when δ > 1

and unstable when δ < 1. A resonance bifurcation occurs at δ = 1, which is supercritical if
k < 1 and subcritical if k > 1. (The degenerate resonance bifurcation observed in [ML75,
GH88] occurs if k = 1.)
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6.2 Conditions for fragmentary asymptotic stability of a

heteroclinic cycle

The analysis of a heteroclinic cycle with a return map defined on a cross-section is some-
what different from similar analysis of other types of invariant objects. For example, when
considering a periodic orbit, only one cross-section needs to be defined, and thus only one
return map needs to be considered. Where this cross-section is defined does not affect our
conclusions derived from the analysis of the dynamics of trajectories near the periodic orbit;
that is, analysis of a return map to any cross-section defined transverse to the periodic orbit
provides qualitatively the same results. However, analysing a heteroclinic cycle presents ad-
ditional complications. First, points on one cross-section may give rise to trajectories that do
not return to that cross-section. However, for a different cross-section, all trajectories that
arise from points on that cross-section may return to that cross-section. Second, trajectories
may be asymptotic to the intersection of the heteroclinic cycle and a cross-section at one
equilibrium, but not at other equilibria.

Therefore, the local maps ψijk and global maps Ψjk, and therefore also the resulting
basic maps φijk, are generically different. Moreover, the full return maps Φj , although all
defined in terms of the same basic maps, also differ, because the basic maps are composed
in a different order for each full return map. As a result, the full return maps can have
qualitatively different dynamics.

Therefore, when studying a heteroclinic cycle, we can only determine the asymptotic
stability of the cycle by analysing full return maps for each equilibrium and verifying that
trajectories are asymptotic to the cycle at each cross-section. In particular, under the flow of
the dynamical system, an open set of initial conditions on a cross-section may not return to
that cross-section, but that may only be the case for one particular cross-section. There is no
way, however, to understand what may happen at each cross-section a priori. Therefore, it is
necessary to consider a full return map for each equilibrium of the cycle.

For a heteroclinic cycle C composed of m equilibria ξ1, . . . , ξm, there are m local maps
ψijk : H

in,i
j → Hout,k

j and m global maps Ψjk : H
out,k
j → Hin,j

k . These maps can be com-
posed into basic maps φijk = Ψjkψijk : H

in,i
j → Hin,j

k , which are then composed into full
return maps Φj : H

in,i
j → Hin,i

j . As was the case for the specific examples given above for
the Guckenheimer–Holmes cycle, these maps are a leading order approximation of the flow
generated by the dynamical system for trajectories sufficiently close to the heteroclinic cycle.
Moreover, when presenting these maps in the remainder of this thesis, we abuse notation
as we did for the Guckenheimer–Holmes cycle and only present the coordinates of the map
that are relevant to the analysis of the heteroclinic cycle.
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For any cycle constructed with the simplex realisation [AP13], the dimension of the
return map is m− 2, as this realisation gives only one radial coordinate at each equilibrium.
In the case that an equilibrium belongs to more than one cycle in a heteroclinic network, the
full return map must be defined in a piecewise manner, to account for the trajectories that
cycle around the different component cycles. For an equilibrium of a network N that is a
component of the Ck cycle, we write Φ

(k)
j for the component of the return map to ξj that

describes the behaviour of trajectories that make an excursion around the Ck cycle.
The basic maps and full return maps can be expressed in logarithmic coordinates with

transition matrices. For any map F : Rp → Rp that has the form

(6.2) F (x1, . . . , xp) =
(
C1x

α11
1 . . . xα1p

p , . . . , Cpx
αp1

1 . . . xαpp
p

)
,

where the Cj and αjk are real numbers, we define its transition matrix M(F ) as

M(F ) =


α11 · · · α1p

... . . . ...
αp1 · · · αpp

.
It is straightforward to verify that, if F1 and F2 are functions of the form in (6.2), then
M(F1 ◦ F2) =M(F1)M(F2).

For type Z [Pod12] and quasi-simple [GC19] heteroclinic cycles, basic maps and full
return maps have the form in (6.2). For basic maps φijk, we writemijk ≡M(φijk), and refer
to these matrices as basic transition matrices. For full return maps Φj , we writeMj ≡M(Φj),
and refer to these matrices as full transition matrices. Since each Φj is the composition of basic
maps, the full transition matrices are products of basic transition matrices.

For a return map Φj defined on Hin
j , the origin of Hin

j is the intersection of the het-
eroclinic cycle with Hin

j . (Specifically, the origin is the intersection with the heteroclinic
orbit ξj → ξk .) A trajectory beginning at some point x0 ∈ Hin

j is asymptotic to the het-
eroclinic cycle if limn→∞ Φn

j (x0) = 0. Since 0 < x < h ≪ 1, X0 := log x0 < 0,
where we take a component-wise logarithm; that is, for x = (x1, . . . , xn) ∈ Rn, log x =

(log x1, . . . , log xn). Therefore, when we move to logarithmic coordinates, a trajectory is
asymptotic to the heteroclinic cycle when limn→∞Mn

j X0 → −∞. We note that, when
moving to logarithmic coordinates, the Lebesgue measure of a set may become unbounded
[Pod12]. Therefore, the measure of a set is always considered in terms of the original co-
ordinates x ∈ Rn, even if we define the set in logarithmic coordinates. Podvigina [Pod12]
gives sufficient conditions for fragmentary asymptotic stability of a heteroclinic cycle using
properties of the eigenvalues and eigenvectors of the full transition matrices.
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Theorem 6.1 ([Pod12, Theorem 5]). For 1 ≤ j ≤ m, let Mj be the full transition matrices

associated with a heteroclinic cycle C. Let λmax denote the eigenvalue of Mj with largest absolute

value, and wmax an associated eigenvector. The heteroclinic cycle C is fragmentarily asymptotically

stable if, for all full transition matrices Mj , the following three conditions hold:

(I) λmax is real;

(II) λmax > 1; and

(III) all entries of wmax are nonzero and have the same sign.

As noted in [GC19], these conditions are in fact also necessary.
We do not reproduce here the proof of this theorem, as it is quite technical. However, it

is reasonably straightforward to understand the fundamental idea behind the proof, which
we now outline.

LetM be ann×n diagonalisable matrix with eigenvalues λ1, . . . , λn and corresponding
eigenvectorsw1, . . . , wn. Without loss of generality, we assume that |λ1| > |λj| for all j > 1.
For any vector v ∈ Rn, there exist constants a1, . . . , an ∈ R such that v =

∑
j ajwj . Then

repeated mapping under M can be expressed as

(6.3) Mkw =
∑
j

λkjajwj.

Therefore, under iteration, as k → ∞, the vector Mkw is aligned with the eigenvector w1,
since the corresponding eigenvalue λ1 has greatest absolute value. If the trajectory corre-
sponding to v is asymptotic to the network, then as we noted previously limk→∞Mkv →
−∞. Therefore, we need to understand the conditions under which the expression in (6.3)
diverges in all components to −∞.

First, if |λmax| ≤ 1, then, if limk→∞Mkv exists, the individual components of the
iterates of Mkv vanish or converge to a finite value. If λmax ∈ C and |λmax| > 1, then
limk→∞Mkv does not exist, because the iterates of Mkv are attracted to the plane spanned
by the two eigenvectors of the complex-conjugate pair of eigenvalues λmax. If λmax ∈ R but
λmax < −1, then limk→∞Mkv also does not exist as the signs of the individual components
of Mkv eventually alternate with odd and even k.

Therefore, only if λmax ∈ R and λmax > 1 do all individual components of Mkv

diverge in absolute value to ∞. For all components to diverge to −∞, every component of
wmax needs to be strictly positive or every component needs to be strictly negative—since if
w ∈ Rn

+ is an eigenvector of M , then so is −w ∈ Rn
– , and vice-versa. Thus, we see that if

any of these conditions are not satisfied, the measure of the δ-local basin of attraction must
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vanish, as at most a set of Lebesgue measure 0 may diverge to −∞ in every component under
iteration of M .

The most complicated step in the proof is, assuming all three conditions in Theorem 6.1,
constructing a set of points in the negative orthant that diverge in every coordinate to −∞
under iteration of M , and then showing that this set has strictly positive Lebesgue measure.

For the full proof of this theorem, see [Pod12, Theorem 5].
As discussed at the start of this subsection, without any additional information, we

need to confirm that the three properties in Theorem 6.1 are satisfied for every full transition
matrix. This process is equivalent to determining, when studying the full return mapsΦj , that
all trajectories that begin on Hin

j return to Hin
j and are asymptotic to the cycle. However,

Podvigina [Pod12] also proves that these conditions do not need to be verified for all full
transition matrices. To understand why, suppose that for a cycle C of n equilibria ξ1, . . . , ξn,
we define n basic maps φijk . Then the full transition matrix M1 is defined by

M1 = m(n−1)n1 . . .m234m123mn12.

Moreover, the remaining transition matrices Mj for 1 < j ≤ n are defined by some cyclic
permutation of the product that defines M1, and so take the form

Mj = m(j−2)(j−1)j . . .m123mn12m(n−1)n1 . . .mj(j+1)(j+2)m(j−1)j(j+1).

Next, assume λ is an eigenvalue of M1 with eigenvector w. Then

Mj

(
m(j−2)(j−1)j . . .m123mn12

)
w

=
(
m(j−2)(j−1)j . . .m123mn12m(n−1)n1 . . .m(j−1)j(j+1)

)(
m(j−2)(j−1)j . . .m123mn12

)
w

=
(
m(j−2)(j−1)j . . .m123mn12

)(
m(n−1)n1 . . .m(j−1)j(j+1)m(j−2)(j−1)j . . .m123mn12

)
w

=
(
m(j−2)(j−1)j . . .m123mn12

)
M1w

= λ
(
m(j−2)(j−1)j . . .m123mn12

)
w.

Therefore, we find that λ is also an eigenvalue of Mj , with eigenvector

(
m(j−2)(j−1)j . . .m123mn12

)
w;

that is, an eigenvector of Mj with eigenvalue λ is a multiple of an eigenvector w of M1 with
eigenvalue λ, pushed forward to the cross-section Hin,j−1

j , using the product of the basic
transition matrices that map from Hin

1 to Hin
j .

Therefore, we need only check λmax ∈ R and λmax > 1 for one full transition matrix; if
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this condition is satisfied for one full transition matrix, it is guaranteed to be satisfied for all
full transition matrices, because all full transition matrices have the same spectrum. Next, if
the eigenvector wmax of Mj satisfies the third condition of Theorem 6.1, and if m(j−1)j(j+1)

has no negative entries, then the eigenvector wmax of Mj+1 is guaranteed to also satisfy this
condition. Ifm(j−1)j(j+1) has negative entries, it is no longer guaranteed that the eigenvector
wmax of Mj+1 satisfies this condition.

Therefore, let L be the set of indices 1 ≤ ℓ ≤ n such that m(ℓ−1)ℓ(ℓ+1) has negative
entries. Then Theorem 6.1 holds if λmax ∈ R and λmax > 1 for M1, and if, for all ℓ ∈ L,
all components of the eigenvector wmax of Mℓ+1 are non-zero and have the same sign. We
emphasise that it is not that only these full transition matrices need to satisfy Podvigina’s
three conditions while other transition matrices can break the three conditions, but that
verifying the conditions hold for these full transition matrices guarantees they hold for all
full transition matrices.

This result can greatly reduce the number of computations required when determining
if a heteroclinic cycle is fragmentarily asymptotically stable.

6.3 Conditions for fragmentary asymptotic stability of a root sequence

We can extend the result in Theorem 6.1 to a root sequence X ∈ Ip with minimal period
some positive integer p, where I = {1, . . . ,m} is again the set of indices of the equilibria of
the network. Let X (k) be the k-th left shift of X ; that is, X (k)

j = Xj+k, where the subscript
is taken modulo p. For example, if X = (1234), then X (1) = (2341), X (2) = (3412), and
so on. Clearly, X (0) = X (p) = X .

Next, let X = (a1a2 . . . ap) ∈ Ip be a root sequence. We define the full transition
matrix MX (0) as

MX (0) = map−1apa1map−2ap−1ap . . .ma2a3a4ma1a2a3mapa1a2 ;

that is, it is the full transition matrix found by multiplying the basic transition matrices that,
beginning at the first equilibrium ξa1 , follow the given root sequence. For each 1 ≤ k < p,
we define the matrixMX (k) similarly, by multiplying the basic transition matrices that follow
the given root sequence X (k), beginning at ξak . This matrix has the general form

MX (k) = mak−2ak−1akmak−3ak−2ak−1
. . .mak+1ak+2ak+3

makak+1ak+2
mak−1akak+1

.

We refer to the set of p transition matrices {MX (k)} for 0 ≤ k < p as the collection of full
transition matrices associated with X . With this information, we give the following result,
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which follows from [Pod12, Theorem 5], and which was also given as [PR22, Lemma 1].

Theorem 6.2. Suppose X ∈ Ip is a root sequence, where p is a positive integer, and consider the

collection of full transition matrices associated with this root sequence, {MX (k) | 0 ≤ k < p}. For

each matrix, let λmax and wmax be as in Theorem 6.1. Then, the root sequence X is fragmentarily

asymptotically stable if and only if, for all full transition matrices MX (k) :

(I) λmax is real;

(II) λmax > 1; and

(III) all entries of wmax are nonzero and have the same sign.

Again, to verify these results hold true for all full transition matrices, it suffices to check only
a subset of the transition matrices. All matrices again have the same spectrum. Consider the
set L of indices of all basic transition matrices m(ℓ−1)ℓ(ℓ+1) that have a negative entry. Then
only for the non-negative integers k < p such that X (k)

1 = ℓ + 1 do we need to verify that
MX (k) satisfies the third condition in Theorem 6.2.

§7 Piecewise-smooth dynamical systems
We conclude this chapter with a very brief overview of some of the theory of piecewise-
smooth dynamical systems.

Consider a set D ⊆ Rn, finitely many subsets Si ⊆ D with non-empty interior such
that ∪iSi = D, and a collection of smooth functions Fi : Si → D. A piecewise-smooth
dynamical system is a map F : ∪i Si → D defined by

(7.1) F (x) = Fi(x), if x ∈ Si.

We assume the boundaries of the sets Si are piecewise-smooth codimension-one mani-
folds. As such, the set Σij := Si∩Sj is either a smooth codimension-one manifold or empty.
The sets Σij that are non-empty are called switching manifolds. Formal solutions to the equa-
tion Fi(x

⋆) = x⋆ may satisfy x⋆ ∈ Si, in which case we say that the fixed point is admissible.
However, if x⋆ ∈ Sj for some j ̸= i, then we say that the fixed point is virtual. If x⋆ ∈ Σij

for some j ̸= i such that Σij is non-empty, we say there is a border-collision bifurcation. If
x⋆ /∈ D, we also say that the fixed point is virtual.

It is possible for piecewise-smooth dynamical systems to have periodic orbits, and it
is important to consider their admissibility. Let I be the index set of the partitions Si of
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the domain of the dynamical system (7.1). We can associate to an orbit (xj)n∈N of (7.1) the
symbol sequence X : N → I by setting Xj = i ∈ I if xj ∈ Si. Then, if X ∈ Ip for some
positive integer p, a set of p points {xj}pj=1 forms an admissible X -orbit of period p if

xi+1 = FXi
(xi),

and each xi ∈ SXi
; that is, each point of the periodic orbit lies in the correct domain of F .

These definitions are all that we need. However, for more on the general theory of
piecewise-smooth dynamical systems, see [Sim16] for a review article, and [BBC08] for a
comprehensive exposition.



III The projected map of
heteroclinic networks in R4

The contents of this chapter are adapted from [GKP24, §2–4].

In this chapter, we analyse the dynamics of trajectories near three heteroclinic networks in
R4: the Kirk–Silber network, the ∆-clique network, and the tournament network. We clas-
sify the behaviour of trajectories near these networks by introducing a new methodology in
the study of heteroclinic cycles and networks: the projected map. This map is a piecewise-
smooth one-dimensional map, derived from the network’s transition matrices, which allows
us to more easily determine the itineraries of trajectories near a network. We can also more
easily determine the stability conditions of a component heteroclinic cycle. The results of this
chapter confirm the claim by Brannath [Bra94] that there is no regular or irregular cycling
of trajectories near these three networks. For any two given cycles, trajectories may switch
at most once between them, and only in a particular direction, which depends on parameter
values.

We begin in §8 by defining the three networks we consider.
In §9, we construct the projected map of the Kirk–Silber network. We first summarise

the results of Kirk and Silber [KS94] and relate them to the work of Podvigina [Pod12]. We
then consider the return map at the switching equilibrium of the Kirk–Silber network, and
use properties of this return map to motivate the construction of a projected map. We then
construct the projected map of the Kirk–Silber network and prove it is well-defined.

We classify the dynamics of trajectories near the Kirk–Silber network in §10 by study-
ing the dynamics of the projected map. We calculate its fixed points and their stability and
admissibility. We also show that a border-collision bifurcation of a fixed point of the pro-
jected map corresponds to stability loss of a component cycle of the network, as Podvigina’s
third condition for stability is no longer satisfied. This result allows us to study only the

33



34 III. The projected map of heteroclinic networks in R4

projected map, and thus simplifies the analysis of the network. We also consider the conti-
nuity of the projected map on its switching manifold, and present some numerical examples
of trajectories near the network.

We study in §11 the ∆-clique network. We present its projected map, and then use
this map to classify the dynamics of trajectories near the network, which shows a qualitative
difference from the results concerning the Kirk–Silber network. The analysis of the projected
map is complicated by the fact that Podvigina’s second stability condition is not necessarily
realised as a property of the projected map, and so some care must be taken. Importantly,
however, the correspondence between a border-collision bifurcation and Podvigina’s third
stability condition is maintained.

Lastly, we consider the tournament network in §12. We give the projected map of this
network, but do not study it to the same detail as for the Kirk–Silber and ∆-clique networks,
due to its complexity. We instead give an overview of how the projected map can be used to
study the dynamics of the network, and present some examples of interesting dynamics near
this network.

§8 Three heteroclinic networks in R4

We begin by defining the three heteroclinic networks in R4 that we study in this chapter.
These three networks are all composed of four equilibria, ξ1, . . . , ξ4, which lie at unit dis-
tance from the origin in the positive orthant on each of the four coordinate axes. These
networks are built from three different heteroclinic cycles. We assume that these cycles and
networks are defined with the simplex realisation of Ashwin and Postlethwaite [AP13], and
thus dynamical systems defined by the ODEs (3.2). The three different networks we consider
are formed by specific choices of the signs of the constants αjk in (3.2). We give explicit
examples of the ODEs that admit the three networks we consider in (10.2), (11.2), and (12.2).

We consider two cycles with three equilibria:1 C[3] = ξ1 → ξ2 → ξ3 → ξ1 and C[4] =
ξ1 → ξ2 → ξ4 → ξ1. We consider one cycle with four equilibria:2 C[34] = ξ1 → ξ2 → ξ3 →
ξ4 → ξ1.

The three heteroclinic networks we study are:

1. The Kirk–Silber network [KS94], the union of two cycles: NKS = C[3] ∪ C[4].

2. The ∆-clique network, the union of two cycles: N∆ = C[34] ∪ C[4].
1In the terminology of Krupa and Melbourne [KM04], these cycles are of type B−

3 .
2Of type C−

4 [KM04].
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3. The tournament network, the union of all three cycles: NT = C[3] ∪ C[34] ∪ C[4].

Figure 1.3 gives diagrammatic representations of these three networks. The Kirk–Silber net-
work was first studied in [KS94]. The directed triangle of heteroclinic orbits ξ2 → ξ4 and
ξ2 → ξ3 → ξ4 in the second network was termed a ∆-clique in [ACL20, PCL20], and so we
name it the ∆-clique network. The graph of the third network is the only one of the three net-
works that forms a tournament in the graph-theoretic sense, and so we name it the tournament

network. The tournament network is also studied in [CFL24], where it is known as the Jungle

Game. As shown by Castro and Lohse [CL16a] and Lohse and Podvigina [PL19], these are the
only three heteroclinic networks in R4 that contain four equilibria and are constructed from
type Z cycles.

As mentioned in §3, we consider only a single one-dimensional heteroclinic orbit to
be part of each cycle and thus each network. For all three networks, all heteroclinic orbits
ξj → ξk are contained in the two-dimensional flow-invariant (xj, xk)-coordinate plane.
In the case of the Kirk–Silber network, there is a two-dimensional continuum of orbits
W u(ξ2)∩W s(ξ3) andW u(ξ2)∩W s(ξ4), as well asW u(ξ3)∩W s(ξ1) andW u(ξ4)∩W s(ξ1).
For the ∆-clique and tournament networks, the intersection W u(ξ2) ∩W s(ξ4) is also two-
dimensional, as is W u(ξ3) ∩ W s(ξ1) for the tournament network. All of these intersec-
tions are properly contained in some three-dimensional subspace, but only a single one-
dimensional heteroclinic orbit is properly contained in a two-dimensional plane. For all
three networks, only this heteroclinic orbit is considered to be part of the network.

§9 Construction of the projected map
To construct the projected map of the Kirk–Silber network, we begin by constructing its
return maps and transition matrices, following the methodology we outlined in §6.

9.1 Return maps near the Kirk–Silber network

Consider, for example, ξ3 = (0, 0, 1, 0). We define local coordinates by translating ξ3 to
the origin, writing u3 = x3 − 1. Rescaling the coordinates as necessary to ensure we are in
a neighbourhood of approximate linear flow, we define two cross-sections in a small neigh-
bourhood of ξ3:

Hin,2
3 =

{
(x1, x2, u3, x4)

∣∣ |u3| < 1, x2 = 1, 0 < x1, x4 < 1
}
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and
Hout,1

3 =
{
(x1, x2, u3, x4)

∣∣ |u3| < 1, x1 = 1, 0 < x2, x4 < 1
}
.

The cross-sectionHin,2
3 is transverse to the orbit ξ2 → ξ3, andHout,1

3 is transverse to ξ3 → ξ1.
In the system (3.2), there is an attracting invariant sphere [Fie96], and so the radial

coordinate u3 does not affect the stability of the cycle [KS94, Kru97, Pod12]. Thus, we can
consider two-dimensional subsets of the cross-sections, and the relevant coordinates are x1,
and x4 in Hin,2

3 and x2 and x4 H
out,1
3 . The local mapψ231 : H

in,2
3 → Hout,1

3 approximates the
dynamics of trajectories between these two cross-sections using the linear flow near ξ3 and
the residence time of a trajectory between the two sections, and is given, to leading order, by

ψ231(x1, x4) =

(
x

c32
e31
1 , x4 x

t34
e31
1

)
.

Again, we have abused notation in presenting this local map, and only give the expressions
for coordinates that affect the analysis of the C[3] cycle. We continue to do this for all maps
in this chapter, though we do not explicitly highlight it each time.

To approximate the dynamics near the orbit ξ3 → ξ1, we define a cross-section in a
small neighbourhood of ξ1, transverse to the heteroclinic orbit ξ3 → ξ1:

Hin,3
1 =

{
(u1, x2, x3, x4)

∣∣ |u1| < 1, x3 = 1, 0 < x2, x4 < 1
}
.

Again, the radial coordinate, nowu1, can be neglected. The relevant coordinates are (x2, x4) ∈
Hin,3

1 , the same as those on Hout,1
3 . By the flow-invariance of the coordinate hyperplanes, the

global map Ψ31 : H
out,1
3 → Hin,3

1 can be written, to lowest order, as

Ψ31(x2, x4) = (α31x2, β31x4),

where α31 and β31 are O(1) positive constants.
We define the basic map φ231 = Ψ31 ◦ ψ231 : H

in,2
3 → Hin,3

1 . After repeating this
process for all equilibria and appropriate cycles, we compose these basic maps into the six
full return maps of the network, Φj : H

in,i
j → Hin,i

j . We write Φ
(3)
j or Φ

(4)
j for a return

map to an incoming cross-section defined near ξj that describes trajectories that make an
excursion around the C[3] or C[4] cycle, respectively.

For the Kirk–Silber network, only m123 and m124 have negative entries (see §B.1), and
so we only have to check the stability conditions of Theorem 6.1 at ξ3 and ξ4. Applying the
conditions of Theorem 6.1 to the full transition matricesM (3)

3 andM (4)
4 allows us to conclude

that the C[3] cycle is fragmentarily asymptotically stable if and only if δ3 > 1 and ν3 > 0,
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and that the C[4] cycle is fragmentarily asymptotically stable if and only if δ4 > 1 and ν4 > 0,
where

δ3 =
c13c21c32
e12e23e31

> 0,

δ4 =
c14c21c42
e12e24e41

> 0,(9.1)

ν3 =
t34
e31

+
c14c32
e12e31

− c13c32e24
e12e23e31

,

and

ν4 =
t43
e41

+
c13c42
e12e41

− c14c42e23
e12e24e41

.

These conditions for stability were derived by Kirk and Silber in [KS94]. Moreover, Kirk
and Silber [KS94] prove that, if ν3 < 0, then trajectories switch from the C[3] cycle to the C[4]
cycle, and vice-versa if ν4 < 0. They also show that ν3 and ν4 cannot both be simultaneously
negative.

The equilibrium ξ2 has more than one outgoing heteroclinic orbit, and so it is a switch-
ing equilibrium of the Kirk–Silber network. Moreover, for the Kirk–Silber network, ξ2 is the
only switching equilibrium. As such, where a trajectory strikes Hin,1

2 determines which cycle
the trajectory next cycles around. Therefore, to study the itinerary of trajectories near the
Kirk–Silber network, we focus our analysis on Hin,1

2 . We define the incoming cross-section
at ξ2 as

Hin,1
2 =

{
(x1, u2, x3, x4)

∣∣ |u2| < 1, x1 = 1, 0 < x3, x4 < 1
}
.

The relevant coordinates on this section are x3 and x4. The curve xe243 = xe234 divides Hin,1
2

into trajectories that leave a small neighbourhood of ξ2 in the direction of ξ3 or ξ4.
We consider the subsets of Hin,1

2 defined by

(9.2) Γ3 =

{
x ∈ Hin,1

2 | (1− ϵ)x
e24
e23
3 > x4

}
and

(9.3) Γ4 =

{
x ∈ Hin,1

2 | (1− ϵ)x
e23
e24
4 > x3

}
,

where 0 < ϵ < 1. The term (1− ϵ) excludes fromΓ3 andΓ4 all points that lie too close to the
separatrix dividing the basins of attraction of the C[3] and C[4] cycles, and so trajectories that
do not strike Hin,2

3 or Hin,2
4 . In defining these subsets, and other subsets of cross-sections, we
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Figure 9.1: Examples of the action of the return map Φ: Hin,1
2 → Hin,1

2 for (a) ν3 > 0 and (b)
ν3 < 0. Points in the same orbit have been joined for clarity only. The domain Γ3 is shaded
blue, Γ4 orange, and the excluded cusp Γc black. The dashed blue and orange lines are the
curves Σ∗

3 and Σ∗
4 (defined in §9.2). The switching curve Σs is a dashed red line, and Σ−

c and
Σ+

c are solid red lines. Parameter values and initial conditions for these figures are given in
§B.5.1.

again abuse notation and do not explicitly include the coordinate that is fixed to define the
cross-section, nor the radial coordinate.

We refer to the subset of Hin,1
2 between Γ3 and Γ4 as the excluded cusp, defined as Γc :=

Hin,1
2 \ (Γ3 ∪ Γ4). We refer to the curve defined by xe243 = xe234 as the switching curve, and

denote itΣs. Furthermore, the boundary betweenΓc andΓ3 is denotedΣ+
c , and the boundary

between Γc and Γ4 is denoted Σ−
c . Unlike Kirk and Silber, we do not need to assume that

e23 > e24, as we are not concerned with the conditions for essential asymptotic stability of
the component cycles, only that they are fragmentarily asymptotically stable. We do however
assume the genericity condition that e23 ̸= e24. Therefore, either Γ3 or Γ4 can be cusp-
shaped, and the other is shaped like the complement of a cusp.

The sets Γ3 and Γ4 are the domains of definition of the local maps ψ123 : Γ3 → Hout,3
2

and ψ124 : Γ4 → Hout,4
2 , respectively, and so also of the full return maps Φ(3)

2 : Γ3 → Hin,1
2

and Φ
(4)
2 : Γ4 → Hin,1

2 . The full return map Φ2 : Γ3 ∪ Γ4 → Hin,1
2 is, to lowest order, and

presenting only the relevant coordinates,

(9.4) Φ2(x3, x4) =

Φ
(3)
2 (x3, x4) = (A32x

δ3
3 , B32x

ρ3
3 x4), if (x3, x4) ∈ Γ3,

Φ
(4)
2 (x3, x4) = (A42x3x

ρ4
4 , B42x

δ4
4 ), if (x3, x4) ∈ Γ4,
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Figure 9.2: Examples of the action of the map M : R2
– → R2

– for (a) ν3 > 0 and (b) ν3 <
0. In this figure, vectors extend from the origin to the black dots, and the linear subspace
containing each vector is a solid grey line. The domain of D3 is shaded blue, D4 orange, and
Dc black. The dashed blue and orange lines are the eigenspacesW ∗

3 andW ∗
4 . The vectors can

be seen to converge to these eigenspaces under iteration ofM . The switching subspaceWs is
a dashed red line, and the two affine subspaces W−

c and W+
c are solid red lines. For clarity,

(b) shows the logarithm of only one of the trajectories in Figure 9.1(b), that trajectory that
switches from the C[3] cycle to the C[4] cycle. Parameter values and initial conditions for these
figures are given in §B.5.1.

where A32, B32, A42, and B42 are O(1) constants, and

ρ3 = −e24
e23

+
c21t34
e23e31

+
c14c21c32
e12e23e31

and
ρ4 = −e23

e24
+
c21t43
e24e41

+
c13c21c42
e12e24e41

.

As shown by Kirk and Silber [KS94], if δ3 > 1, then ν3 > 0 implies ρ3 > 0, and if δ4 > 1,
then ν4 > 0 implies ρ4 > 0. From here, our primary focus is this return map, and so we write
simply Φ ≡ Φ2, Φ3 ≡ Φ

(3)
2 , and Φ4 ≡ Φ

(4)
2 . Examples of the action of the map Φ are shown

in Figure 9.1 for both ν3 > 0 (panel (a))—where there is no switching between cycles—and
ν3 < 0 (panel (b))—where there is switching from the C[3] to C[4] cycle.

The return maps Φ3 and Φ4 have corresponding transition matrices

M3 =

(
δ3 0

ρ3 1

)
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and

M4 =

(
1 ρ4

0 δ4

)
.

Let X3 := log x3 < 0 and X4 := log x4 < 0. These matrices act on subsets of R2
–—the

negative orthant of R2—that correspond to the sets Γ3 and Γ4 in logarithmic coordinates.
We label these subsets as D3 and D4, respectively. We define Dc to be Γc in logarithmic
coordinates. Setting ws = (1, e24

e23
), which we call the switching vector, we define the switching

subspaceWs as the span ofws, which is Σs in logarithmic coordinates. We also writeW+
s and

W−
s for the one-dimensional affine subspaces that correspond to the curves Σ+

c and Σ−
c . The

lines W+
s and W−

s are parallel to Ws and do not pass through the origin.
We can then define a map M : D3 ∪ D4 → R2

– by

M(X3, X4) =



M3(X3, X4) =

δ3 0

ρ3 1

X3

X4

, if (X3, X4) ∈ D3,

M4(X3, X4) =

1 ρ4

0 δ4

X3

X4

, if (X3, X4) ∈ D4.

We write w∗
3 for the eigenvector (δ3 − 1, ρ3) of M3 with eigenvalue δ3, and w∗

4 for the
eigenvector (ρ4, δ4 − 1) of M4 with eigenvalue δ4. We write W ∗

3 for the eigenspace of M3

that is the span ofw∗
3 , and similarly forW ∗

4 . We also writew−
3 = (0, 1) andW−

3 for its span,
and w−

4 = (1, 0) and W−
4 for its span. These are, respectively, eigenvectors of M3 and M4,

both with eigenvalue 1.

9.2 Motivating the projected map

Write Va for the one-dimensional linear subspace of R2 defined by X4 = aX3, where a >
0. Then, all vectors X ∈ Va in the domain of M are mapped by M into the same one-
dimensional subspace, Vh(a), where

h(a) =


h3(a) =

a+ρ3
δ3
, if a > e24

e23
,

h4(a) =
aδ4

1+aρ4
, if a < e24

e23
.

The map h3(a) has a fixed point a∗3 = ρ3
δ3−1

, and Va∗3 is the eigenspace W ∗
3 . The map h4(a)

has a fixed point a∗4 =
δ4−1
ρ4

, and Va∗4 is the eigenspace W ∗
4 .

These properties ofM3 andM4 as linear maps have analogues in the return mapsΦ3 and
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Φ4, which was previously considered in [Pos10]. For a > 0, consider the one-dimensional
subspace defined byX4 = aX3, restricted to the negative orthant. Taking exponentials gives
a curve x4 = xa3 in Hin,1

2 . We note that any point (q3, q4) ∈ Hin,2
1 lies on the curve x4 = xa3,

where a = log q4/ log q3. All points on the curve x4 = xa3 that are in the domain of Φ are
mapped into the curve x4 = x

h(a)
3 . Write Σ∗

3 and Σ∗
4 for the curves defined by x4 = x

a∗3
3

and x4 = x
a∗4
3 , respectively. The curves Σ∗

3 and Σ∗
4 are invariant under the action of Φ3

and Φ4, respectively. The eigenspaces W ∗
3 and W ∗

4 correspond to these invariant curves in
logarithmic coordinates.

Since we are interested in not just the stability properties of the Kirk–Silber network
and its component cycles, but also in classifying the behaviour of nearby trajectories, we can
determine the itinerary of trajectories by which part of the domain of the return map Φ they
pass through. For a given a > 0, all points x0 in the curve x4 = xa3 give rise to disjoint
trajectories in phase space, ϕ(x0, t). However, the sequence of points Φn(x0) at which these
trajectories strike the cross-section Hin,1

2 all lie in the same sequence of curves x4 = x
hn(a)
3 .

Therefore, these trajectories have the same itinerary. With this information, we highlight
the primary advantage of the methodology we introduce here: we can simplify the analysis
of trajectories near the network by identifying all trajectories that lie on the same curve
x4 = xa3, thereby reducing the complexity of the problem by one dimension.

9.3 The projected map of the Kirk–Silber network

We define the set

(9.5) S =
{
(X3, X4) ∈ R2

– | X3 +X4 = −1
}
.

By identifying any point in S with its first coordinate, we can, without ambiguity, identify
the set S with the open interval (−1, 0) ⊆ R–. We cannot, however, use the closed interval
[−1, 0], which includes the limit points −1 and 0. These points correspond, respectively, to
the X3- and X4-axes, and so correspond to the original coordinates, x4 and x3, respectively,
being O(1). These points are not in the domain of the original return map Φ. We also choose
to identify S with a subset of the negative real line as a reminder that these points represent
vectors in the negative orthant.

We define the projection Π: R2
– → S of any vector X ∈ R2

– onto S by taking the first
coordinate of the intersection of the line segment S with the subspace containing X :

(9.6) Π: X = (X3, X4) 7→
−1

(1, 1) ·Xe1 ·X =
−X3

X3 +X4

,
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−3 −2 −1 0
−3

−2

−1

0

Figure 9.3: Three examples of determining a vector’s projection onto the line segment S,
which is shown as a green line. The three vectors extend from the origin to the black points,
and the linear subspaces containing them are the dotted lines. The intersection of each linear
subspace and S as a line segment is given by a coloured point, and the horizontal components
are the three correspondingly coloured ticks on the X3-axis.

where e1 = (1, 0) is the first standard basis vector. Figure 9.3 depicts this projection. For all
X ∈ R2

– and α > 0,
Π(αX) = Π(X).

Therefore, all vectors in the same linear subspace are represented by the same point in S.
We define the projected map as the induced action of the map M on S. Let

ϑs := Π(ws) =
−1

1 +
e24
e23

.

We define the intervals Θ3 = (ϑs, 0) and Θ4 = (−1, ϑs), and so S = Θ4 ∪ {ϑs} ∪Θ3. For
a point ϑ ∈ S, if ϑs < ϑ, with corresponding vectors in D3,

(9.7)

M(ϑ,−1− ϑ) =M3(ϑ,−1− ϑ)

=

(
δ3 0

ρ3 1

)(
ϑ

−1− ϑ

)

=

(
δ3ϑ

(ρ3 − 1)ϑ− 1

)
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and, if ϑ < ϑs, with corresponding vectors in D4,

(9.8)

M(ϑ,−1− ϑ) =M4(ϑ,−1− ϑ)

=

(
1 ρ4

0 δ4

)(
ϑ

−1− ϑ

)

=

(
(1− ρ4)ϑ− ρ4

δ4(−1− ϑ)

)
.

With the action ofM3 in (9.7) andM4 in (9.8), we apply the projection in (9.6), deriving
maps

f3 = Π(M3(ϑ,−1− ϑ)) : Θ3 → S

and
f4 = Π(M4(ϑ,−1− ϑ)) : Θ4 → S.

We combine these maps into the projected map fKS : Θ3 ∪Θ4 → S:

(9.9) fKS(ϑ) =


f3(ϑ) =

−δ3ϑ
(δ3 + ρ3 − 1)ϑ− 1

, if ϑ ∈ Θ3,

f4(ϑ) =
(1− ρ4)ϑ− ρ4

(δ4 + ρ4 − 1)ϑ+ δ4 + ρ4
, if ϑ ∈ Θ4.

The projected map fKS is a piecewise-smooth dynamical system, and the point ϑs is its
switching manifold. Figure 9.4 gives schematic representations of this projected map for
a variety of relations between parameters.

We now show that this map is well-defined and describes the dynamics of trajectories
in all sufficiently small neighbourhoods of the Kirk–Silber network.

9.4 Well-definedness of the projected map

We first discuss why the projected map might not be well-defined. The full return map
Φ: Γ3 ∪ Γ4 → Hin,1

2 is the map from which the projected map is ultimately derived. As
discussed in §9.1, this map is not defined on the entirety of the cross-section Hin,1

2 , due to
the excluded cusp Γc, defined around the switching curve Σs. When moving to logarithmic
coordinates, the setΓc becomes the subsetDc ⊆ R2

–—defined around the switching subspace
Ws—whose boundaries are the affine subspaces W−

s and W+
s . These subspaces project onto

the set S, and so we might think that all ϑ ∈ S such that Π(W−
s ) < ϑ < Π(W+

s ) must be
excluded from the domain of the projected map. We show here that, in fact, only ϑs, which
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(c)
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Figure 9.4: Schematic representations of the projected map of the Kirk–Silber network as
cobweb plots, for different relations between parameters: (a) δ3 > 1 and ν3 > 0, (b) δ3 < 1
and ν3 > 0, (c) δ3 > 1 and ν3 < 0, and (d) δ3 < 1 and ν3 < 0. In all examples, the
domain Θ3 is shaded blue and the domain Θ4 orange. The dashed red line indicates ϑs. The
dotted black line is fKS(ϑ) = ϑ. Each function f3 and f4 is shown as solid in its domain of
definition and dashed otherwise. In all four figures, δ4 > 1 and ν4 > 0. In (c) and (d), the
values En (see (10.1)) are indicated by dashed black lines for n = 1, 2, 3, 4. Parameter values
and initial conditions for these figures are given in §B.5.2.
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−3 −2 −1 0
−3

−2

−1

0

Figure 9.5: Two examples of points in S that are not ϑs, given by the coloured dots on S,
the solid green line. The linear subspace through each point is shown as solid for vectors in
the domain ofM , and dotted for vectors in Dc. The solid lines are examples of the half-lines
L(ϑ). The point p(ϑ) in each case is shown as a correspondingly coloured point on the solid
red lines. In this figure, we use e23 = 1.2, e24 = 0.8, and ϵ = 0.4, for visual clarity.

corresponds to the switching curve Σs, must be excluded.
Let ϑ be a point of S that is not ϑs. This point is the projection of any vector in the

linear subspace W (ϑ) defined by X4 = −1+ϑ
ϑ
X3, and this subspace is not Ws. As W+

s and
W−

s are parallel to Ws, W (ϑ) intersects W+
s or W−

s at some point p(ϑ) ∈ R2
–, given by

(9.10) p(ϑ) =


p3(ϑ) =W (ϑ) ∩W+

s =

(
−ϑ log(1−ϵ)
e24
e23

ϑ+1+ϑ
, (1+ϑ) log(1−ϵ)

e24
e23

ϑ+1+ϑ

)
if ϑs < ϑ,

p4(ϑ) =W (ϑ) ∩W−
s =

(
ϑ log(1−ϵ)

ϑ+
e23
e24

(1+ϑ)
, −(1+ϑ) log(1−ϵ)

ϑ+
e23
e24

(1+ϑ)

)
if ϑ < ϑs.

If we set

α∗(ϑ) =


α∗
3(ϑ) =

− log(1−ϵ)
e24
e23

ϑ+1+ϑ
if ϑs < ϑ,

α∗
4(ϑ) =

log(1−ϵ)

ϑ+
e23
e24

(1+ϑ)
if ϑ < ϑs,

then all vectors in the half-line L(ϑ) = {α(ϑ,−(1 + ϑ)) | α > α∗(ϑ)} ⊆ R2
– extending

from, but not including, the point p(ϑ) are in the domain ofM and project onto ϑ. Figure 9.5
shows examples of the process of finding the point p(ϑ) and the half-line L(ϑ).

Next, sinceM is defined by the linear action of the matricesM3 andM4, we know that,
for all v, w ∈ L(ϑ),M(v) = tM(w) for some t. Thus, the projection ofM(v) onto S is the
same as that of M(w); that is, Π(M(v)) = Π(M(w)).

Hence, for any point ϑ ∈ S such that ϑ ̸= ϑs, we define the projected map f as the
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projection onto S of the image under M of α(ϑ,−1− ϑ) for any α > α∗(ϑ):

(9.11) fKS : ϑ 7→ −1

(1, 1) ·M(α(ϑ,−(1 + ϑ)))
e1 ·M(α(ϑ,−(1 + ϑ))),

and this mapping is well-defined. In (9.11), we have not cancelled the constantα to emphasise
that this scaling is needed so that the vector α(ϑ,−1− ϑ) is in the domain of M .

In summary, we do not have to exclude from the domain of definition of the projected
map those ϑ such that Π(W−

s ) < ϑ < Π(W+
s ). We instead take the projected map fKS as

being defined only for the projection of those vectors in the linear subspace W (ϑ) that lie
on the half-line L(ϑ), and so we are in the domain of M .

The following proposition allows us to use the dynamics of fKS to understand the dy-
namics of trajectories near heteroclinic networks. For this proposition, we define Σ(ϑ) as
the curve in Hin,1

2 that, in logarithmic coordinates, projects onto ϑ ∈ S:

Σ(ϑ) =
{
(x3, x4) ∈ Hin,1

2 | x4 = x
− 1+ϑ

ϑ
3

}
.

Proposition 9.1. Let T ⊆ S be a subset of S for which ϑs is not a (topological) limit point.
Then for all sufficiently small neighbourhoods of the origin in Hin,1

2 , the curve Σ(ϑ) is dis-
joint from the excluded cusp Γc for all ϑ ∈ T .

Proof. We begin by defining d∗ := inf{d(t, ϑs) | t ∈ T}. Since ϑs is not a limit point of T ,
d∗ > 0. We set α∗ = max{α∗(ϑs − d∗), α∗(ϑs + d∗)}. Then, for all ϑ ∈ T , all vectors in
the half-lines

L(ϑ) =
{
(αϑ,−α(1 + ϑ)) ∈ R2

– | α > α∗} ⊆ W (ϑ)

are disjoint from Dc and so are in the domain of M . Therefore, all points on the curve

Λ(ϑ) =
{(
eαϑ, e−α(1+ϑ)

)
∈ Hin,1

2 | α > α∗
}
⊆ Σ(ϑ)

are disjoint from the excluded cusp Γc and so are in the domain of Φ. If

r∗ = inf
ϑ∈T

sup
x∈Λ(ϑ)

d(0, x),

then, for all r < r∗, the restriction of Σ(ϑ) to the open neighbourhood of radius r of the
origin lies outside the excluded cusp Γc for all ϑ ∈ T . ■

Therefore, if ϑ ∈ Θ3 ∪ Θ4 and (fn
KS(ϑ))n∈N is the forward orbit from ϑ, then, if this

orbit is not asymptotic toϑs, the orbit describes the dynamics of trajectories in all sufficiently
small neighbourhoods of the given network.
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§10 The Kirk–Silber network
To help us classify the dynamics of trajectories near the Kirk–Silber network, we first define
the following two subsets of Hin,1

2 :

Γ−
3 =

{
x ∈ Γ3 | (1− ϵ)x

e24
e23
3 > x4 > x

ρ3
δ3−1

3

}
⊆ Γ3,

which is nonempty only if δ3 < 1 and ν3 < 0, and

Γ−
4 =

{
x ∈ Γ4 | (1− ϵ)x

e23
e24
4 > x3 > x

ρ4
δ4−1

4

}
⊆ Γ4,

which is nonempty only if δ4 < 1 and ν4 < 0.
We now use the projected map to classify the dynamics of trajectories near the Kirk–

Silber network. In particular, we prove the following theorem.

Theorem 10.1. (a) If δ3 > 1 and ν3 > 0, then the C[3] cycle is fragmentarily asymptotically

stable. All trajectories starting in Γ3 are asymptotic to the C[3] cycle, with itinerary (231)∞.

(b) If δ3 > 1 and ν3 < 0, then the C[3] cycle is almost completely unstable. All trajectories

starting in Γ3 are eventually mapped into Γ4. If, in addition, δ4 > 1, these trajectories switch

from the C[3] cycle to the C[4] cycle, to which they are then asymptotic. For all positive integers

n, there exists an open set of trajectories starting in Γ3 with the itinerary (231)n(241)∞.

(c) If δ3 < 1, then the C[3] cycle is completely unstable. If ν3 < 0, then all trajectories starting

in Γ−
3 sufficiently close to the network are eventually mapped into Γ4. If, in addition, δ4 > 1,

these trajectories switch from the C[3] cycle to the C[4] cycle, to which they are then asymptotic.

For all positive integers n, there exists an open set of trajectories in Γ3 with the itinerary

(231)n(241)∞. All other trajectories starting near the cycle leave a neighbourhood of the

cycle.

(d) If δ4 > 1 and ν4 > 0, then the C[4] cycle is fragmentarily asymptotically stable. All trajectories

starting in Γ4 are asymptotic to the C[4] cycle, with itinerary (241)∞.

(e) If δ4 > 1 and ν4 < 0, then the C[4] cycle is almost completely unstable. All trajectories

starting in Γ4 are eventually mapped into Γ3. If, in addition, δ3 > 1, these trajectories switch

from the C[4] cycle to the C[3] cycle, to which they are then asymptotic. For all positive integers

n, there exists an open set of trajectories starting in Γ4 with the itinerary (241)n(231)∞.

(f) If δ4 < 1, then the C[4] cycle is completely unstable. If ν4 < 0, then all trajectories starting

in Γ−
4 sufficiently close to the network are eventually mapped into Γ3. If, in addition, δ3 > 1,



48 III. The projected map of heteroclinic networks in R4

these trajectories switch from the C[4] cycle to the C[3] cycle, to which they are then asymptotic.

For all positive integers n, there exists an open set of trajectories in Γ4 with the itinerary

(241)n(231)∞. All other trajectories starting near the cycle leave a neighbourhood of the

cycle.

The results in (a), (b), (d), and (e) were proven in [KS94], though not using the termi-
nology we have used here. We rederive these results to demonstrate how trajectories near a
heteroclinic network can be analysed with its projected map. We also derive new results in
(c) and (f) concerning switching from a completely unstable cycle.

The proof of Theorem 10.1 proceeds as follows:

• In sections 10.1 to 10.3, we prove results about the fixed points of fKS which are used
in the remainder of the proof.

• In §10.4, we prove (a) and (d) of Theorem 10.1, and the parts of (c) and (f) where ν3 > 0

and ν4 > 0, respectively. These parts of Theorem 10.1 correspond to parameter values
for which all fixed points of the map fKS are admissible.

• In §10.5, we prove (b) and (e) of Theorem 10.1, and the parts of (c) and (f) where ν3 < 0

or ν4 < 0, respectively. These parts of Theorem 10.1 correspond to parameter values
for which one fixed point of the map fKS is virtual.

We prove these results for only the C[3] cycle, as the proof for the C[4] cycle is equivalent.
However, we highlight where properties of the maps f3 and f4 are different.

10.1 Fixed points, admissibility, and stability

Both f3 and f4 (see (9.9)) have only one fixed point that can lie in S,

ϑ∗
3 =

1− δ3
δ3 + ρ3 − 1

and
ϑ∗
4 =

−ρ4
δ4 + ρ4 − 1

.

These fixed points correspond to the eigenspaces W ∗
3 and W ∗

4 . We now determine when
these fixed points are admissible or virtual, and when border-collision bifurcations occur.

Consider the case that δ3 + ρ3 > 1 and δ4 + ρ4 > 1. Rearranging ϑ∗
3 > ϑs gives

ρ3 −
e24
e23

(δ3 − 1) ≡ c21
e23

ν3 > 0.
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Since c21 and e23 are both positive, ϑ∗
3 is admissible if and only if ν3 > 0 and it is virtual if

and only if ν3 < 0. A border-collision bifurcation occurs at ν3 = 0. Equivalent results hold
for ϑ∗

4 and ν4.
Now, in the case that δ3 + ρ3 < 1, ϑ∗

3 is virtual if and only if ν3 > 0, and admissible if
and only if ν3 < 0. The same holds for ϑ∗

4 when δ4 + ρ4 < 1.
The maps f3 and f4 each have one additional fixed point: ϑ−

3 = 0 and ϑ−
4 = −1,

respectively. These correspond to the eigenspaces W−
3 and W−

4 , respectively. These points
are not in the domains of the maps f3 and f4, but it is useful to consider them in our analysis.

To determine the stability of ϑ∗
3 and ϑ∗

4, we calculate that

Df3(ϑ) =
δ3

((δ3 + ρ3 − 1)ϑ− 1)2

and
Df4(ϑ) =

δ4

((δ4 + ρ4 − 1)ϑ+ δ4 + ρ4)
2 .

Since δ3 and δ4 are both positive, Df3(ϑ) > 0 and Df4(ϑ) > 0 for all ϑ ∈ S, and so both
functions are strictly increasing.

Evaluating Df3(ϑ) and Df4(ϑ) at ϑ∗
3 and ϑ∗

4 gives

Df3(ϑ
∗
3) =

1

δ3

and
Df4(ϑ

∗
4) =

1

δ4
.

Therefore, ϑ∗
3 is asymptotically stable when δ3 > 1, and ϑ∗

4 is asymptotically stable when
δ4 > 1. Additionally, Df3(ϑ−

3 ) = δ3 and Df4(ϑ
−
4 ) = δ4. At the point of stability loss,

ϑ∗
3 = ϑ−

3 and ϑ∗
4 = ϑ−

4 . Thus, if f3 and f4 were studied as functions of the real line, these
bifurcations would be transcritical bifurcations.

10.2 Equivalence of the border-collision bifurcation and

Podvigina’s third stability condition

As discussed at the beginning of §6.2, when studying a heteroclinic cycle, it may be that there
is only one equilibrium at which an open set of initial conditions exists that does not return
to that equilibrium under the flow of the system. As such, since the projected map fKS is
derived from the transition matrices M3 and M4 only, we do not know a priori that stability
of the cycles can necessarily be determined by studying this map alone. Podvigina’s results
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tell us that stability can be determined by studying the full transition matrices at ξ3 and ξ4,
since the only basic transition matrices with negative entries are m123 and m124. However,
it is in fact possible to establish an equivalence between the border-collision bifurcations of
ϑ∗
3 and ϑ∗

4 and the stability conditions at ξ3 and ξ4, respectively; this equivalence allows us
to deduce whether a trajectory is asymptotic to the C[3] or C[4] cycle from examination of the
projected map only.

Recall that we use the shorthand M3 ≡ M
(3)
2 and M4 ≡ M

(4)
2 . The full transition

matrix M3 is defined by the following product of basic transition matrices:

M3 ≡M
(3)
2 = m312m231m123.

The transition matrix M (3)
3 is defined by

M
(3)
3 = m123m312m231.

As such, M (3)
3 = m123M3m

−1
123, and similarly for M4 ≡ M

(4)
2 and M (4)

4 = m124M4m
−1
124.

We write w(2)
max for the eigenvector of M3 whose eigenvalue has greatest absolute value, and

similarly write w(3)
max for that eigenvector of M (3)

3 .
Therefore, ifw is an eigenvector ofM3, thenm123w is an eigenvector ofM (3)

3 , and, ifw
is an eigenvector of M (3)

3 , then m−1
123w is an eigenvector of M3. The key observation is that

the image of the switching vector ws =
(
1, e24

e23

)
under m123 is

m123ws =

 c21
e23

0

− e24
e23

1

 1

e24
e23

 =

 c21
e23

0

.
Therefore, if the eigenvector w(2)

max of M3 lies in Ws, the eigenvector w(3)
max of M (3)

3 does not
satisfy condition (III) of Theorem 6.1 because it has a 0 entry. Similarly, at the bifurcation
ν3 = 0, the eigenvector w(3)

max of M (3)
3 is (δ3 − 1, 0), and we find that

m−1
123wmax =

 e23
c21

0

e24
c21

1

δ3 − 1

0

 =
e23
c21

(δ3 − 1)

 1

e24
e23

 ∈ Ws.

Therefore, Podvigina’s third stability condition in Theorem 6.1 at ξ3 is equivalent to the
admissibility of the eigenvector w(2)

max ofM3, and a border-collision bifurcation of the eigen-
vector w(2)

max of M3 corresponds to a 0 in the eigenvector w(3)
max of M (3)

3 .
With a similar argument for the matrixm124, we have proved the following proposition.
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Proposition 10.2. Suppose δ3 > 1. The fixed point ϑ∗
3 of f3 is admissible if and only if wmax

ofM (3)
3 satisfies Podvigina’s third condition for stability. Suppose δ4 > 1. The fixed point ϑ∗

4

is admissible if and only if the eigenvectorwmax ofM (4)
4 satisfies Podvigina’s third condition

for stability.

As mentioned after Theorem 6.1, Podvigina’s third stability condition only needs to be veri-
fied for M (3)

3 . We can then conclude that, if (fn
KS(ϑ)) is an orbit of fKS that is asymptotic

to an admissible ϑ∗
3, then all corresponding trajectories near the Kirk–Silber network are

asymptotic to the origin in all cross-sections of the C[3] cycle. A similar argument applies
to the C[4] cycle. Hence, we can analyse the dynamics of trajectories near the Kirk–Silber
network by only studying the projected map.

10.3 Discontinuity of the projected map of the Kirk–Silber network at ϑs

We now consider the limiting behaviour of f3 and f4 as ϑ → ϑs. The projected map is not
defined at ϑs because of the method used to construct the return map Φ. The functions f3
and f4 can nevertheless be formally evaluated at ϑs.

We consider the projected map fKS to be continuous if

lim
ϑ↘ϑs

f3(ϑ) = lim
ϑ↗ϑs

f4(ϑ).

In the case of the Kirk–Silber network, we find that

lim
ϑ↘ϑs

f3(ϑ) =
−c32c13

c32(c13 + c14) + e12t34
,

and
lim
ϑ↗ϑs

f4(ϑ) =
−(c42c13 + e12t43)

c42(c13 + c14) + e12t43
,

which, generically, are not equal. Therefore, the projected map of the Kirk–Silber network
is discontinuous. This discontinuity can be seen in all four examples in Figure 9.4.

10.4 Dynamics when ν3 > 0 and ν4 > 0

We first prove (a) and (d) of Theorem 10.1, and the parts of (c) and (f) where ν3 > 0 and
ν4 > 0, respectively, and so consider the dynamics of fKS when bothϑ∗

3 andϑ∗
4 are admissible.

We first assume δ3 > 1. It is straightforward to show that, for all ϑ ∈ Θ3, fKS(ϑ) ∈ Θ3.
It is also straightforward to show that, if ϑ > ϑ∗

3, then fKS(ϑ) < ϑ, and if ϑ < ϑ∗
3, then

fKS(ϑ) > ϑ. Hence, ϑ∗
3 is globally attracting inΘ3 if δ3 > 1. A similar analysis shows that ϑ∗

4

is globally attracting in Θ4 if δ4 > 1. Hence, we have proven (a) of Theorem 10.1. Examples
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of orbits under iteration of the projected map for δ3, δ4 > 1 and ν3, ν4 > 0 are shown in
Figure 9.4(a).

When δ3 < 1, ϑ∗
3 > ϑ−

3 = 0, and f3 has no fixed points in Θ3. However, for all ϑ ∈ Θ3,
fKS(ϑ) ∈ Θ3 and fKS(ϑ) > ϑ. Therefore, limn→∞ fn

KS(ϑ) = ϑ−
3 = 0, and so there is no

ϑ ∈ Θ3 asymptotic to a point in S. The C[3] cycle is thus completely unstable. Hence, we
have proven the first part of (c) of Theorem 10.1. Examples of orbits under iteration of the
projected map when δ3 < 1 are shown in Figure 9.4(b).

10.5 Dynamics when either ν3 < 0 or ν4 < 0

We now prove (b) and (e) of Theorem 10.1, and the parts of (c) and (f) where ν3 < 0 or
ν4 < 0, respectively. Thus we assume that either ν3 < 0 or ν4 < 0. As noted in section
9.1, Kirk and Silber show that these values cannot simultaneously be negative. We give the
analysis of the dynamics of fKS when ν3 < 0, and the analysis in the case of ν4 < 0 is similar.

We first assume that δ3 > 1. Since ν3 < 0, ϑ∗
3 is virtual, and ϑ∗

3 < ϑs. For all ϑ ∈ Θ3,
fKS(ϑ) < ϑ. However, there now exist ϑ ∈ Θ3 such that fKS(ϑ) /∈ Θ3. For all non-negative
integers n, define En as the n-th pre-image of ϑs under f3; in particular, fKS(En+1) = En
and fn

KS(En) = ϑs. The exact value of En is

(10.1) En =
ϑs

δn3 + ϑs

(
δn3 − 1 + ρ3

n−1∑
k=0

δk3

) .
Note that E0 = ϑs, and, for all n, En < En+1 < 0, and limn→∞ En = ϑ−

3 = 0. (We note that,
strictly speaking, by Proposition 9.1, the points En must also be excluded from the domain
of definition of the map f3, but we do not make that explicit here.)

For all ϑ ∈ (E0, E1), fKS(ϑ) ∈ Θ4. Moreover, for all ϑ ∈ (En, En+1), fKS(ϑ) ∈
(En−1, En) and so fn+1

KS (ϑ) ∈ Θ4. Therefore, all points in Θ3 that are not a pre-image of ϑs

are eventually mapped into Θ4 after a finite number of iterations.
If δ4 > 1, ϑ∗

4 is globally attracting in Θ4, and so all ϑ ∈ Θ3, except the points En, are
asymptotic to ϑ∗

4. However, by [KM04, Theorem 2.4], the C[3] cycle remains asymptotically
stable in the subspace S123 defined by x4 = 0, and so C[3] is almost completely unstable.
Hence, we have completed the proof of (b) of Theorem 10.1. Examples of orbits under itera-
tion of the projected map that switch from Θ3 to Θ4 are shown in Figure 9.4(c).

The same analysis can be done in the case of ν4 < 0, showing that all points in Θ4,
except those that are a pre-image of ϑs, are eventually mapped into Θ3.

If δ3 < 1, then since ν3 < 0, ϑ∗
3 is admissible but repelling in Θ3. As such, all ϑ > ϑ∗

3

are asymptotic to ϑ−
3 , as was the case when ν3 > 0. However, limn→∞ En = ϑ∗

3, for the
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Figure 10.1: Example timeseries of trajectories near the Kirk–Silber network, where (a) δ3 > 1
and ν3 > 0, (b) δ3 > 1 and ν3 < 0, and (c) δ3 < 1 and ν3 < 0. The colours red, green,
blue, and orange correspond to x1, x2, x3, and x4, respectively, and similarly for the Xi. In
all three examples, δ4 > 1 and ν4 > 0, and the values of δ3 and ν3 are as indicated. Parameter
values and initial conditions for these figures are given in §B.5.2.

En defined in (10.1). Thus, all ϑ ∈ (ϑs, ϑ
∗
3) are mapped into Θ4 after a finite number of

iterations. The subset ϑ ∈ (ϑs, ϑ
∗
3) ⊆ Θ3 is the projection of the subset Γ−

3 ⊆ Hin,1
2 . We

have therefore completed the proof of (c) of Theorem 10.1. An example of the projected map
with δ3 < 1 and ν3 < 0 is shown in Figure 9.4(d).

Hence, we have completed the proof of Theorem 10.1.

10.6 Numerical examples

We conclude our study of the Kirk–Silber network by presenting some numerical examples
of the phenomena we have described in this section. We consider the system of ODEs

(10.2)

ẋ1 = x1
(
1− ∥x∥22 − c21x

2
2 + e31x

2
3 + e41x

2
4

)
,

ẋ2 = x2
(
1− ∥x∥22 + e12x

2
1 − c32x

2
3 − c42x

2
4

)
,

ẋ3 = x3
(
1− ∥x∥22 − c13x

2
1 + e23x

2
2 − t43x

2
4

)
,

ẋ4 = x4
(
1− ∥x∥22 − c14x

2
1 + e24x

2
2 − t34x

2
3

)
,
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where cjk, ejk, and tjk are positive real numbers. System (10.2) is Z4
2-equivariant, and con-

tains a Kirk–Silber network. The four equilibria of the network lie at unit distance from
the origin on the four coordinate axes in the positive orthant. A sufficient condition for the
flow generated by the vector field (10.2) to contain an attracting invariant sphere is for all
constants ejk to be strictly less than unity [Fie96, CFL24]. However, this condition is not
necessary, and so we do not explicitly make this assumption here, though we assume that the
parameters satisfy the contracting condition of the invariant sphere theorem [Fie96].

To minimise roundoff error when computing f for trajectories close to the network, we
follow [PD05] and use the change of coordinates Xj := log xj , and numerically integrate
the resulting ODEs Ẋj with a variety of parameter values. Figure 10.1 shows three different
trajectories near the Kirk–Silber network. The timeseries in Figure 10.1(a) is an example of
a trajectory asymptotic to the C[3] cycle. The example in Figure 10.1(b) has the same initial
conditions as Figure 10.1(a), but the parameters are now such that ν3 < 0, and the trajectory
switches from the almost completely unstable C[3] cycle to the C[4] cycle. This trajectory has
itinerary (123)2(124)∞. Figure 10.1(c) shows an example of switching from a completely
unstable C[3] cycle to a stable C[4] cycle, with itinerary (231)3(241)∞.

§11 The ∆-clique network
We now study the ∆-clique network using its projected map. Following the process outlined
in §9.3, we derive the projected map of the ∆-clique network, f∆ : Θ34 ∪Θ4 → S:

(11.1) f∆(ϑ) =


f34(ϑ) =

(α2 − α1)ϑ+ α2

(α1 − α2 + α3 − α4)ϑ− α2 − α4

, if ϑ ∈ Θ34,

f4(ϑ) =
(1− ρ4)ϑ− ρ4

(δ4 + ρ4 − 1)ϑ+ δ4 + ρ4
, if ϑ ∈ Θ4,

where

α1 =
c21c43
e23e41

+
c21c42t13
e23e41e12

− c32e24t13
e34e23e12

− c43e24t31
e41e23e34

− c42e24t13t31
e41e23e12e34

,

α2 =
c32t13
e34e12

+
c43t31
e41e34

+
c42t13t31
e41e12e34

> 0,

α3 =
c14c21c42
e12e23e41

− c14c32e24
e12e34e23

− c14c42e24t31
e12e41e23e34

,

α4 =
c14c32
e12e34

+
c14c42t31
e12e41e34

> 0,
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and

ρ4 = −e23
e24

+
c21c43
e24e41

+
c21c42t13
e24e41e12

.

The definition of δ4 is the same as for the Kirk–Silber network in (9.1). The derivation of
these expressions can be found in the §B.1.

The maps f34 : Θ34 → S and f4 : Θ4 → S describe the dynamics of trajectories near
the C[34] cycle and the C[4] cycle, respectively. The map f4 is analogous to that for the Kirk–
Silber network, with the exception that ρ4 has a slightly different definition as a result of the
differing topologies of the Kirk–Silber and ∆-clique networks.

The domain Θ34 of f34 corresponds to the set Γ34 ⊆ Hin,1
2 of trajectories that leave a

neighbourhood of ξ2 in the direction of ξ3, and therefore cycle around the C[34] cycle. The
domain Θ4 corresponds to those trajectories that cycle around the C[4] cycle. These domains
are Θ34 = (ϑs, 0) and Θ4 = (−1, ϑs).

For the purposes of describing the dynamics that can be observed near the ∆-clique
network, we introduce the following expression for the C[4] cycle:

ν4 =
c43
e41

+
c42t13
e41e12

− c14c42e23
e12e24e41

,

and the following expressions for the C[34] cycle:

τ34 = α1 + α4 = trM34,

δ34 = α1α4 − α2α3 = detM34 =
c14c21c32c43
e12e23e34e41

> 0,

ω34 = τ 234 − 4δ34,

λ±34 =
1

2
(τ34 ±

√
ω34),

ζ34 = α1 − α2 + α3 − α4,

and

β34 = α3 +
1

2
(α1 − α4) +

e24
e23

(
α2 +

1

2
(α4 − α1)

)
.

The expression for ν4 here is slightly different to that in §9.1, again due to the differing topolo-
gies of the two networks, but bifurcations when ν4 = 0 correspond to the same dynamical
phenomena.
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Figure 11.1: Schematic representations of the projected map of the ∆-clique network as cob-
web plots, for different relations between parameters: (a)ω34 < 0, (b) ϑc

34 created in a virtual
fold with ν4 < 0, (c) ϑc

34 created in an admissible fold with ν4 > 0, and (d) ϑc
34 created in

an admissible fold with ν4 < 0. In all examples, the domain Θ34 is shaded green and the
domain Θ4 orange. The dashed red line indicates ϑs. The dotted black line is f(ϑ) = ϑ.
Each function f34 and f4 is shown as solid in its domain of definition and dashed otherwise.
In all three figures, δ4 > 1 and τ34 > 0. In (a), (b), and (d), the values En are indicated by
dashed black lines for n = 1, 2, 3, 4. In (c), the interval

(
ϑs, ϑ

−
34

)
is also partitioned by En,

but we do not plot these lines for visual clarity. Parameter values and initial conditions for
these figures are given in §B.5.3.
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We introduce the following two subsets of Γ34:

Γ−
34 =

x ∈ Γ34 | (1− ϵ)x
e24
e23
3 > x4 > x

λ+34−α1−α3

−λ+34+α2+α4

3

,
Γ+
34 =

x ∈ Γ34 | x4 ≤ x

λ+34−α1−α3

−λ+34+α2+α4

3

 = Γ34 \ Γ−
34,

which are non-empty only if ω34, τ34, ν4 > 0 and ζ34, β34 < 0. We define Γ−
4 as in §10. In the

remainder of this section, we use the projected map to prove the following theorem about
dynamics near the ∆-clique network.

Theorem 11.1. (a) If ω34 > 0 and τ34 > min{2, 1 + δ34}, and either

(i) ζ34 < 0 and β34 < 0; or

(ii) ζ34 < 0, β34 > 0, and ν4 < 0; or

(iii) ζ34 > 0 and ν4 < 0

then the C[34] cycle is fragmentarily asymptotically stable. In cases (ii) and (iii), and in case

(i) if ν4 < 0, all trajectories starting in Γ34 are asymptotic to the C[34] cycle, with itinerary

(2341)∞. In case (i) if ν4 > 0, all trajectories starting in Γ+
34 are asymptotic to the C[34]

cycle, with itinerary (2341)∞, and all trajectories starting in Γ−
34 are mapped into Γ4. If, in

addition, δ4 > 1, these trajectories switch from the C[34] cycle to the C[4] cycle, to which they

are then asymptotic, and, for all positive integers n, there exists an open set of trajectories in

Γ−
34 with the itinerary (2341)n(241)∞.

(b) If ω34 > 0 and τ34 > min{2, 1 + δ34}, and either

(i) ζ34 < 0, β34 > 0, and ν4 > 0; or

(ii) ζ34 > 0 and ν4 > 0

then the C[34] cycle is completely unstable, and all trajectories starting in Γ34 are mapped into

Γ4. If, in addition, δ4 > 1, these trajectories switch from the C[34] cycle to the C[4] cycle, to

which they are then asymptotic, and there exists an open set of trajectories in Γ34 with the

itinerary (2341)n(241)∞ for all positive integers n less than some N∗.

(c) If ω34 > 0 and 0 < τ34 < min{2, 1 + δ34}, then the C[34] cycle is completely unstable.

(i) If any of the cases in (b) hold, then all trajectories starting in Γ34 sufficiently close to the

network are mapped into Γ4. If, in addition, δ4 > 1, these trajectories switch from the
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C[34] cycle to the C[4] cycle, to which they are then asymptotic, and there exists an open

set of trajectories in Γ34 with the itinerary (2341)n(241)∞ for all positive integers n

less than some N∗.

(ii) If (a)(i) holds with ν4 > 0, all trajectories starting inΓ−
34 sufficiently close to the network

are mapped into Γ4. If, in addition, δ4 > 1, these trajectories switch from the C[34] cycle

to the C[4] cycle, to which they are then asymptotic, and, for all positive integers n, there

exists an open set of trajectories in Γ−
34 with the itinerary (2341)n(241)∞. All other

trajectories starting near C[34] leave a neighbourhood of C[34].
(iii) If (a)(i) holds with ν4 < 0, or if (a)(ii) or (a)(iii) holds, all trajectories starting near

C[34] leave a neighbourhood of C[34].

(d) If ω34 < 0 or τ34 < 0, then the C[34] cycle is completely unstable. All trajectories starting

in Γ34 sufficiently close to the network are mapped into Γ4. If, in addition, δ4 > 1, these

trajectories switch from the C[34] cycle to the C[4] cycle, to which they are then asymptotic, and

there exists an open set of trajectories in Γ34 with the itinerary (2341)n(241)∞ for all positive

integers n less than some N∗. All other trajectories starting near C[34] leave a neighbourhood

of C[34].

(e) If δ4 > 1 and ν4 > 0, then the C[4] cycle is fragmentarily asymptotically stable. All trajectories

starting in Γ4 are asymptotic to the C[4] cycle, with itinerary (241)∞.

(f) If δ4 > 1 and ν4 < 0, then the C[4] cycle is almost completely unstable and all trajectories

starting in Γ4 are mapped into Γ34. If, in addition, any of the conditions in (a) hold, these

trajectories switch from the C[4] cycle to the C[34] cycle, to which they are then asymptotic,

and, for all positive integers n, there exists an open set of trajectories in Γ4 with the itinerary

(241)n(2341)∞.

(g) If δ4 < 1, then the C[4] cycle is completely unstable. If ν4 < 0, then all trajectories starting in

Γ−
4 sufficiently close to the network are mapped into Γ34. If, in addition, any of the conditions

in (a) hold, these trajectories switch from the C[4] cycle to the C[34] cycle, to which they are then

asymptotic, and, for all positive integers n, there exists an open set of trajectories in Γ4 with

the itinerary (241)n(2341)∞. All other trajectories starting near C[4] leave a neighbourhood

of C[4].

Note that (a)(i) and (e) indicate a qualitative difference between the dynamics near the
Kirk–Silber and the∆-clique networks: if there is bistability of the two cycles of the∆-clique
network, then there must be switching from the C[34] cycle to the C[4] cycle, whereas there is
no switching near the Kirk–Silber network if there is bistability of the two cycles.
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Figure 11.2: A bifurcation set of the ∆-clique network. The set is shaded orange where the
C[4] cycle is fragmentarily asymptotically stable, and shaded green where the C[34] cycle is
fragmentarily asymptotically stable. Solid lines correspond to relations between parameter
values as indicated. The green line is the locus of the fold bifurcation of ϑ∗

34 and ϑ−
34. The

red line is the locus of the border-collision bifurcation of ϑ∗
4 and also one of ϑ∗

34 and ϑ−
34,

and the orange line is the locus of the transcritical bifurcation of ϑ∗
4 and ϑ−

4 . Faint dotted
lines correspond as labelled to parameter values of the bifurcation diagrams in Figure 11.3.
For all parameter values in the bifurcation set, τ34 > min{2, 1 + δ34}. The purple dot is the
location of the codimension-two point where ϑc

34 = ϑs if ω34 = 0. Parameter values for this
figure are given in §B.5.3.

The proofs of (e), (f), and (g) are the same as for the Kirk–Silber network, and so we
omit them. The other parts of the theorem are proved in the following sections, as follows:

• In sections 11.1 and 11.2, we prove results about the fixed points of f∆ which are used
in the remainder of the proof.

• In §11.3, we prove (d) of Theorem 11.1. This part of Theorem 11.1 corresponds to pa-
rameter values for which fixed points of f34 either do not exist, or cannot be admissible.

• In §11.4, we prove (a)(ii), (a)(iii), (b), and (c)(i) of Theorem 11.1. These parts of Theo-
rem 11.1 correspond to parameter values for which fixed points of f34 are created in a
virtual fold bifurcation.

• In §11.5, we prove (a)(i), and (c)(ii) and (iii) of Theorem 11.1. These parts of Theo-
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rem 11.1 correspond to parameter values for which fixed points of f34 are created in an
admissible fold bifurcation.

For clarity, we provide the following summary of Theorem 11.1, highlighting its most impor-
tant features:

• The results of Theorem 11.1(a) define when the C[34] cycle is fragmentarily asymptoti-
cally stable and when trajectories switch from the stable C[34] cycle to the C[4] cycle.

• The results of Theorem 11.1(b) define when the C[34] cycle has lost stability through a
breaking of condition (III) of Theorem 6.1, and which corresponds to a border-collision
bifurcation in the projected map. For these parameter values, all trajectories that start
near the C[34] cycle switch to the C[4] cycle.

• The results of Theorem 11.1(c) define when the C[34] cycle has lost stability in a reso-
nance bifurcation, which corresponds to a breaking of condition (II) of Theorem 6.1,
but for which λmax > 0. For these parameter values, only some trajectories switch
from the C[34] cycle to the C[4] cycle.

• The results of Theorem 11.1(d) define when the C[34] cycle has lost stability in a man-
ner that corresponds to a breaking of condition (I) of Theorem 6.1, or a breaking of
condition (II) of Theorem 6.1 and λmax < 0. For these parameter values, only some
trajectories switch from the C[34] cycle to the C[4] cycle.

Figure 11.2 gives a bifurcation set that summarises some of the results of Theorem 11.1.

11.1 Fixed points, existence, admissibility, and stability

The fixed points of the map f4, and their admissibility, are the same as for the Kirk–Silber
network in §10.1.

The fixed points of the map f34 are

ϑ∗
34 =

−λ+34 + α2 + α4

ζ34

and

ϑ−
34 =

−λ−34 + α2 + α4

ζ34
.

These fixed points exist if and only if ω34 ≥ 0, and, if ω34 = 0,

ϑ∗
34 = ϑ−

34 = ϑc
34 :=

2α2 + α4 − α1

2ζ34
.



§11. The ∆-clique network 61

Table 11.1: Admissibility of ϑ∗
34 and ϑ−

34 when τ34 > 0.

ν4 > 0 ν4 < 0

ζ34 < 0
β34 > 0

ϑ∗
34: virtual ϑ∗

34: admissible
ϑ−
34: virtual ϑ−

34: virtual

β34 < 0
ϑ∗
34: admissible ϑ∗

34: admissible
ϑ−
34: admissible ϑ−

34: virtual

ζ34 > 0 —
ϑ∗
34: virtual ϑ∗

34: admissible
ϑ−
34: virtual ϑ−

34: virtual

In the next subsection, we confirm that the bifurcation at ω34 = 0 is a fold bifurcation.
Assuming ω34 = 0, we say that the fold bifurcation is virtual if ϑc

34 is virtual, and we say the
fold bifurcation is admissible if ϑc

34 is admissible. If τ34 < 0 or ζ34 > 0, then, if ω34 = 0, the
fold is virtual. However, if τ34 > 0 and ζ34 < 0, then, if ω34 = 0, the fold is virtual if and
only if β34 > 0, and the fold is admissible if and only if β34 < 0.

If τ34 < 0, then both ϑ∗
34 and ϑ−

34 are virtual. If τ34 > 0, the admissibility of ϑ∗
34 and

ϑ−
4 depends on ζ34, β34 and ν4. We present these results in Table 11.1. Since the admissibility

of these fixed points depends on ν4, at the point of the border-collision bifurcation, where
ν4 = 0, ϑ∗

4 also undergoes a border-collision bifurcation. This relationship can be seen from
the continuity of the projected map of ∆-clique network (see §11.2): if f4(ϑs) = ϑs, then
f34(ϑs) = ϑs also and there is a border-collision bifurcation of a fixed point of f34.

With the same reasoning as in §10.2 we derive the following proposition, which allows
us to study the stability of the heteroclinic cycles C[34] and C[4] at the switching equilibrium
ξ2:

Proposition 11.2. Suppose ω34 > 0 and τ34 > min{2, 1 + δ34}. The fixed point ϑ∗
34 is

admissible if and only if the eigenvector wmax of M (34)
3 satisfies Podvigina’s third condition

for stability. Suppose δ4 > 1. The fixed point ϑ∗
4 is admissible if and only if the eigenvector

wmax of M (4)
4 satisfies Podvigina’s third condition for stability.

The stability of fixed points of the map f4 is the same as for the Kirk–Silber network in
§10.1. Calculating Df34(ϑ) gives

Df34(ϑ) =
δ34

(ζ34ϑ− α2 − α4)
2 ,

Since δ34 > 0, Df34 is strictly positive. Evaluating at ϑ∗
34 and ϑ−

34 gives

Df34(ϑ
∗
34) =

δ34
τ34λ

+
34 − δ34
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and
Df34(ϑ

−
34) =

δ34
τ34λ

−
34 − δ34

.

At the bifurcation point ω4 = 0, where ϑ∗
34 = ϑ−

34 = ϑc
34, Df34(ϑc

34) = 1, and therefore this
bifurcation is generically a fold bifurcation.

Assume ω34 > 0. If τ34 > 0, 0 < Df34(ϑ
∗
34) < 1, and ϑ∗

34 is asymptotically stable,
while 1 < Df34(ϑ

−
34), and ϑ−

34 is unstable. If τ34 < 0, 1 < Df34(ϑ
∗
34), and ϑ∗

34 is unstable,
while 0 < Df34(ϑ

−
34) < 1, and ϑ−

34 is asymptotically stable. We give bifurcation diagrams of
the fixed points, and their admissibility, in Figure 11.3(a) when the fold is admissible, and in
Figure 11.3(b) when the fold is virtual.

In Figure 11.3(a), we see that, when the fold bifurcation is admissible, the fixed points
of f34 and f4 are both admissible for values of c42 less than the critical value of the border-
collision bifurcation. After the bifurcation, both are virtual. As such, this border-collision
bifurcation is known as a nonsmooth fold. Indeed, near where the thick solid orange line and
the thick dotted green line meet, the bifurcation diagram resembles a fold bifurcation, but
the curve is not differentiable at the bifurcation point. A nonsmooth fold border-collision
occurs when the two fixed points cross the switching manifold in the opposite direction at the
point of the bifurcation. In contrast, the border-collision bifurcation seen in Figure 11.3(b)
is described as being persistent. An admissible fixed point exists for values of c42 less than and
greater than the critical value, and the two fixed points cross the switching manifold in the
same direction.

Stability of a fixed point ϑ∗ of the projected map is equivalent to, under iteration of
the transition matrix, a vector converging to the eigenspace that projects onto ϑ∗. Such
convergence requires the corresponding eigenvalue of that eigenspace having the greatest
absolute value of the spectrum of the transition matrix. In the case of C[3] and C[4] cycles, this
condition also corresponds to Podvigina’s second stability condition λmax > 1. However, in
the case of the C[34] cycle, if τ34 > 0 and so ϑ∗

34 is stable, λmax = λ+34, whereas Podvigina’s
second condition is satisfied only if τ34 > min{2, 1 + δ34}; that is, λ+34 > 1.

All full transition matrices of the C[4] cycle have an eigenvector with eigenvalue 1. Thus,
when the loss of stability of this cycle is associated with Podvigina’s second stability condition,
there is also a change in the stability of fixed points of the projected map, as the eigenvalue
with greatest absolute value also changes. In the case of the C[34] cycle, the eigenvalue λ+34
can become smaller than 1 but remain λmax, and so there is no change in the stability of
the fixed points of the projected map. For this reason, we also need to impose the condition
τ34 > min{2, 1 + δ34}, as this condition is not captured in the dynamics of the projected
map.
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Figure 11.3: Bifurcation diagrams of the fixed points of f4 and f34 for (a) c43 = 1.45, and
so the fold is admissible and (b) c43 = 3.05, and so the fold is virtual. The domain of f4
is shaded orange, and of f34 is shaded green. Stable fixed points are solid, and unstable
dotted. Admissible fixed points are thick lines and virtual fixed points are thin lines. The
switching manifold ϑs is the dashed red line. All other parameter values are the same as those
in Figure 11.2.

11.2 Continuity of the projected map of the ∆-clique

network at ϑs

In the case of the ∆-clique network, we find that

lim
ϑ↘ϑs

f34(ϑ) =
−(c42t13 + e12c43)

c42(t13 + c14) + e12c43
,

and
lim
ϑ↗ϑs

f4(ϑ) =
−(c42t13 + e12c43)

c42(t13 + c14) + e12c43
.

Therefore, the projected map of the ∆-clique network is continuous, which can be seen in
all four examples in Figure 11.1, where the two functions have the same value at ϑs, given by
the dashed red line.

11.3 Dynamics with ω34 < 0 or τ34 < 0

We begin by proving (d) of Theorem 11.1.
Note that f∆(0), f∆(ϑs) ∈ S, regardless of parameter values, and so f∆(0) < 0 and

f∆(ϑs) > −1. When ω34 < 0 or τ34 < 0, f34 either has no fixed points, or has no fixed
points in Θ34, respectively. Therefore, f34(ϑ) < ϑ for all ϑ ∈ Θ34 and so, for all ϑ, there
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exists a positive integer n such that fn
34(ϑ) ∈ Θ4. As in §10.5, we define, for all non-negative

integers n, En as the nth pre-image of ϑs in Θ34; that is, fn
4 (En) = ϑs. In §10.5, there are

simple expressions for En due to the simplified form of the matricesM3 andM4 of the Kirk–
Silber network. The nature of the matrix M34 of the ∆-clique network means there is no
simple expression for En, beyond expressions involving matrix multiplication. Since there
are no f34-invariant sets in Θ34 when ω34 < 0 or τ34 < 0, there is someN∗ such that En > 0

for all n ≥ N∗. We have therefore proven (d) of Theorem 11.1.
An example of the dynamics of the projected map under these parameter values is shown

in Figure 11.1(a).

11.4 Dynamics with a virtual fold

We now consider dynamics when ω34 > 0, τ34 > 0 (when the fold bifurcation is virtual) and
so prove (a)(ii), (a)(iii), (b), and (c)(i) of Theorem 11.1.

Under these parameter values, if ν4 > 0, then both ϑ∗
34 and ϑ−

34 are virtual, but ϑ∗
4 is

admissible. For all ϑ ∈ Θ34, f34(ϑ) < ϑ. Therefore, for every ϑ ∈ Θ34, there is some n such
that fn

∆(ϑ) ∈ Θ4. With the same reasoning as in §11.3, the number of iterations n is bounded
above by some N∗, proving (b).

At ν4 = 0, both ϑ∗
34 and ϑ∗

4 undergo a border-collision bifurcation and coincide with ϑs.
For ν4 < 0, ϑ∗

34 is admissible and ϑ∗
4 virtual. Under these parameter values, f34(ϑ) > ϑ for

all ϑ ∈ (ϑs, ϑ
∗
34), and f34(ϑ) < ϑ for all ϑ ∈ (ϑ∗

34, 0). Therefore, ϑ∗
34 is globally attracting

in Θ34. If λ+34 > 1—or, equivalently, τ34 > min{2, 1 + δ34}—the C[34] cycle is fragmentarily
asymptotically stable. We have therefore proven (a)(ii) and (a)(iii) of Theorem 11.1.

In the case that 0 < τ34 < min{2, 1+ δ34}, 0 < λmax < 1, the C[34] cycle is completely
unstable [Pod12]. Trajectories beginning near the cycle leave a neighbourhood of the cycle if
ν4 < 0. If ν4 > 0, trajectories beginning sufficiently close to the network switch from the
C[34] to C[4] cycle before they leave a neighbourhood of the network, completing the proof of
(c)(i).

An example of the dynamics of the projected map under these parameter values is shown
in Figure 11.1(b). Note that the projected map looks qualitatively the same under these pa-
rameter values if the C[34] cycle is unstable and 0 < τ34 < min{2, 1 + δ34}. Therefore, in
this case, an additional check must be completed to derive dynamics of trajectories near the
network from the projected map.
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11.5 Dynamics with an admissible fold

We last consider dynamics when ω34 > 0, τ34 > 0 (when the fold bifurcation is admissible)
and so prove (a)(i), and (c)(ii) and (iii) of Theorem 11.1.

If ν4 > 0, then ϑ−
34 and ϑ∗

34 are both admissible, and ϑ−
34 < ϑ∗

34. For all ϑ ∈
(
ϑs, ϑ

−
34

)
∪

(ϑ∗
34, 0), f∆(ϑ) < ϑ, and for all ϑ ∈

(
ϑ−
34, ϑ

∗
34

)
, f∆(ϑ) > ϑ. Therefore, ϑ∗

34 is attracting in(
ϑ−
34, 0

)
, which corresponds to Γ+

34. Again, we require τ34 > min{2, 1 + δ34} for the C[34]
cycle to be fragmentarily asymptotically stable. For all ϑ ∈

(
ϑs, ϑ

−
34

)
, there is an n such that

fn
∆(ϑ) ∈ Θ4. We again write En for the n-th preimage of ϑs. For these parameter values,
En < En+1, and limn→∞ En = ϑ−

34, and again there is no simple expression for each En.
However, since this limit is a fixed point, n is not bounded above. The interval

(
ϑs, ϑ

−
34

)
corresponds to the set Γ−

34.
At ν4 = 0, both ϑ−

34 and ϑ∗
4 undergo a border-collision bifurcation and coincide with

ϑs. For ν4 < 0, both ϑ−
34 and ϑ∗

4 are virtual, but ϑ∗
34 remains admissible and is now globally

attracting in Θ34. Again, if τ34 > min{2, 1 + δ34}, the C[34] cycle is f.a.s, completing the
proof of (a) of Theorem 11.1. The case where 0 < τ34 < {2, 1 + δ34} is the same as in §11.4,
except now, if ν4 > 0, trajectories beginning in Γ−

34 sufficiently close to the network switch
between cycles, completing the proof of (c) of Theorem 11.1, which also completes the proof
of Theorem 11.1.

An example of the dynamics of the projected map under these parameter values is shown
in Figure 11.1(c). Again, note that the projected map looks qualitatively the same under these
parameter values if the C[34] cycle is unstable and 0 < τ34 < min{2, 1 + δ34}.

11.6 Numerical examples

We consider the ODEs

(11.2)

ẋ1 = x1
(
1− ∥x∥22 − c21x

2
2 − t31x

2
3 + e41x

2
4

)
,

ẋ2 = x2
(
1− ∥x∥22 + e12x

2
1 − c32x

2
3 − c42x

2
4

)
,

ẋ3 = x3
(
1− ∥x∥22 − t13x

2
1 + e23x

2
2 − c43x

2
4

)
,

ẋ4 = x4
(
1− ∥x∥22 − c14x

2
1 + e24x

2
2 + e34x

2
3

)
,

where cjk, ejk, and tjk are positive real numbers. System (11.2) isZ4
2-equivariant, and contains

a ∆-clique network. All four equilibria of the network lie at unit distance from the origin
on the four coordinate axes in the positive orthant. Again, we assume that the parameters
satisfy the contracting condition of the invariant sphere theorem [Fie96].

We again use the change of coordinates Xi := log xj , and numerically integrate the
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Figure 11.4: Example timeseries of trajectories near the ∆-clique network: (a) an admissible
fold with x(0) ∈ Γ+

34, (b) an admissible fold with x(0) ∈ Γ−
34, and (c) ω34 < 0. The colours

red, green, blue, and orange correspond to x1, x2, x3, and x4, respectively, and similarly for
theXi. In all three examples, δ4 > 1 and ν4 > 0. Parameter values and initial conditions for
these figures are given in §B.5.3.

resulting ODEs Ẋj with a variety of parameter values. Three different examples are found
in Figure 11.4. Parameter values in Figures 11.4(a) and 11.4(b) are identical, and the projected
map in these examples looks like Figure 11.1(c). Both cycles are fragmentarily asymptoti-
cally stable, with a subset of Γ34 switching to the C[4] cycle. These trajectories have itinerary
(2341)∞ and (2341)2(241)∞, respectively. The trajectory in Figure 11.4(c) switches between
cycles with itinerary (2341)2(241)∞. Under these parameter values, the projected map looks
like Figure 11.1(a).

§12 The tournament network
The tournament network is defined as the union of the cycles C[3], C[4], and C[34]. Therefore,
the tournament network—unlike the Kirk–Silber and ∆-clique networks—contains subnet-
works:
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Figure 12.1: Schematic representations of the projected map of the tournament network, for
different relations between parameters: (a) ω34 < 0, (b) an admissible fold in Θ34, (c) a
virtual fold in Θ3, and (d) a virtual fold in Θ4, or outside S. In (a), the fixed points ϑ∗

34 and
ϑ−
34 do not exist. In (b), (c), and (d), ω34 > 0 and so the fixed points exist, and were created

in a fold bifurcation. In all plots, δ3 > 1 and δ4 > 1. The values of µ3 and ν4 are as indicated
by the shading of the plot. The regions shaded yellow, green, and blue correspond to Θ4,
Θ34, and Θ3, respectively. The left dashed red line indicates ϑ−

s , and the right dashed red
line indicates ϑ+

s . Parameter values for these figures are given in §B.5.4.
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1. a subnetwork equivalent to a Kirk–Silber network, C[3] ∪ C[4]; and

2. two subnetworks equivalent to a ∆-clique network: C[34] ∪ C[4], and C[3] ∪ C[34].

The tournament network has two switching equilibria: ξ2 and ξ3. All trajectories leaving a
small neighbourhood of ξ2 in the direction of ξ4 cycle around C[4]. Those trajectories that
leave ξ2 in the direction of ξ3 then leave a small neighbourhood of ξ3 in the direction of ξ1 or
ξ4, and therefore cycle around C[3] or C[34], respectively. However, all trajectories eventually
return to ξ2 if the network is attracting.

The tournament network was studied in [CFL24] as the Jungle Game. In [CFL24], Cas-
tro, Ferreira, and Labouriau make certain assumptions on the parameter values that we do
not make here, but the result in [CFL24] that only the C[4] cycle is stable while the other two
are completely unstable agrees with our results where parameter values are equivalent. (This
holds, for example, for the parameter values used in Figures 12.1(c) and 12.1(d) when ν4 > 0

and µ3 < 0.)
We consider subsets of points in Hin,2

3 that give rise to trajectories that cycle around
C[3] or C[34]. We take the pre-image under the basic map φ123 : H

in,1
2 → Hin,2

3 of these two
domains, and partitionHin,1

2 into three domains: Γ3, Γ4, andΓ34. These domains correspond
to trajectories that, after leaving a small neighbourhood of ξ2, next cycle around the C[3], C[4],
or C[34] cycle. This partition allows us to define three corresponding subsets of S:

Θ3 =
(
ϑ+
s , 0
)
,

Θ34 =
(
ϑ−
s , ϑ

+
s

)
,

and

Θ4 =
(
−1, ϑ−

s

)
,

where
ϑ−
s =

−1

1 +
e24
e23

and
ϑ+
s =

−1

1 +

(
c21e34
e23e31

+
e24
e23

) .
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We can then derive the projected map of the tournament network, fT : Θ3∪Θ34∪Θ4 → S:

(12.1) fT(ϑ) =



f3(ϑ) =
−δ3ϑ

(δ3 + ρ3 − 1)ϑ− 1
, if ϑ ∈ Θ3,

f34(ϑ) =
(α2 − α1)ϑ+ α2

ζ34ϑ− α2 − α4

, if ϑ ∈ Θ34,

f4(ϑ) =
(1− ρ4)ϑ− ρ4

(δ4 + ρ4 − 1)ϑ+ δ4 + ρ4
, if ϑ ∈ Θ4.

The expressions for each of the constants in this function are given in §B.1. The complete
analysis of this projected map is complicated, and involves many cases. In this section, we do
not state a complete description of all dynamics that can be observed near the tournament
network, as we did in Theorems 10.1 and 11.1. Instead, we give a qualitative description of
how the dynamics can be analysed, and several examples that show interesting dynamics near
the network.

The maps f3, f34, and f4 are analogous to those studied in Sections 10 and 11, though
with differing expressions for some constants used due to the change in the global classifica-
tion of some eigenvalues. As in the case of the Kirk–Silber and ∆-clique networks, the C[3]
and C[4] cycles are stable if their corresponding map has an admissible and attracting fixed
point. In the case of the C[34] cycle, for the cycle to be attracting, the fixed point ϑ∗

34 must be
admissible and attracting. However, we must additionally impose τ34 > min{2, 1+ δ34}. In
all three cases, it is straightforward to verify that admissibility of a fixed point corresponds
to all transition matrices satisfying Podvigina’s third stability condition in Theorem 6.1, as-
suming the first two conditions are also satisfied, as in Propositions 10.2 and 11.2.

The stability and admissibility of ϑ∗
4 is the same as in Sections 10 and 11. The condition

ν3 = 0 corresponds now to ϑ∗
3 = ϑ−

s . However, ϑ∗
3 is now virtual when ϑ∗

3 < ϑ+
s , when

µ3 < 0, where
µ3 =

c14
e12

− c13e24
e12e23

− c13c21e34
e12e23e31

.

At µ3 = 0, the eigenvectorwmax ofM (3)
1 has a zero entry, and so does not satisfy Podvigina’s

third stability condition.
The admissibility of the fixed points ϑ∗

34 and ϑ−
34 is the complicating factor for the anal-

ysis of the tournament network’s projected map. The projected map of the tournament net-
work, like the ∆-clique network, is continuous (see §12.2). Therefore, border-collision bifur-
cations of fixed points of f34 also occur at ν4 = 0 and µ3 = 0. However, which fixed point,
ϑ∗
34 or ϑ−

34, changes admissibility, and which direction it crosses which switching manifold,
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Figure 12.2: A bifurcation set of the tournament network, for τ34 > min{2, 1 + δ34} and
ζ34 < 0. Where the set is shaded blue, green, or orange, the C[3], C[34], or C[4] cycle, respec-
tively, is fragmentarily asymptotically stable. Coloured lines correspond to relations between
parameter values as indicated. Faint dotted lines correspond as labelled to parameter values
of the bifurcation diagrams in Figure 12.3. The blue and orange dots are the location of the
codimension-two point where the fold bifurcation of the fixed points of f34 occurs on the
switching manifolds ϑ+

s and ϑ−
s , respectively. Parameter values for this figure are given in

§B.5.4.

depends on whether the fold bifurcation of ϑ∗
34 and ϑ−

34 occurs in Θ3, Θ34, Θ4, or outside S,
and also depends on the concavity of f34 in Θ34; that is, on whether ζ34 < 0 or ζ34 > 0.

12.1 Overview of analysis

We focus on the case where ζ34 < 0, and so the function f34 is concave down in Θ34. We
assume, when ω34 > 0, that τ34 > min{2, 1 + δ34}. We also assume δ3 > 1 and δ4 > 1. We
show various examples of the projected map of the tournament network in Figure 12.1. For
visual clarity, we plot each function only in its domain of definition, and plot multiple ex-
amples before and after certain border-collision bifurcations in the same plot, distinguished



§12. The tournament network 71

2 3 4 5 6c13

−0.2

−0.4

−0.6

−0.8

ϑ

ϑ∗4

ϑ∗3ϑ∗34

ϑ−34

(a)
10 11 12 13 14 15c14

−0.2

−0.4

−0.6

−0.8

ϑ

ϑ∗4

ϑ∗3 ϑ∗34

ϑ−34

(b)

7 8 9 10 11 12c14

0.0

−0.2

−0.4

−0.6

−0.8

ϑ

ϑ∗4

ϑ∗3

ϑ∗34

ϑ−34

(c)

5 10 15 20c13

−0.2

−0.4

−0.6

−0.8

ϑ ϑ∗4
ϑ∗3

ϑ∗34

ϑ−34

(d)

Figure 12.3: Bifurcation diagrams of the fixed points of f3, f34, and f4, as labelled, for (a)
c14 = 11, with an admissible fold, (b) c13 = 5, with an admissible fold, (c) c13 = 3.175, with
a virtual fold in Θ3, and (d) c14 = 19, with a virtual fold in Θ4. In (a) and (b), we observe
both persistent and nonsmooth fold border-collisions, in (c), only non smoothfolds, and in
(d), only persistent border-collisions. The domain Θ3, Θ34, and Θ4 are shaded blue, green,
and orange, respectively. Stable fixed points are solid, and unstable dotted. Admissible fixed
points are thick lines and virtual fixed points are thin lines. The top and bottom dashed red
lines indicate the switching manifolds ϑ+

s and ϑ−
s , respectively. All other parameter values

are the same as those in Figure 12.2.

by lines of different shades.
To aid in the understanding of the dynamics we describe below, we present a bifurca-

tion set in Figure 12.2. We also provide four qualitatively different bifurcation diagrams in
Figure 12.3, which capture the dynamics we describe here.

Figure 12.1(a) shows the projected map with ω34 < 0. We see that, when ω34 < 0,
only one of the C[3] or C[4] cycles is stable, and that all trajectories near the network are
asymptotic to this cycle. Trajectories therefore switch between cycles, and can switch from
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a length-three cycle to the C[34] cycle, before switching again to the stable length-three cycle.
If parameter values are such that f3(ϑ+

s ) < ϑ−
s , or f4(ϑ−

s ) > ϑ+
s , trajectories may switch

from one length-three cycle to the other without cycling around the C[34] cycle.
Figure 12.1(b) shows the possible dynamics if the fold bifurcation of f34 is admissible,

and so occurs in Θ34. First, if ν4 < 0 and µ3 > 0, all trajectories are asymptotic to the
C[3] cycle, and it is the only stable cycle. If ν4 > 0 and µ3 > 0, the length-three cycles
are bistable, and Θ34 is partitioned by the unstable fixed point ϑ−

34 into subsets of points
that are mapped into Θ3 or Θ4. If ν4 > 0 and µ3 < 0, there is bistability of the C[4] and
C[34] cycles. The C[3] cycle is unstable, and all trajectories in its domain are asymptotic to
the C[34] cycle. Since ν4 > 0, ϑ−

34 is admissible, and Θ34 is partitioned by the unstable fixed
point ϑ−

34 into subsets of points that are mapped into Θ4 and those that are asymptotic to
the fixed point ϑ∗

34. Lastly, if ν4 < 0 and µ3 < 0, only the C[34] cycle is stable, and all
trajectories are asymptotic to it. Therefore, under the various cases, trajectories can switch
once or twice in total, but only once between two given cycles. These results can be seen in
Figures 12.3(a) and 12.3(b), which differ by the admissibility of ϑ∗

34 between the two border-
collision bifurcations. In Figure 12.3(a), between the two border-collisions, C[3] and C[4] are
bistable, and, in Figure 12.3(b), only C[34] is stable.

In Figure 12.1(c), we show the possible dynamics if the fold bifurcation of f34 is virtual,
and occurs in Θ3. Under these conditions, the C[34] cycle is always unstable, and there is
bistability of the length-three cycles if both µ3 > 0 and ν4 > 0. In this case, Θ34 is again
partitioned into subsets of points that are mapped into Θ3 or Θ4. If ν4 < 0, all trajectories
are asymptotic to C[3], and if µ3 < 0, all trajectories are asymptotic to C[4]. We can have
switching once or twice in total, and again only once between two given cycles. These results
can be observed in Figure 12.3(c).

In Figure 12.1(d), we show the possible dynamics if the fold bifurcation of f34 is virtual,
and occurs in Θ4, or outside of S. Under these conditions, any cycle can be stable, but at
most one cycle is stable for a given set of parameter values. The stable cycle is C[3] if µ3 > 0,
C[4] if ν4 > 0, and it is C[34] if ν4 < 0 and µ3 < 0. All trajectories are asymptotic to the
stable cycle, and we again have switching once or twice in total, and only once between two
given cycles. These results can be observed in Figure 12.3(d).

A similar analysis can be done in the case of ζ34 > 0.3

3For a visual indication of the results, look at Figure 12.1 upside down, swapping the yellow and blue colours
to swap the Θ3 and Θ4 domains, and also swapping the captions of (c) and (d).
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12.2 Continuity of the projected map of the tournament network

at ϑ+s and ϑ−s

In the case of the tournament network, we find at ϑ+
s that

lim
ϑ↘ϑ+

s

f3(ϑ) =
−c13

c13 + c14

and
lim

ϑ↗ϑ+
s

f34(ϑ) =
−c13

c13 + c14
,

and we find at ϑ−
s that

lim
ϑ↘ϑ−

s

f34(ϑ) =
−(c42c13 + e12c43)

c42(c13 + c14) + e12c43

and
lim

ϑ↗ϑ−
s

f4(ϑ) =
−(c42c13 + e12c43)

c42(c13 + c14) + e12c43
.

Therefore, the projected map of the tournament network is continuous at both ϑ+
s and ϑ−

s ,
as seen in all examples in Figure 12.1.

12.3 Numerical examples

For the tournament network, we consider the system of ODEs

(12.2)

ẋ1 = x1
(
1− ∥x∥22 − c21x

2
2 + e31x

2
3 + e41x

2
4

)
,

ẋ2 = x2
(
1− ∥x∥22 + e12x

2
1 − c32x

2
3 − c42x

2
4

)
,

ẋ3 = x3
(
1− ∥x∥22 − c13x

2
1 + e23x

2
2 − c43x

2
4

)
,

ẋ4 = x4
(
1− ∥x∥22 − c14x

2
1 + e24x

2
2 + e34x

2
3

)
,

where cjk and ejk are positive real numbers. System (12.2) is Z4
2-equivariant, and contains

a heteroclinic network equivalent to the tournament network. All four equilibria of the
network lie at unit distance from the origin on the four coordinate axes. Again, we assume
that the parameters satisfy the contracting condition of the invariant sphere theorem [Fie96].

Again we use the change of coordinates Xi := log xj , and numerically integrate the
resulting ODEs Ẋj . We show one example in Figure 12.4. This trajectory has itinerary
(231)2(2341)2(241)∞, and therefore switches twice between cycles. The onset of switch-
ing from the C[3] cycle to the C[34] observed in Figure 12.4 is the result of a border-collision
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Figure 12.4: An example of a trajectory near the tournament network that switches from the
C[3] cycle to the C[34] cycle, and then switches to the C[4] cycle, to which it is asymptotic. For
this example, ω34 < 0, δ3 > 1, δ4 > 1, µ3 < 0, and ν4 > 0. Parameter values and initial
conditions for these figures are given in §B.5.4.

bifurcation, as µ3 < 0, whereas the onset of switching from the C[34] cycle to the C[4] cycle is
a result of a fold bifurcation, as ω34 < 0.



IV The projected map
in higher dimensions

Parts of the contents of this chapter are adapted from [GKP24, §5].

We now consider the projected map of an arbitrary heteroclinic network. We generalise
the process introduced in §13 to heteroclinic networks in higher dimensions. We consider
the fixed points of these projected maps. We also present some examples of how the stability
conditions listed in Theorem 6.1 may correspond to conditions of bifurcations of the fixed
points of the projected map.

We define the projected map of a general heteroclinic network in §13. For simplicity,
we make mild simplifying assumptions. We demonstrate the general form of components
of the projected map, and show that they are similar to a possible way to generalise Möbius
transformations; that is, that they are rational linear transformations. We prove that one-
dimensional invariant subspaces of the transition matrices correspond to fixed points of the
projected map.

A key result of Chapter III is that the stability of the cycles of the three networks can be
determined through the projected map, because Podvigina’s third condition for stability in
Theorem 6.1 is realised as a border-collision bifurcation. We generalise this result in §14. In
particular, we prove that if an eigenvector wmax of a transition matrix lies in the switching
subspace of a switching equilibrium, then the cycle is not stable. We relate this to border-
collision bifurcations in a general projected map.

In §15, we briefly discuss how Podvigina’s first and second stability conditions can affect
stability properties of fixed points of the projected map.

75
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§13 Defining the projected map

13.1 Properties of transition matrices

Let N be a heteroclinic network composed of n ≥ 5 equilibria, ξ1, . . . , ξn. We assume this
network is composed of cycles that are, in the terminology of Garrido da Silva and Castro
[GC19], of quasi-simple type, or of typeZ as defined by Podvigina [Pod12]. Representing the
network as a directed graph and using the simplex realisation of Ashwin and Postlethwaite
[AP13] is sufficient to ensure the component cycles are of this type. From here, we assume
that the network has been embedded in a system of ODEs with the simplex realisation, and
so exists in Rn. This condition implies that transition matrices can be defined, and that
Theorem 6.1 holds. Moreover, each equilibrium has one locally expanding and one locally
contracting eigenvalue, and also a radial eigenspace of dimension 1. We highlight that the
dynamical systems we consider in this chapter therefore do not contain any coordinates that
are globally transverse to every component of the network; that is, the network is not con-
tained in a proper subspace of the dynamical system, and each coordinate axis contains an
equilibrium of the network.

We assume that ξi, ξj , and ξk are equilibria of the network such that ξi → ξj and ξj →
ξk are orbits of the network and that these three equilibria and two orbits are components
of a cycle C ⊆ N. The eigenvalues of Df(ξj) are therefore the radial eigenvalue −rj < 0,
the locally contracting eigenvalue −cji < 0, the locally expanding eigenvalue ejk > 0, and
the ℓ = n − 3 locally transverse eigenvalues tjs for 1 < s < ℓ. The sign of each tjs term is
not known a priori. However, if the transverse eigenvalue is globally contracting or globally
transverse, tjs is negative, and if the transverse eigenvalue is globally expanding, tjs is positive.
A contracting or expanding eigenvalue that is locally transverse can only occur if ξj is a
switching equilibrium of the network. We do not yet assume that it is or is not a switching
equilibrium.

We set p = n − 2 = ℓ + 1. The results of [Pod12] and [GC19] gives us the form of
the p × p basic transition matrix mijk = M(φijk). We assume that these basic transition
matrices act on vectors composed of the coordinates Xt := log xt < 0, where the xt are the
variables of the dynamical system (3.1), but rescaled so that we are in a neighbourhood of
approximate linear flow near ξj . For type Z [Pod12] and quasi-simple [GC19] cycles, basic
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transition matrices have the form:

(13.1) mijk = ϱj



cji
ejk

0 . . . 0 . . . 0

tj1
ejk

1 . . . 0 . . . 0

...
... . . . ...

...

tjs
ejk

0 . . . 1 . . . 0

...
...

... . . . ...

tjℓ
ejk

0 . . . 0 . . . 1


where ϱj ∈ Pn ≤ GLn(R) is an n × n permutation matrix. The matrix ϱj relates the
eigenvectors of the linearisation of the vector field of those at ξj to those at ξk, because the
right-hand matrix of this product assumes an ordered basis that begins with the expanding
direction and then the transverse directions in some particular order, which may change for
different equilibria. For example, the matrix ϱj maps the coordinate Xt that aligns with the
expanding eigenspace at ξj to the corresponding eigenspace of ξk that also lies in the Xt

direction, and similarly for all transverse directions.
We observe that

detmijk = det ϱj
cji
ejk

Since a permutation matrix has a determinant of 1 or −1, the determinant of mijk is either
cji
ejk

or − cji
ejk

.

All basic maps of the cycle C take the form in (13.1), and therefore all full transition
matrices Mj of the cycle have determinant

∏
j

det ϱj

∏
j

cj(j−1)∏
j

ej(j+1)

.

The sign of the determinant is determined by the product
∏

j det ϱj .

13.1.1 Significant and insignificant subspaces

To aid us in our discussion of bifurcations of a general projected map in §15, we first sum-
marise an additional notion introduced by Podvigina [Pod12]: the significant subspace and the
insignificant subspace.
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Let M1 be the full transition matrix

M1 = m(n−1)n1m(n−2)(n−1)n . . .m123mn12.

Let e1 = (1, 0, . . . , 0) be the first standard basis vector, and similarly for eℓ.

Definition 13.1. Let 1 ≤ ℓ ≤ n. If there exist non-negative integers j and k such that

(13.2) (ϱj−1ϱj−2 . . . ϱ2ϱ1ϱn . . . ϱj)
kϱj−1 . . . ϱ1eℓ = e1

then the vector eℓ is a significant vector of the transition matrix M1. If no such j and k exist,
then the vector eℓ is an insignificant vector of the transition matrix M1.

To understand the motivation behind this definition, we note that the first standard
basis vector e1 corresponds to the expanding eigenvector of the linearised vector fieldDf(ξj),
and that the ϱi terms relate the eigenvectors of the linearisation of the vector field at one
equilibrium in the cycle C to the next. Therefore, such a j and k exist only if the vector eℓ is
the locally expanding eigenvector for some other equilibrium in the cycle C. In essence, the
equation (13.2) determines those coordinates that contain equilibria that belong to the same
cycle as ξ1.

The span of all significant vectors of M1 is the significant subspace of the full transition
matrix, denoted Vsig. The span of all insignificant vectors is the insignificant subspace, denoted
Vins. We refer to eigenvalues with corresponding eigenvectors in Vins as insignificant eigen-
values, and all remaining eigenvalues as significant eigenvalues. These vectors and subspaces
are similarly defined for the other full transition matrices of the heteroclinic cycle. Podvigina
[Pod12] proves two useful results about the significant and insignificant subspace.

Theorem 13.2 ([Pod12, Theorem 3]). (a) The insignificant subspace Vins is M1-invariant, and

the absolute value of the eigenvalue of any eigenvector that lies in Vins is unity.

(b) Generically, no component of an eigenvector of M1 that does not lie in Vins is zero.

For our purposes, these concepts and results can be easily summarised for the networks
we consider, as we have assumed they have been constructed with the simplex realisation
[AP13]. Consider a cycle C ⊆ N. Without loss of generality, assume the cycle C has the
structure ξ1 → ξ2 → · · · → ξm → ξ1 for some m ≤ n. Each equilibrium ξi ∈ C lies on
the xi-axis. For all 1 ≤ j ≤ m such that j ̸= i− 1, i (that is, excluding the contracting and
radial coordinate) the span of the ej standard basis vectors is the significant subspace of the
transition matrix Mi. The complement of Vsig in Rn is the insignificant subspace. For the
cycles and networks we consider, the insignificant subspace of the full transition matrix of
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all equilibria of the cycle C coincide. Therefore, we refer to this subspace as the insignificant
subspace of C. Moreover, the union of the significant subspaces of the transition matrices of
every equilibrium of C is the smallest subspace that contains C. Therefore, we refer to this
subspace at the significant subspace of the cycle C.

We can immediately conclude some information about the eigenvalues and eigenvec-
tors of the linearisation of the vector field at an equilibria ξi of a cycle C ⊆ N. If the cycle C
contains all equilibria of the network N, then no eigenvalue of the linearisation generically
has absolute value 1. Moreover, every coordinate of each eigenvector is generically non-zero.
However, if the cycle containsm < n equilibria, then there arem eigenvalues that are gener-
ically not equal to 1, and all components of the corresponding eigenvectors are generically
non-zero. There are also n − m degenerate eigenvalues that have absolute value 1; in fact,
in the case of these networks we consider, the Zn

2 -equivariance of the vector field, and each
equilibrium of the cycle lying in the positive orthant at unit distance from the origin on a
coordinate axis, implies that the insignificant eigenvalues are exactly 1. The corresponding
eigenspaces are the n − m coordinate axes that contain equilibria that are not a compo-
nent of the cycle. The eigenvalue is therefore semisimple, and has algebraic and geometric
multiplicity n−m.

13.2 Constructing the projected map

We now construct a projected map. Without loss of generality, we assume that ξ2 is a switch-
ing equilibrium of the network. We also assume it only has one incoming heteroclinic orbit
ξ1 → ξ2, and, for simplicity, we assume it has two outgoing heteroclinic orbits ξ2 → ξ3 and
ξ2 → ξ4. The equilibria ξ1 and ξ2 are therefore both components of at least two heteroclinic
cycles: C[3]—which also contains ξ3—and C[4]—which also contains ξ4. The other equilibria
in the network are therefore ξ5, . . . , ξn. Thus the eigenvalues of Df(ξ2) are −c21, e23, e24,
−t25, . . ., −t2n. Each of these constants is strictly positive, and so only the eigenvalues e23
and e24 are positive, while all other eigenvalues are negative.

As with the switching equilibrium ξ2 considered in §9, the incoming cross-section Hin,1
2

is partitioned into three components: Γ3,Γ4, and Γc. These sets correspond to initial condi-
tions that give rise to trajectories that cycle around the C[3] and C[4] cycle, and the excluded
cusp of trajectories that do not remain sufficiently close to the network for the linearisa-
tion along the heteroclinic orbits ξ2 → ξ3 and ξ2 → ξ4 to remain valid. In logarithmic
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coordinates, these sets are D3,D4, and Dc, defined by

D3 =

{
(X3, X4, X5, . . . , Xn) | log(1 + ϵ) +

e24
e23

X3 > X4, Xk < 0 for all 5 ≤ k ≤ n

}
,

D4 =

{
(X3, X4, X5, . . . , Xn) | log(1 + ϵ) +

e23
e24

X4 > X3, Xk < 0 for all 5 ≤ k ≤ n

}
,

and

Dc = Rp
– \ (D3 ∪ D4).

These sets allow us to define a piecewise-linear map M : D3 ∪ D4 → Rp
–

(13.3) M(X) =

M3(X), if X ∈ D3,

M4(X), if X ∈ D4.

The linear maps M3 : D3 → Rp
– and M4 : D4 → Rp

– are defined by the transition matrices
of the full return maps Φ(3)

2 : Γ3 ⊆ Hin,1
2 → Hin,1

2 and Φ
(4)
2 : Γ4 ⊆ Hin,1

2 → Hin,1
2 . We write

αij for the entries of the transition matrix M3 ≡ M
(3)
2 = M

(
Φ

(3)
2

)
and βij for the entries

of the transition matrix M4 ≡M
(4)
2 =M

(
Φ

(4)
2

)
.

Let m = p− 1. We define an m-simplex S in the negative orthant of Rp as

S =

{
(X3, X4, X5, . . . , Xn) ∈ Rp

– |
∑
k

Xk = −1

}
.

We define the projection Π: Rp
– → S by

(13.4) Π: X = (X3, X4, X5, . . . , Xn) 7→
(−X3

Q
,
−X4

Q
, . . . ,

−Xn−1

Q

)
,

where the denominator is Q =
∑

kXk . We write ϑ1, . . . , ϑm for the m coordinates of S,
and we can identify S with the subset of (−1, 0)m defined by:

S =

{
(ϑ1, . . . , ϑm) ∈ (−1, 0)m |

∑
i

ϑi > −1

}
.

Domains Θ3 ⊆ S and Θ4 ⊆ S are defined as the projection of the sets D3 and D4:

Θ3 = {ϑ ∈ S | e24ϑ1 > e23ϑ2}
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and

Θ4 = {ϑ ∈ S | e24ϑ1 < e23ϑ2}.

We can then define components of the projected map as

f3 : Θ3 → S

f3 : ϑ 7→ Π

(
M3

(
ϑ1, ϑ2, . . . , ϑm,−1−

∑
i

ϑi

))

and

f4 : Θ3 → S

f4 : ϑ 7→ Π

(
M4

(
ϑ1, ϑ2, . . . , ϑm,−1−

∑
i

ϑi

))
.

The projected map is then fN : Θ3 ∪Θ4 → S, defined by

fN (ϑ) =

f3(ϑ), if ϑ ∈ Θ3,

f4(ϑ), if ϑ ∈ Θ4.

The switching manifold of this piecewise-smooth dynamical system is the codimension-one
hyperplane

ΘS = {ϑ ∈ S | e24ϑ1 = e23ϑ2}.

An argument similar to that in §9.4 shows that the switching manifold is the only subset of
S that must be excluded from the domain of the projected map.

We give an explicit example of this process for a network between six equilibria in §19.
This construction is also applicable to networks where the switching equilibrium has multiple
incoming heteroclinic orbits, such as the bowtie network in [CL16b], although there are
some complications. We give an example of how the projected map of such a network can be
defined in §20 when studying the Rock–Paper–Scissors–Lizard–Spock network. Moreover,
the cycle can have additional switching equilibria, as is the case of the tournament network
in §12. In this case, for all trajectories near the network that pass through a neighbourhood of
the same switching equilibrium, the pre-image of the domains of each cycle at other switching
equilibria can be taken to define one projected map, as we did in §12.
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13.3 Properties of the projected map

The general form of these functions is relatively easy to express. In particular, for ϑ =

(ϑ1, . . . , ϑm), and for 1 ≤ k ≤ m, the expression for the kth component of f3, for example,
is

(13.5) f
(k)
3 (ϑ) =

αkp +
∑

1≤i≤m

(αkp − αki)ϑi∑
1≤j≤p

∑
1≤i≤m

(αji − αjp)ϑi −
∑

1≤j≤p

αjp

.

With the quotient rule, it is straightforward to show that, for some 1 ≤ t ≤ m, the derivative
of f (k)

3 with respect to ϑt is:

Dϑtf
(k)
3 =

1

Q2

( ∑
1≤j≤p

∑
1≤i≤m

(αkp(αji − αjt) + αkt(αjp − αji) + αki(αjt − αjp))ϑi

−
∑

1≤j≤p

αktαjp − αkpαjt

)
,

where Q is the denominator in (13.5).
With some algebraic substitutions and simplifications, this general form can be seen

in the projected maps fKS in (9.9), f∆ in (11.1), and fT in (12.1). Those three projected
maps are Möbius transformations with real coefficients restricted to an open interval of the
real line. (It is straightforward to check that they satisfy the nondegeneracy requirement of
Möbius transformations, and that this condition is equivalent to the transition matrices that
define them having a nonzero determinant, which is always the case.) The general form of
each component of these maps is a generalisation of these Möbius transformations, being a
rational linear transformation; that is, a map Rp → R defined by

ϑ 7→ ζ · ϑ+ λ

χ · ϑ+ γ
,

where ζ, χ ∈ Rp are vectors and λ, γ ∈ R are constants.
Fixed points of a component function of the projected map are also straightforward to

determine. They are the projection of all one-dimensional M -invariant subspaces of Rn. In
the following propositions, we specifically focus on f3 for clarity, though the result is readily
extendable to f4.
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Proposition 13.3. A point ϑ ∈ S is a fixed point of f3 if and only if the span of the vector

(13.6)

(
ϑ1, ϑ2, . . . , ϑm,−1−

∑
i

ϑi

)

is an M3-invariant subspace.

Remark 13.4. In the statement of this result, we have specifically not said that the span of the
vector in (13.6) is an eigenspace of M , because the geometric multiplicity of an eigenvalue
may be strictly greater than 1. In the case of a type Z cycle with an empty insignificant
subspace, the geometric multiplicity of every eigenvalue is generically 1, but the statement
in Proposition 13.3 applies to a wider class of heteroclinic cycles.

Proof. Write

w =

(
ϑ1, ϑ2, . . . , ϑm,−1−

∑
i

ϑi

)
.

Suppose that ϑ ∈ S is a fixed point of f3. With the definition of Π in (13.4), we first
observe that ϑ = Π(tw) for all real numbers t. Next

Π(tw) = ϑ = f(ϑ) = Π(M3w).

Therefore, there is some κ ∈ R such that M3w = κtw. Therefore, the span of w is M3-
invariant.

Now suppose that the span of w is M3-invariant. Then M3w = κw for some κ ∈ R,
and also Π(tw) = ϑ for all t ∈ R. Lastly,

f3(ϑ) = Π(M3w) = Π(κw) = Π(w) = ϑ.

■

Assuming that all eigenvalues of M3 are simple is sufficient to change the statement of
Proposition 13.3 to

Proposition 13.5. A point ϑ ∈ S is a fixed point of f3 if and only if the span of the vector(
ϑ1, ϑ2, . . . , ϑm,−1−

∑
i

ϑi

)

is an eigenspace of M3.

In fact, assuming that each eigenvalue is non-degenerate is also sufficient and less restrictive,
though this condition could imply that the transition matrix is not diagonalisable.
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§14 Generalised border-collision bifurcations
In this section, we generalise the analysis presented in §10.2 to investigate border-collision
bifurcations in the projected map. We assume the network N has the same structure as in
§13 above.

We now consider the basic maps φ123 : Γ3 ⊆ Hin,1
2 → Hin,2

3 and φ124 : Γ4 ⊆ Hin,1
2 →

Hin,2
4 . The basic transition matrices m123 = M(φ123) and m124 = M(φ124) using the

ordered basis (X3, X4, X5, . . . , Xn) are

m123 =



c21
e23

0 0 · · · 0

− e24
e23

1 0 · · · 0

t25
e23

0 1 · · · 0

...
...

... . . . ...
t2n
e23

0 0 · · · 1


and

m124 =



1 − e23
e24

0 · · · 0

0 c21
e24

0 · · · 0

0 t25
e24

1 · · · 0

...
...

... . . . ...

0 t2n
e24

0 · · · 1


.

Note that the topology of the rest of the network does not affect these matrices. Furthermore,
unlike in (13.1), there are no permutation matrices ϱ3, ϱ4 ∈ Pp multiplying these matrices
on the left, since fixing the order of the basis incorporates the required permutations. In
particular, the expression for m124 is not the same as the right-hand matrix in the product
in (13.1).

The domains of these matrices as linear maps acting on Hin,1
2 in logarithmic coordinates

are D3 and D4, separated by the excluded subspace Dc, defined around the codimension-one
switching subspace

Ws = {(X3, X4, X5, . . . , Xn) ∈ Rp
– | e24X3 = e23X4}.

As we did in §10.2, we consider the image of a vector in the switching subspace under
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m123 and m124, which gives

m123ws =



c21
e23

0 0 · · · 0

− e24
e23

1 0 · · · 0

t25
e23

0 1 · · · 0

...
... . . .

t2n
e23

0 0 · · · 1





−1

− e24
e23

X5

...

Xn


=



− c21
e23

0

− t25
e23

+X5

...

− t2n
e23

+Xn


.

Note that the image has a 0 entry, and it is straightforward to check that the image under
m124 also has a 0 entry. Furthermore, the vectors m123w and m124w have a zero entry for
any vector w in the switching subspace Ws. Therefore, if the eigenvector wmax of M3 lies in
Ws, the eigenvector wmax of M (3)

3 has a zero entry, and so does not satisfy Podvigina’s third
condition for fragmentary asymptotic stability in Theorem 6.1. The corresponding cycle C[3]
is therefore not fragmentarily asymptotically stable. The same result holds if the eigenvector
wmax of M4 lies in Ws. In general, we have the following result.

Theorem 14.1. If the eigenvectorwmax of a full transition matrixMj defined at a switching equilib-

rium ξj lies in the switching subspaceWs, then the corresponding heteroclinic cycle is not fragmentarily

asymptotically stable.

In the projected map fN , the projection of Ws is the codimension-one switching man-
ifold Θs. A border-collision bifurcation occurs if a fixed point ϑ∗ of fN that corresponds to
an eigenvector w of Mj lies in Θs. Hence, assuming that Podvigina’s first two conditions for
stability are satisfied, a border-collision bifurcation of the fixed point that corresponds to
wmax corresponds to a change in stability of the heteroclinic cycle.

However, a border-collision bifurcation in the projected map need not correspond to
a loss of stability of the heteroclinic cycle. For example, in Figure 11.3(a) we see a border-
collision bifurcation of ϑ−

34 that does not correspond to stability loss of the C[34] cycle because
this fixed point does not correspond to wmax in Theorem 6.1. In §10.5, a border-collision
bifurcation ofϑ∗

3 also does not cause stability loss because the cycle does not satisfy the second
condition in Theorem 6.1; in particular, the cycle has already lost stability in a resonance
bifurcation. In both cases, however, these border-collision bifurcations do affect switching
near the network.

Note that, as in the case of the tournament network, a cycle may have additional switch-
ing equilibria. If so, the cycle may lose stability through a border-collision bifurcation in the
switching subspace of a different switching equilibrium. Assuming all trajectories near the
network pass through a neighbourhood of the same switching equilibrium, the pre-image of
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the domains of each cycle at other switching equilibria can be taken, allowing for all border-
collision bifurcations to be analysed on a single cross-section, as we did in §12.

Lastly, a result analogous to Theorem 14.1 holds in the case of positive transverse eigen-
values, but these bifurcations do not result in the switching of trajectories near the network,
as positive transverse eigenvalues only shrink the basin of attraction of the network. In this
thesis, however, we assume that all transverse eigenvalues are negative.

§15 Other bifurcations
From Theorem 14.1, we conclude that a breaking of Podvigina’s third condition for stability in
Theorem 6.1 corresponds to a border-collision bifurcation. In the remainder of this chapter,
we present a discussion of how Podvigina’s first and second stability conditions can affect
stability properties of fixed points of the projected map. We present a few examples. These
examples are not exhaustive of all possible ways these conditions can be broken.

Podvigina’s first and second stability conditions both concern the eigenvalue λmax of the
full transition matrixMj . Since all full transition matrices of a cycle have the same spectrum,
any changes to these conditions occurs for all matrices simultaneously, and so is realised in
the projected map. As such, let {λ1, λ2, . . . , λp} be the spectrum of the p× p full transition
matrices, where p ≥ 3. We generally assume that all eigenvalues are simple, and we explicitly
highlight when the eigenvalues are not simple. We assume that all significant eigenvalues are
non-degenerate. We explicitly highlight in §15.2 which eigenvalues are significant and which
are insignificant, and the consequences of the insignificant eigenvalues being semisimple.
We further suppose that µ ∈ R is some parameter of the dynamical system on which the
eigenvalues depend.

15.1 Breaking λmax ∈ R

We first consider the projected map under two different scenarios in which Podvigina’s first
stability condition is broken. This condition is that λmax ∈ R.

First, we assume, without loss of generality in this example, that λi ∈ R for all 2 < i ≤
p. For this example, we assume that all eigenvalues are non-degenerate. Suppose that λ1 and
λ2 have the following dependence on µ and some specific critical value µ∗:

1. If µ < µ∗, then λ1, λ2 ∈ R and |λ1| > |λ2|.

2. If µ = µ∗, then λ1, λ2 ∈ R and λ1 = λ2.
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3. If µ > µ∗, then λ1, λ2 ∈ C, with λ1 = λ2.

Since we assume that all eigenvalues are non-degenerate, at µ = µ∗, w1 = w2. For µ > µ∗,
these eigenvectors form a complex-conjugate pair. Therefore, assuming certain genericity
conditions on DfN , there is a fold bifurcation of the fixed points Π(w1) and Π(w2) of fN . A
fold bifurcation is observed in the fixed points ϑ∗

34 and ϑ−
34 of the map f34 for the projected

map of both the ∆-clique and tournament networks in Sections 11 and 12, respectively.
Second, we consider a change in which eigenvalue has greatest absolute value. For this

scenario, we assume that λ1 ∈ R and λ2, λ3 ∈ C, with λ2 = λ3. Without loss of gen-
erality for this example, we assume that λi ∈ R for all 3 < i ≤ p, and that |λi| <
min{|λ1|, |λ2|, |λ3|}, again for all 3 < i ≤ p. Suppose that λ1, λ2, and λ3 have the fol-
lowing dependence on µ and some specific critical value µ∗:

1. If µ < µ∗, then |λ1| > |λ2| = |λ3|.

2. If µ = µ∗, then |λ1| = |λ2| = |λ3|.

3. If µ > µ∗, then |λ1| < |λ2| = |λ3|.

In this case, a change in which eigenvalue has greatest absolute value occurs. The fixed point
Π(w1) therefore loses stability, even though no eigenvalue is at a critical value. It is not
evident what type of bifurcation occurs for the fixed point Π(w1) at µ∗. However, the plane
of rotation defined by the eigenvectors w2 and w3 is now attracting under iteration of the
matrix Mj . In §20, we show that this bifurcation can lead to what appears to be a strange
attractor.

15.2 Breaking λmax > 1

We now consider several scenarios in which Podvigina’s second stability condition is broken.
This condition is that λmax > 1, and therefore we assume that λmax ∈ R.

We first consider a scenario that can occur if a subcycle of the network contains all
equilibria of the network, and so the cycle has an empty insignificant subspace. In this case, no
eigenvalue of the transition matrix is generically 1. We assume in this example that |λ1| > |λi|
for all 1 < i ≤ p and for all µ. Suppose that λ1 has the following dependence on µ and some
specific critical value µ∗:

1. If µ < µ∗, then λ1 > 1.

2. If µ = µ∗, then λ1 = 1.

3. If µ > µ∗, then 0 < λ1 < 1.
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Under these conditions, the cycle loses stability in a resonance bifurcation [SC92] at µ = µ∗.
However, λ1 = λmax for all values of µ. Therefore, there is no stability change to any of the
fixed points. We discussed a similar set of conditions in §11.1, and these conditions must be
accounted for to ensure that the projected map is being correctly used to analyse the dynamics
of trajectories near a heteroclinic network.

We now suppose that the cycle C does not contain all equilibria of the network, and
therefore that the full transition matrices have an insignificant subspace. In this scenario,
there are eigenvalues that are generically 1. Moreover, their eigenvectors align with the co-
ordinate axes that contain the equilibria not in the cycle C. Therefore, we cannot assume
that an insignificant eigenvalue is non-degenerate: if multiple eigenvalues are generically 1,
they are degenerate, though we assume that this eigenvalue is semisimple. See, for example,
the transition matrices M (3)

3 and M (4)
4 of the Kirk–Silber network at the start of §10, or the

transition matricesML andMR of Podvigina’s two-cycle network in §19 below. Without loss
of generality, we assume that λ2 = 1. Suppose that λ1 has the following dependence on µ
and some specific critical value µ∗:

1. If µ < µ∗, then λ1 > 1.

2. If µ = µ∗, then λ1 = 1.

3. If µ > µ∗, then 0 < λ1 < 1.

Then at µ = µ∗, the fixed point Π(w1) of fN loses stability. If λ2 is the only insignificant
eigenvalue of the full transition matrices, then the fixed point Π(w2)—which does not lie
in S, as ϑ−

3 and ϑ−
4 in Sections 10 to 12—is attracting for µ > µ∗. Moreover, at µ = µ∗,

w1 = w2, and so the fixed points Π(w1) and Π(w2) of fN also coincide. Assuming certain
genericity conditions on DfN , a transcritical bifurcation occurs at µ = µ∗. This bifurcation
occurs in both f3 and f4 of all three projected maps in Chapter III. However, if λ2 is not
the only insignificant eigenvalue of the full transition matrices, it is not apparent what bi-
furcation occurs in the projected map. In particular, suppose without loss of generality that
λ2, . . . , λs for some s < p are all insignificant eigenvalues of the cycle. Then all vectors in
span {w2, . . . , ws} project to fixed points of fN—though again that do not lie in S.

Another way by which this condition can be broken is for an eigenvalue with a negative
real value to become the eigenvalue of greatest absolute value. We consider an example of
such a change numerically when studying the Rock–Paper–Scissors–Lizard–Spock network
in §20. We do not consider this change in more detail here, nor any of the other changes that
can occur.



V Continuity of the projected map
of heteroclinic networks in R4

The contents of this chapter are being prepared for publication as [GPR25].

In Sections 10.3, 11.2, and 12.2, we observed that the projected map of a heteroclinic network
in R4 may be continuous on its switching manifold or generically discontinuous. In this
chapter, we examine the dynamical origin of this continuity or discontinuity. We focus on
the Kirk–Silber and ∆-clique networks, as the analysis of the ∆-clique network is readily
extended to the tournament network.

In §16, we define the two dynamical systems we study that contain a Kirk–Silber and a
∆-clique network. These are equivalent to those in Chapter III, but we make some additional
observations and assumptions about structures in the dynamical system that are not a part
of the two heteroclinic networks. These structures, which are not a part of the networks but
exist in dynamical systems containing these networks, are important to understanding the
(dis)continuity. We also make certain notational changes to ease analysis.

We then construct a completed full return map in §17. This return map is constructed
similarly to the return maps in Sections 6 and 9.1, except it is defined for all points in the
cross-section used to define the projected map. In particular, there is no excluded cusp in the
domain of this completed full return map. The return map is constructed by defining cross-
sections that are transverse to the entire unstable manifold of the switching equilibrium.
Therefore, all trajectories that begin sufficiently close to the network are in the domain of
the map, even if they do not stay sufficiently close to the heteroclinic orbits that are con-
tained in the two-dimensional coordinate planes. This process provides us with a single map
that describes the behaviour of all trajectories near the network, and that is not defined in a
piecewise manner. However, not all components of this return map can be written explicitly.
Nevertheless, we can derive sufficient information about the map and its components to anal-
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Figure 16.1: Diagrammatic representations of (a) the Kirk–Silber network and (b) the ∆-
clique network, with the equilibria relabelled for the purposes of this chapter.

yse the origin of the continuity or the discontinuity. In the case of the Kirk–Silber network,
we find that certain components of this map have a discontinuity in the limit as a trajectory
approaches the network. This discontinuity emerges from the presence of a separatrix near
the network, which exists because of the stable and unstable manifolds of certain invariant
sets that are not part of the network. In comparison, no component of completed return
map of the ∆-clique network has a discontinuity in the limit as a trajectory approaches the
network.

In §18, we analyse this completed return map for trajectories that begin near the switch-
ing manifold of the projected map. We define this completed map in logarithmic coordinates,
and show how a projected map can then be defined. Unlike the projected maps in Chapters III
and IV, this projected map depends on the location of the simplex, since the action of the
completed full return map in logarithmic coordinates is not linear. We then apply the projec-
tion to trajectories that begin near the switching manifold. We show that, when evaluating
the limit as these trajectories approach the network, the presence of a separatrix creates a dis-
continuity in the projected map of the Kirk–Silber network, but that no such discontinuity
emerges in the projected map of the ∆-clique network.

§16 Problem statement
In this chapter, we consider the Kirk–Silber and ∆-clique networks, as defined in §8. How-
ever, for notational convenience, we relabel the equilibria as A ≡ ξ1, B ≡ ξ2, X ≡ ξ3, and
Y ≡ ξ4. These equilibria form three cycles: C[X] = A → B → X → A, C[Y] = A →
B → Y → A, and C[XY] = A → B → X → Y → A. The two networks are then
NKS = C[X] ∪ C[Y] and N∆ = C[XY] ∪ C[Y]. We show these two networks with relabelled
equilibria in Figure 16.1.
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Table 16.1: The eigenvalues of Df evaluated at the four equilibria of the two networks.

(a) Kirk–Silber network

Eigen- Equilibrium
space A B X Y

x1 −rA −cB eXA eYA

x2 eA −rB −cXB −cYB

x3 −cAX eBX −rX −cYX

y3 −cAY eBY −cXY −rY

(b) ∆-clique network

Eigen- Equilibrium
space A B X Y

x1 −rA −cB −cXA eYA

x2 eA −rB −cXB −cYB

x3 −cAX eBX −rX −cYX

y3 −cAY eBY eXY −rY

We consider these networks as realised by the system of ODEs

(16.1)

ẋ1 = x1
(
1− ∥x∥22 + α21x

2
2 + α31x

2
3 + α41y

2
3

)
,

ẋ2 = x2
(
1− ∥x∥22 + α12x

2
1 + α32x

2
3 + α42y

2
3

)
,

ẋ3 = x3
(
1− ∥x∥22 + α13x

2
1 + α23x

2
2 + α43y

2
3

)
,

ẏ3 = y3
(
1− ∥x∥22 + α14x

2
1 + α24x

2
2 + α34x

2
3

)
.

Specific choices of the signs of the αjk terms ensure the existence of certain heteroclinic
orbits in the two-dimensional coordinate planes, and the choices can be made in such a way
as to give either of the two networks we consider. We list the eigenvalues of each equilibrium,
along with the corresponding coordinate axis that is its eigenspace, in Table 16.1. The entries
in the row corresponding to xk, excluding the −r radial eigenvalue, can be substituted into
the αjk terms in the equation for ẋj in (16.1) to derive ODEs that contain the respective
network. (See (A.1.1) and (A.1.2) in §A.1). Note that each constant in Table 16.1 represents
a positive value, and so a negative eigenvalue is indicated with a minus sign. We also do
not explicitly label transverse eigenvalues as −t, but instead as −c, as this provides more
consistency between the two networks. Since we assume in this thesis that all transverse
eigenvalues are negative, this relabelling does not affect our calculations. These eigenvalues
ensure the existence of the necessary heteroclinic orbits needed to form the Kirk–Silber and
∆-clique networks.

In the case of the Kirk–Silber network, we assume that there is an additional hyperbolic
saddle equilibriumP in the (x3, y3)-plane, and that there are robust heteroclinic orbitsP →
X and P → Y in this plane, and B → P in the x1 = 0 subspace. The equilibrium P and
these additional orbits are themselves not components of the Kirk–Silber network, but their
existence is needed for the analysis presented in Sections 17 and 18.

With both networks, we consider the dynamics near a flow-invariant curve that exists in
the (x3, y3)-plane. In both cases, we label this curveC . With the relabelling of the equilibria,
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Figure 16.2: Dynamics within various subspaces of the two dynamical systems being consid-
ered. Equilibria are given by solid dots. The equilibria that are components of the network
are coloured the same as in Figure 1.3; the equilibrium P of the Kirk–Silber network is black.
Heteroclinic orbits are thick lines. The orbits that are part of the flow-invariant curve C are
coloured green, and all other orbits are coloured black. Example trajectories are thin black
lines, and the flow-invariant coordinate axes are thin grey lines. (a) Kirk–Silber and (d) ∆-
clique: the x1 = 0 subspace, showing the two dimensional unstable manifold of B and the
curve C , and how these structures interact. (b) Kirk–Silber and (e) ∆-clique: the (x3, y3)-
plane and details of the invariant curve C . (c) Kirk–Silber and (f) ∆-clique: the x2 = 0
subspace, showing the two dimensional stable manifold of A and how it interacts with C .
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both networks can now be described as A→ B → C → A.
For the Kirk–Silber network, the curve C is the union of the three equilibriaX , Y , and

P , and the two orbits P → X and P → Y . For the ∆-clique network, the curve C is the
union of the two equilibriaX and Y , and the orbitX → Y . We assume that the curveC can
be parametrised by an angle θ3, defined by tan θ3 = y3/x3. For both networks, the angle of
the equilibria X and Y are θX3 = 0 and θY3 = π

2
, respectively. For the Kirk–Silber network,

the angle of the equilibrium P is θP3 .
We present diagrammatic representations of the dynamics in relevant subspaces in Fig-

ure 16.2. For the ∆-clique network, we make no particular assumptions about the dynamics
in the (x1, x3)-plane, other than the sign of the eigenvalue −cAX at A in the x3-direction,
and the sign of the eigenvalue −cXA atX in the x1-direction. For this reason, we have shown
only a portion of the dynamics in this subspace, locally near A and X .

In terms of these relabelled equilibria, the cross-sectionHin,A
B is defined in a small neigh-

bourhood of B, transverse to the incoming heteroclinic orbit to B, A→ B:

Hin,A
B =

{
(x1, x2, x3, y3) ∈ R4 | x1 = h, |x2 − 1| < h, 0 ≤ x3, y3 < h

}
.

As in previous chapters, we disregard two coordinates, as one coordinate is fixed in the defi-
nition of the section, and the radial coordinate again does not affect our analysis. Therefore,
we employ in the remainder of this chapter an abuse of notation and only consider the coordi-
nates (x3, y3). When constructing a return map to Hin,A

B following the usual methodology—
as outlined in Sections 6.1 and 9.1—the cross-section is partitioned into three subsets, ΓX,
ΓY, and Γc. We then have a map ΦB : ΓX ∪ ΓY ⊊ Hin,A

B → Hin,A
B , defined in a piecewise

manner:

(16.2) ΦB(x3, y3) =

ΦX(x3, y3), if (x3, y3) ∈ ΓX,

ΦY(x3, y3), if (x3, y3) ∈ ΓY.

Transition matrices can be defined from these return maps, resulting in a piecewise-linear
map

(16.3) MB(X3, Y3) =

MX(X3, Y3), if (X3, Y3) ∈ DX,

MY(X3, Y3), if (X3, Y3) ∈ DY.

We note that the sets DX and DY are subsets of D = {(X3, Y3) ∈ R2
– | X3, Y3 < log h} ⊊

R2
–.

From these transition matrices, the projected maps of the networks are defined, fKS : ΘX∪
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ΘY → S and f∆ : ΘXY ∪ΘY → S:

fKS(ϑ) =

fX(ϑ), if ϑ ∈ ΘX,

fY(ϑ), if ϑ ∈ ΘY,

and,

f∆(ϑ) =

fXY(ϑ), if ϑ ∈ ΘXY,

fY(ϑ), if ϑ ∈ ΘY.

The domains of definition of each component of the map are

ΘX = (ϑs, 0),

ΘY = (−1, ϑs),

and
ΘXY = (ϑs, 0),

where
ϑs =

−1

1 +
eBY

eBX

.

Note that the subscripts on the domains of the projected map refer to the cycle, whereas
the subscripts on the domains of the return maps and transition matrices refer to the next
equilibrium that the trajectory visits.

With the above information, we now proceed to explain the dynamical origin of the
discontinuity of the projected map fKS at its switching manifold ϑs, and explain why the
projected map f∆ is continuous at its switching manifold. This discontinuity and continuity
was first presented in Sections 10.3 and 11.2. Since we have relabelled the equilibria and
eigenvalues of the linearised flow near the equilibria, the values of these limits are now

(16.4) lim
ϑ↘ϑs

fKS(ϑ) = lim
ϑ↘ϑs

fX(ϑ) =
−cXBcAX

cXB(cAX + cAY) + eAcXY

and

(16.5) lim
ϑ↗ϑs

fKS(ϑ) = lim
ϑ↗ϑs

fY(ϑ) =
−(cYBcAX + eAcYX)

cYB(cAX + cAY) + eAcYX
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in the case of the Kirk–Silber network, and

(16.6) lim
ϑ→ϑs

f∆(ϑ) = lim
ϑ↘ϑs

fXY(ϑ) = lim
ϑ↗ϑs

fY(ϑ) =
−(cYBcAX + eAcYX)

cYB(cAX + cAY) + eAcYX

in the case of the ∆-clique network.
Given (16.4)–(16.6), we consider the projected map of the Kirk–Silber network to be

generically discontinuous, and the projected map of the ∆-clique network to be continuous.
However, we recall that the projected maps are not defined at ϑs, due to the mechanism by
which the map was constructed, excluding Γc from the domain of Φ. (See §9.)

We highlight that the limit in (16.6) is the same as in (16.5). Both of these limits are cal-
culated from the component of the projected map fY or fXY, which corresponds to the C[Y]

cycle. Therefore, both of these limits are calculated from the part of the projected map that
describes the dynamics of trajectories that leave a neighbourhood of the curve C near the
equilibrium Y , with θ3 close to π

2
. The limit in (16.4), however, is calculated from the com-

ponent of the projected map fX, which corresponds to trajectories that leaveC nearX , with
θ3 close to 0. This difference provides us with an initial indication of the dynamical prop-
erties of the system that produce the discontinuity in the case of the Kirk–Silber network.
In particular, all trajectories sufficiently close to the ∆-clique network leave a neighbour-
hood of the invariant curve C near the equilibrium Y , even if they have first visited X and
so are in the domain of fXY . In contrast, trajectories sufficiently close to the Kirk–Silber
network can leave a small neighbourhood of C near either X or Y . The limit from below of
the Kirk–Silber network—which corresponds to trajectories that leave near Y —is equal to
the limit of the ∆-clique network. However, the limit from above differs, and corresponds
to trajectories that leave near X . We can see in Figure 16.2(a) that there is a separatrix that
divides trajectories near the Kirk–Silber network into those that pass close to X and those
that pass close to Y . In Figure 16.2(d), we see for the ∆-clique network that there is a surface
of orbits from B to Y , with some passing close to X .

§17 Constructing a completed return map
We now construct for both networks a completed return map—that is, one that captures all
trajectories near the network. We follow the standard procedure to analyse the dynamics
of trajectories near a heteroclinic network, which is to construct cross-sections transverse
to the flow near the network, and construct maps between these sections. We adapt the
methodology presented in [KLP10, KPR12] to construct the parts of the map that differ from
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Figure 17.1: A diagrammatic representation of both the Kirk–Silber and ∆-clique networks,
and the sections we define near them, showing how they capture all trajectories sufficiently
close to the network. Because certain features differ between the two networks, the curve
C is shown as a dashed line between X and Y , as is the connection between X and A. For
visual clarity, we have not shown the entire heteroclinic orbit A→ B.

the more straightforward calculations in Sections 6 and 9.1. We compose these maps to derive
a completed full return map for each network and, in the next section, we analyse these maps
to explain the (dis)continuity.

For convenience, we sometimes work in polar coordinates in the (x3, y3)-plane, giving
us coordinates (x1, x2, r3, θ3), where r3 and θ3 are defined by

r23 = x23 + y23

and
tan θ3 =

y3
x3
.

We also, when convenient, consider the angle φ3 =
π
2
− θ3.

We use the following six cross-sections in our construction of the completed return map.
Let h be a sufficiently small positive constant, so that all six of the following cross-sections
are defined in a neighbourhood of approximate linear flow. First, near B, we have

Hin,A
B = {(x1, x2, x3, y3) | x1 = h, |x2 − 1| < h, 0 ≤ x3, y3 < h},

Hout,C
B =

{
(x1, x2, r3, θ3) | 0 < x1 < h, |x2 − 1| < h, r3 = h, 0 ≤ θ3 ≤

π

2

}
.

Second, near C ,

Hin,B
C =

{
(x1, x2, r3, θ3) | 0 < x1 < h, x2 = h, |r3 − 1| < h, 0 ≤ θ3 ≤

π

2

}
,

Hout,A
C =

{
(x1, x2, r3, θ3) | x1 = h, 0 < x2 < h, r3 = h, 0 ≤ θ3 ≤

π

2

}
.
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Last, near A,

Hin,C
A =

{
(x1, x2, r3, θ3) | |x1 − 1| < h, 0 < x2 < h, r3 = h, 0 ≤ θ3 ≤

π

2

}
,

Hout,B
A = {(x1, x2, x3, y3) | |x1 − 1| < h, x2 = h, 0 ≤ x3, y3 < h}.

Figure 17.1 gives a diagrammatic representation of these sections. We note that these sections
have not been defined in terms of any rescaled coordinates, as we do in Chapters III and VI.

We construct three completed local maps, which approximate the dynamics in small
neighbourhoods of the equilibria A and B and the curve C . These maps are

ψ̂B : H
in,A
B → Hout,C

B ,

ψ̂C : H
in,B
C → Hout,A

C ,

ψ̂A : H
in,C
A → Hout,B

A .

We also construct three completed global maps, which approximate the dynamics along the
unstable manifolds of the equilibria A and B, and the curve C :

Ψ̂BC : H
out,C
B → Hin,B

C ,

Ψ̂CA : H
out,A
C → Hin,C

A ,

Ψ̂AB : H
out,B
A → Hin,A

B .

The completed full return map Φ̂B : H
in,A
B → Hin,A

B is then the composition

Φ̂B = Ψ̂ABψ̂AΨ̂CAψ̂CΨ̂BCψ̂B,

and we write Φ̂B :
(
xin,B3 , yin,B3

)
7→ (x′3, y

′
3).

For clarity, we say the map Φ̂B is full in the sense that it applies to trajectories that make
one full excursion around the network. (This terminology is the same as in §6.) Moreover,
we say all local, global, and full return maps are complete in the sense that they account for all
trajectories sufficiently close to the network, and do not require removing from their domain
of definition an excluded cusp or its image. We represent completion of a map with a hat
above it, in contrast to the maps in Chapters II and III.

In many cases, because we want our maps to account for all trajectories near the net-
work, we are unable to derive an explicit form for most of the above maps. However, we know
enough about the dynamics in relevant subspaces to derive sufficient information about the
components of this map for our analysis. By the invariant sphere theorem [Fie96], we know
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we can exclude the radial component from each step of our analysis. With an abuse of nota-
tion, in the remainder of this chapter, we work with only two relevant coordinates for each
map, disregarding the radial coordinate and the coordinate fixed in the definition of each
cross-section.

17.1 The local map ψ̂B : H
in,A
B → Hout,C

B

We begin with a point
(
xin,B3 , yin,B3

)
∈ Hin,A

B . Near B, the linearised flow is

ẋ1 = −cBx1, ẋ3 = eBXx3, ẏ3 = eBYy3.

Integrating these ODEs gives solutions x1(t), x3(t), and y3(t), which can also be used to
find expressions for r3(t) and θ3(t). The trajectory crosses Hout,C

B when r3(t) = h, and so
although the residence time TB cannot be solved for exactly, it satisfies the equation

h2 = x23 e
2eBXTB +y23 e

2eBYTB(17.1)

= r23 cos
2 θ3 e

2eBXTB +r23 sin
2 θ3 e

2eBYTB ,

and we see that

(17.2) lim
rin,B3 →0

TB = ∞.

Thus, the local map ψ̂B : H
in,A
B → Hout,C

B is defined by

ψ̂B

(
xin,B3 , yin,B3

)
=
(
xout,B1 , θout,B3

)
,

where
xout,B1 = h e−cBTB

and

(17.3)
tan θout,B3 = tan θ3 e

(eBY−eBX)TB

=
yin,B3

xin,B3

e(eBY−eBX)TB .

17.2 The global map Ψ̂BC : H
out,C
B → Hin,B

C

The two-dimensional unstable manifold of B intersects Hout,C
B at (x1, r3, θ3) = (0, h, θ3),

and intersects Hin,B
C at (x1, x2, θ3) =

(
0, h, θ̄C(θ3)

)
, where θ̄C is an O(1) function of θ3.
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Therefore, the effect of the global map Ψ̂BC is, to leading order, to rescale x1 by a θ3-
dependent O(1) amount, and to map the outgoing angle to an incoming angle, and so we
have

Ψ̂BC

(
xout,B1 , θout,B3

)
=
(
xin,C1 , θin,C3

)
=
(
EC

(
θout,B3

)
xout,B1 , θ̄C

(
θout,B3

))
.

Here, EC is an O(1) function of θ3. We know little about the function θ̄C. However, due to
the invariance of the x3- and y3-axes, we know that θ̄C(0) = 0 and θ̄C

(
π
2

)
= π

2
.

17.3 The local map ψ̂C : H
in,B
C → Hout,A

C

The local map ψ̂C is the most difficult to construct, and is the only map that differs between
the two networks. We need to construct this map in such a way that it captures all trajectories
that begin on Hin,A

B , noting that, for any part of the curve C , there exists initial conditions
on Hin,A

B that give rise to trajectories that pass arbitrarily close to that part ofC . As such, we
cannot simply consider the linear flow near each equilibrium that lies in C , as we usually do
when constructing return maps near heteroclinic cycles. Here, we follow the methodology
in [KLP10, KPR12].

We assumed that the curve C could be parametrised by the angle θ3. We also know, by
the invariant sphere theorem, that in the (x3, y3)-plane there is strong contraction onto the
curve C . Therefore, the evolution of θ3 can be described by a θ3-dependent function. The
local flow near C is thus given by

ẋ1 = gA(θ3)x1, ẋ2 = −gB(θ3)x2, θ̇3 = gθ(θ3),

where gA, gB, gθ :
[
0, π

2

]
→ R are functions of θ3, and depend on the particular network

being considered. A diagrammatic representation of the flow near the curve C is shown in
Figure 17.2.

We have little precise information about the functions gA, gB, and gθ . However, in the
case of the Kirk–Silber network, we know the following:

(a) x1 expands for all values of θ3, and so gA(θ3) > 0 for all θ3 ∈
[
0, π

2

]
. The only known

values of gA are gA(0) = eXA and gA
(
π
2

)
= eYA.

(b) x2 contracts for all values of θ3, and so gB(θ3) > 0 for all θ3 ∈
[
0, π

2

]
. The only known

values of gB are gB(0) = cXB and gB
(
π
2

)
= cYB.

(c) The invariance of the x3- and y3-axes implies that gθ(0) = gθ
(
π
2

)
= 0. Moreover,

the existence of the equilibrium P implies that gθ
(
θP3
)
= 0. The heteroclinic orbits
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P → X and P → Y imply that, respectively, gθ(θ3) < 0 for all θ3 ∈
(
0, θP3

)
, and

gθ(θ3) > 0 for all θ3 ∈
(
θP3 ,

π
2

)
.

(d) The linearisation of the vector field aboutX and Y implies that Dgθ(0) = −cXY < 0

and Dgθ
(
π
2

)
= −cYX < 0. It follows that, for small |θ3|, θ̇3 ≈ −cXYθ3, and that for

small
∣∣π
2
− θ3

∣∣, φ̇3 ≈ −cYXφ3, where we recall that we set φ3 =
π
2
− θ3.

The following, mostly similar, properties are known in the case of the ∆-clique network:

(a) There exists an angle θ∗3 such that x1 contracts for all θ3 ∈ [0, θ∗3), and expands for
all θ3 ∈

(
θ∗3,

π
2

]
. (See Figure 16.2(f) and Figure 17.2(b)). Therefore, gA(θ3) < 0 for all

θ3 ∈ [0, θ∗3) and gA(θ3) > 0 for all θ3 ∈
(
θ∗3,

π
2

]
. The only known values of gA are

gA(0) = −cXA and gA
(
π
2

)
= eYA.

(b) x2 contracts for all values of θ3, and so gB(θ3) > 0 for all θ3 ∈
[
0, π

2

]
. The only known

values of gB are gB(0) = cXB and gB
(
π
2

)
= cYB.

(c) The invariance of the x3- and y3-axes implies that gθ(0) = gθ
(
π
2

)
= 0. Moreover, the

heteroclinic orbit X → Y implies that gθ(θ3) > 0 for all θ3 ∈
(
0, π

2

)
.

(d) The linearisation of the vector field about X and Y implies that Dgθ(0) = eXY > 0

and Dgθ
(
π
2

)
= −cYX < 0. It follows that, for small |θ3|, θ̇3 ≈ eXYθ3, and that for

small
∣∣π
2
− θ3

∣∣, φ̇3 ≈ −cYXφ3.

To derive the local map ψ̂C, we first use separation of variables to solve θ̇3, and find
θC3 (t) implicitly:

(17.4) t =

∫ θC3 (t)

θC3 (0)

1

gθ(θ)
d θ.

Next, the trajectory crosses Hout,A
C when x1(t) = h, and so although we again cannot

solve for the residence time TC explicitly, it satisfies the equation∫ TC

0

gA(θ3(τ)) d τ = − log

(
x1(0)

h

)
= − log

(
EC

(
θout,B3

))
+ cBTB.

From this relationship we see that

(17.5) lim
xin,C
1 →0

TC = ∞.

We write θin,C3 ≡ θC3 (0) and θout,C3 ≡ θC3 (TC), and we note that θout,C3 is a function of
both θin,C3 and TC: θout,C3

(
θin,C3 , TC

)
.
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Figure 17.2: A schematic representation of the dynamics near the curve C for (a) the Kirk–
Silber network, and (b) the ∆-clique network, showing the difference in how trajectories
pass near the curve C . We use the positive vertical axis to represent the coordinate x2, and
assume that x1 is small. We use the negative vertical axis to represent the coordinate x1, and
assume that x2 is small. The (x2, x3, y3)-subspace is thus represented above the curveC , and
the (x1, x3, y3)-subspace below.

In the case of the ∆-clique network, we know that gθ(θ3) > 0 for all θ3 ∈
(
0, π

2

)
.

Therefore, we know that, for a fixed initial condition θin,C3 ,

lim
TC→∞

θout,C3

(
θin,C3 , TC

)
=
π

2
.

However, since gA
(
θC3
)
< 0 for all θ3 < θ∗3 , θout,C3 is bounded below, regardless of TC:

θout,C3 > θ∗3 .
In the case of the Kirk–Silber network, since gθ(θ3) < 0 for all θ3 ∈

(
0, θP3

)
, we know

that for a fixed initial condition θin,C3 ∈
(
0, θP3

)
,

lim
TC→∞

θout,C3

(
θin,C3 , TC

)
= 0,

and since gθ(θ3) > 0 for all θ3 ∈
(
θP3 ,

π
2

)
, we know that for a fixed initial condition θin,C3 ∈(

θP3 ,
π
2

)
,

lim
TC→∞

θout,C3

(
θin,C3 , TC

)
=
π

2
.

Since gθ
(
θP3
)
= 0, then, if θin,C3 = θP3 , θout,C3 = θP3 , regardless of TC.
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From these relationships, we have our first indication of the origin of the discontinuity
of the projected map in the case of the Kirk–Silber network. In particular, considering the
outgoing angle θout,C3 ≡ θC3 (TC) as a function of the incoming angle θin,C3 ≡ θC3 (0), where we
take the xin,C1 -dependent expressionTC as a parameter, we have, in the case of the Kirk–Silber
network,

(17.6) lim
xin,C
1 →0

θout,C3

(
θin,C3

)
=


0, if θin,C3 < θP3 ,

θP3 , if θin,C3 = θP3 ,

π
2
, if θin,C3 > θP3 ,

and, for the ∆-clique network,

(17.7) lim
xin,C
1 →0

θout,C3

(
θin,C3

)
=
π

2
.

The function θout,C3

(
θin,C3

)
is a continuous function for both networks, noting that xin,C1 ̸= 0

for all trajectories that pass near C . However, in the limit as the trajectory approaches the
network, the function is continuous for the ∆-clique network—being a constant function—
and discontinuous for the Kirk–Silber network, being a step function. In the case of the
Kirk–Silber network, a separatrix is formed by the stable manifold of P , and is defined as
the surface of trajectories that satisfy θout,C3 = θin,C3 . No such separatrix exists near the ∆-
clique network.

Although we cannot analytically derive the function θout,C3

(
θin,C3

)
, we can, with numer-

ical computation, observe the limits in (17.6) and (17.7). We show in Figure 17.3 plots of these
functions for various values of xin,C1 , where we can observe the convergence to a constant or
step function. In §A.2, we describe how these figures were computed.

With assumptions about the functions gA, gB and gθ, we could derive exact expressions
for components of this local map. In [KPR12], for example, they assumed that gθ(θ3) =

−λ
4
sin 4θ3 for the Kirk–Silber network. However, we do not need to make such assumptions

here, as the asymptotic behaviour of these components is sufficient for our purposes.
In summary, we write the local map as

ψ̂C

(
xin,C1 , θin,C3

)
=
(
xout,C2 , θC3 (TC)

)
,

where

xout,C2 = h exp

(
−
∫ TC

0

gB(θ
C
3 (τ)) d τ

)
.
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Figure 17.3: Plots of the outgoing angle θout,C3 as a function of θin,C3 for both (a) the Kirk–Silber
network and (b) the ∆-clique network. The relationship is computed for various values of
xin,C1 , given as X in,C

1 := log xin,C1 . These plots were computed numerically by integrating
ODEs that contain the heteroclinic networks. We see that the function in the case of the
Kirk–Silber network begins as an identity function and converges to a step function, while
the function in the case of the ∆-clique case is initially more complicated but converges to a
constant function as xin,C1 → 0. Parameter values for these figures are given in Tables B.6.1
and B.6.2.

17.4 The global map Ψ̂CA : H
out,A
C → Hin,C

A

The two-dimensional unstable manifold of C intersects Hout,A
C at (x1, x2, θ3) = (h, 0, θ3)

and intersects Hin,C
A at (x2, r3θ3) =

(
0, h, θ̄A(θ3)

)
. Again, we know that the effect of the

global map Ψ̂CA is, to leading order, to rescale x2 by a θ3-dependent O(1) amount, and to
map the outgoing angle to an incoming angle, and so we have

Ψ̂CA

(
xout,C2 , θout,C3

)
=
(
xin,A2 , θin,A3

)
=
(
EA

(
θout,C3

)
xout,C2 , θ̄A

(
θout,C3

))
.

As for the global map Ψ̂BC,EA is an O(1) function of θ3. We know little about the function
θ̄A, except again that θ̄A(0) = 0 and θ̄A

(
π
2

)
= π

2
.

17.5 The local map ψ̂A : H
in,C
A → Hout,B

A

The local map ψ̂A is the most straightforward to compute. The flow linearised about A is

ẋ2 = eAx2, ẋ3 = −cAXx3, ẏ3 = −cAYy3.
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The trajectory crosses Hout,B
A when x2(t) = h, and therefore the residence time TA can be

found explicitly:

TA = − 1

eA
log
(x2
h

)
.

Thus, the local map is

ψ̂A

(
xin,A2 , θin,A3

)
=
(
xout,A3 , yout,A3

)
=

h cos θin,A3

(
xin,A2

h

) cAX
eA

, h sin θin,A3

(
xin,A2

h

) cAY
eA

.
17.6 The global map Ψ̂AB : H

out,B
A → Hin,A

B

The heteroclinic orbit from A to B intersects Hout,B
A at (x2, x3, y3) = (h, 0, 0), and inter-

sects Hin,A
B at (x1, x3, y3) = (h, 0, 0). The effect of the global map Φ̂AB is thus, to leading

order, to multiply the coordinates x3 and y3 by an O(1) amount. The expression for this
map is therefore

Ψ̂AB

(
xout,A3 , yout,A3

)
=
(
xin,B3

′
, yin,B3

′)
=
(
EBXx

out,A
3 , EBYy

out,A
3

)
.

17.7 Composing the maps

Composing these maps, we can write the completed full return map Φ̂B : H
in,A
B → Hin,A

B as

(17.8) Φ̂B

(
xin,B3 , yin,B3

)
= (x′3, y

′
3),

where

(17.9) x′3 = EBXh cos
(
θ̄A
(
θC3 (TC)

))(
EA

(
θC3 (TC)

)
exp

(
−
∫ TC

0

gB(θ
C
3 (τ)) d τ

)) cAX
eA

and

(17.10) y′3 = EBYh sin
(
θ̄A
(
θC3 (TC)

))(
EA

(
θC3 (TC)

)
exp

(
−
∫ TC

0

gB(θ
C
3 (τ)) d τ

)) cAY
eA

.

The value of θC3 (TC) is found by integrating θ̇3 with initial condition

θC3 (0) = θ̄C

(
yin,B3

xin,B3

e(eBY−eBX)TB

)
.
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These expressions for x′3 and y′3 are valid for both the Kirk–Silber and ∆-clique networks.
However, each network has a different definition of gA, gB, and gθ, and of the O(1) com-
ponents of the global maps. Therefore, the actual evaluation of these two expressions differs
between the two networks.

This return map Φ̂B is defined on the entirety of the incoming cross-section Hin,A
B , in-

cluding inside the cusp Γc excluded from the domain of ΦB in (16.2). Therefore, it is also de-
fined on the switching curve Σs defined by xeBY

3 = yeBX
3 , which corresponds to the switching

manifold ϑs of the projected maps fKS and f∆. Moreover, it is a continuous map.

§18 Analysing the continuity of the projected map

We now analyse the completed return map Φ̂B to determine the continuity of the projected
maps fKS and f∆ on ϑs.

From the expressions in (17.9) and (17.10), we calculate the action of the completed full
return map in logarithmic coordinates:

(18.1)

X ′
3 := log x′3

= logEBX + log h+ log cos θ̄A
(
θC3 (TC)

)
+
cAX

eA

(
logEA

(
θC3 (TC)

)
−
∫ TC

0

gB(θ
C
3 (τ)) d τ

)
and

(18.2)

Y ′
3 := log y′3

= logEBY + log h+ log sin θ̄A
(
θC3 (TC)

)
+
cAY
eA

(
logEA

(
θC3 (TC)

)
−
∫ TC

0

gB(θ
C
3 (τ)) d τ

)
These expressions allow us to define a map MB : D → D:

M̂B(X3, Y3) = (X ′
3, Y

′
3).

The domain of this map is

D =
{
(X3, Y3) ∈ R2 | X3, Y3 < log h

}
⊊ R2

–.
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Figure 18.1: A representation of the domain of the map M̂B and of the projection Π(k), and
the set T (k). We show a subset of R2

–. The solid red lines are X3 = log h and Y3 = log h.
The lower-left region bounded by these lines, shaded green and orange, is the domain D of
M̂B. The solid blue line is the set T (k), and the set D(k) of all points that project onto a point
in T (k) that are in D is shaded orange.

18.1 Projection of the completed full return map

Just as the projected maps fKS and f∆ are defined from the transition matrices in (16.3), we
can define a projected map from the map M̂ . To do so, we follow the methodology in §9.3.
Let k > 0 be a positive real number. We define the line T (k) in the negative orthant of R2

by
T (k) := {(X3, Y3) ∈ D | X3 + Y3 = −k}.

Note that in the definition given in (9.5), the set S, which is the domain of both fKS and
f∆, is the straight line from the point (−1, 0) to the point (0,−1). The line T (k) is instead
a subset of D, and so does not extend to the coordinate axes, as all points (X3, Y3) on the
line T (k) must satisfy X3 < log h and Y3 < log h. We can identify this line with the open
interval (−k − log h, log h).

We can rescale this set by k to define the open interval

S(k) =

(
−1− log h

k
,
log h

k

)
.
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Figure 18.2: Numerical approximations of the projected maps (a) f (k)
KS and (b) f (k)

∆ , for various
values of k, as indicated. The projected maps fKS and f∆ are plotted as solid black lines.
As k increases, f (k)

KS and f (k)
∆ converge to fKS and f∆, respectively. Note that, for larger k,

the domains of the maps widen. See Figure 18.3 for more detailed plots near the switching
manifold. See §A.3 for an explanation of how these approximations are calculated. For visual
clarity, we plot only the components of the projected map within their domain of definition,
and we do not shade these domains. The dashed red line indicates ϑs. Parameter values for
these figures are given in Tables B.6.3 and B.6.4.

We then have limk→∞ S(k) = S. We can define a projection Π(k) : D(k) → S(k) by

Π(k) : (X3, Y3) 7→
−X3

X3 + Y3
.

The domain of this projection is

D(k) =

{
(X3, Y3) ∈ D

∣∣∣∣ Y3 < − log h

k + log h
X3 and X3 <

− log h

k + log h
Y3

}
.

This set is the set all points in R2
– that project onto a point in T (k) that are in the domain of

definition of M̂B. We show a visual representation of this domain in Figure 18.1.
We can now define a projected map f (k) : S(k) → S(k):

f (k) : ϑ 7→ Π(k)
(
M̂B(ϑ,−k − ϑ)

)
.

The map f (k) is continuous. Since the map M̂B is not linear, the value of f (k)(ϑ) depends on
the value of k; that is, if ℓ > k, then for any point ϑ ∈ S(k) ⊊ S(ℓ), f (ℓ)(ϑ) ̸= f (k)(ϑ).
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Figure 18.3: Numerical approximations of the projected maps (a) f (k)
KS and (b) f (k)

∆ near the
switching manifold ϑs for various values of k, as indicated. The projected maps fKS and f∆
are plotted as solid black lines. As k increases, we see that the functions converge to fKS and
f∆. More importantly, however, we see a discontinuity emerge in the case of f (k)

KS . See §A.3
for an explanation of how these approximations are calculated. For visual clarity, we plot
only the components of the projected map within their domain of definition, and we do not
shade these domains. The dashed red line indicates ϑs. Parameter values for these figures are
given in Tables B.6.3 and B.6.4.

We show numerical approximations of this projected map for both networks in Fig-
ure 18.2. We observe that, as k → ∞, the function f (k) appears to converge to the projected
maps fKS and f∆, and we conjecture that they do in fact converge, though we do not prove
that here. In Figure 18.2(a), the map f (k)

KS appears to be discontinuous at ϑs, though only
because of the discretisation of the numerical calculations. In Figure 18.3, we show the same
calculations in a small neighbourhood of the switching manifold ϑs. We see that the pro-
jected maps f (k) are continuous at ϑ = ϑs for both the Kirk–Silber and ∆-clique networks,
though a discontinuity emerges in the limit k → ∞ for the Kirk–Silber network. We observe
a similar discontinuity emerge in the function θout,C3

(
θout,C3

)
.

18.2 Calculating the completed full return map

We begin with the Kirk–Silber network. We assume we have some point(
xin,B3 , yin,B3

)
∈ Hin,A

B .
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Applying the basic map defined by the composition Ψ̂BCψ̂B to this point, we calculate(
θin,C3 , xin,C1

)
=
(
Ψ̂BCψ̂B

)(
xin,B3 , yin,B3

)
.

We assume that the trajectory beginning at
(
xin,B3 , yin,B3

)
strikes Hin,B

C in a small neighbour-
hood of the equilibrium P , and close to the heteroclinic orbit P → X . This condition is
θP3 − h < θin,C3 < θP3 . This assumption requires the point

(
xin,B3 , yin,B3

)
to be close to the

switching curve Σs, defined by xeBY
3 = yeBX

3 . Therefore, this point is inside the cusp Γc that
is excluded from the domain of the return map ΦB in (16.2). For θin,C3 < θP3 , we require
xeBY
3 > yeBX

3 .
We also assume that the trajectory strikes Hout,A

C in a small neighbourhood of the equi-
librium X . This condition is 0 < θout,C3 < θX3 + h, and requires TB to be sufficiently large.
We quantify this requirement explicitly in the inequality (18.4) below.

The flow linearised about P is given by

ẋ1 = gA
(
θP3
)
x1,

ẋ2 = −gB
(
θP3
)
x2,

θ̇3 = −λP
(
θP3 − θ3

)
,

for some real number λP > 0.
Our assumption that θout,C3 < θX3 + h implies that there is some time T (P)

C such that
θC3

(
T

(P)
C

)
= θP3 − h. Solving θ̇3 with initial condition θ3(0) = θin,C3 , we find

T
(P )
C =

−1

λP
log

(
θP3 − θin,C3

h

)
.

Solving both ẋ1 and ẋ2 with initial conditions

x1(0) = xin,C1 = EC

(
θout,B3

)
he−cBTB ,

and x2(0) = h, we find that

x1

(
T

(P)
C

)
= EC

(
θout,B3

)
he−cBTB

(
θP3 − θin,C3

h

)−
gA(θP3 )

λP
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and

x2

(
T

(P)
C

)
= h

(
θP3 − θin,C3

h

) gB(θP3 )
λP

.

There is then a jump from P to X as the trajectory follows the heteroclinic orbit P →
X . In this transition, both x1 and x2 are scaled by an h-dependent O(1) amount, E(1)

PX and
E

(2)
PX, respectively. Therefore, at θ3 = θX3 + h, the value of x1 is

(18.3) E
(1)
PXEC

(
θout,B3

)
he−cBTB

(
θP3 − θin,C3

h

)−
gA(θP3 )

λP

and the value of x2 is

E
(2)
PXh

(
θP3 − θin,C3

h

) gB(θP3 )
λP

.

Our assumption that the trajectory strikes Hout,A
C in a small neighbourhood ofX means that

we require the value of x1 in (18.3) to be strictly less than h. Solving this inequality for TB
shows that we require

(18.4) TB >
1

cB

(
log
(
E

(1)
PXEC

(
θout,B3

))
− gA

(
θP3
)

λP
log

(
θP3 − θin,C3

h

))
.

Therefore, our assumption that the trajectory strikes Hin,B
C near P and then strikes Hout,A

C

near X requires TB → ∞ as θin,C3 → θP3 .
Near X , the linearised flow is

ẋ1 = eXAx1,

ẋ2 = −cXBx2,

θ̇3 = −cXY θ3.

We solve for the residence time T (X)
C near X by solving x1(T

(X)
C ) = h with the initial con-

dition of x1 given in (18.3):

T
(X)
C = − 1

eXA

(
log
(
E

(1)
PXEC

(
θout,B3

))
− gA

(
θP3
)

λP
log

(
θP3 − θin,C3

h

)
− cBTB

)
.
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Therefore, the value of x2 on Hout,A
C is

(18.5)

xout,C2 = E
(2)
PXh

(
θP3 − θin,C3

h

) gB(θP3 )
λP

E(1)
PXEC

(
θout,B3

)
e−CBTB

(
θP3 − θin,C3

h

)−
gA(θP3 )

λP


cXB
eXA

and the value of θout,C3 ≡ θC3 (TC) is

(18.6) θout,C3 = h

E(1)
PXEC

(
θout,B3

)
e−cBTB

(
θP3 − θin,C3

h

)−
gA(θP3 )

λP


cXY
eXA

.

A similar analysis can be completed in the case of the Kirk–Silber network when a tra-
jectory strikes Hin,B

C in a small neighbourhood of the equilibrium P , and close to the hete-
roclinic orbit P → Y . This condition is θP3 < θin,C3 < θP3 + h. In this case, the value of x2
on Hout,A

C is
(18.7)

xout,C2 = E
(2)
PYh

(
θP3 − θin,C3

h

) gB(θP3 )
λP

E(1)
PYEC

(
θout,B3

)
e−CBTB

(
θP3 − θin,C3

h

)−
gA(θP3 )

λP


cYB
eYA

and the value of φout,C
3 , where we recall φ3 =

π
2
− θ3, is

(18.8) θout,C3 = h

E(1)
PYEC

(
θout,B3

)
e−cBTB

(
θP3 − θin,C3

h

)−
gA(θP3 )

λP


cYX
eYA

.

A lower bound similar to (18.4) exists for TB.
Finally, in the case of the ∆-clique network, there is no equilibrium P . Any trajectory

that begins in the cusp that is excluded from the cross-section Hin,A
B strikes Hin,B

C along the
heteroclinic connection X → Y , and not in a small neighbourhood of X or Y . Therefore,
the initial conditions on Hin,A

C are x1 = EC

(
θout,B3

)
he−cBTB , x2 = h, and θX3 +h < θin,C3 <

θY3 − h. We assume that the trajectory leaves C near Y , and thus we can again compute a
lower bound for TB similar to (18.4).

The transition of the trajectory along the heteroclinic orbit X → Y rescales x1 and x2
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by h-dependent O(1) amounts, E(1)
XY and E(2)

XY, respectively. Near Y , the linearised flow is

ẋ1 = eYAx1,

ẋ2 = −cYBx2,

φ̇3 = −cY Xφ3.

Solving for x1
(
T

(Y)
C

)
= h and then integrating the above linear system gives xout,C2

(18.9) xout,C2 = E
(2)
XYh

(
E

(1)
XYEC

(
θout,B3

)
e−cBTB

) cYB
eYA

and the value of θout,C3 is

(18.10) θout,C3 = h
(
E

(1)
XYEC

(
θout,B3

)
e−cBTB

) cYX
eYA .

18.3 Applying the projection

We now use the values for θout,C3 and xout,C2 in the expressions for X ′
3 and Y ′

3 in (18.1) and
(18.2), respectively.

For the Kirk–Silber network with θin,C3 < θP3 , θout,C3 ≡ θC3 (TC) < θX3 + h ≪ 1.
Therefore, we Taylor expand θ̄A about the fixed point θ̄A(0) = 0 to derive the leading order
expansion

θ̄A
(
θC3 (TC)

)
= K1θ

C
3 (TC) +O

(
θC3 (TC)

2),
for some O(1) constant K1. We can then apply a leading order Taylor expansion to the
trigonometric terms in (18.1) and (18.2). The resulting expressions are rather long and cum-
bersome, and are the sums of terms involving TB, log

(
θP3 −θin,C3

h

)
, and the logarithm of con-

stant terms. Since we have assumed that TB ≫ 1 and θP3 − θin,C3 ≪ h, we can ignore the
logarithm of the constant terms as they do not affect the asymptotic behaviour of the expres-
sions of interest in the limit TB → ∞ or θin,C3 → θP3 . We then substitute the expressions in
(18.5) and (18.6) into (18.1) and (18.2), and the resulting expressions into the projection Π(k),
and rearrange to derive
(18.11)

Π(k)(X ′
3, Y

′
3) =

−cAX

(
− eXA

cBλP

(
gB(θ

P
3 )− gA(θP3 )cXB

eXA

)
log δ
TB

+ cXB

)
(cAX + cAY)

(
− eXA

cBλP

(
gB(θP3 )− gA(θP3 )cXB

eXA

)
log δ
TB

+ cXB

)
+ eA

(
gA(θP3 )cXY

cBλP

log δ
TB

+ cXY

) .
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In this expressions, we have written

δ =
θP3 − θin,C3

h
.

In §10.3, to evaluate the limit of the projected map fKS as ϑ ↘ ϑs, we must follow the
definition of the projected map outlined in §9.4, and calculate the projection of the action of
the transition matrix MX on points on the line Y3 = log(1− ϵ) + eBY

eBX
X3. Recall from (9.2)

and (9.3) in §9.1 that ϵ was a positive constant used in the definition of the excluded cusp.
The limit ϑ↘ ϑs is then the limit X3 → −∞.

On Hin,A
B , curves of constant angle θin,B3 have the form x3 = ay3. Therefore, in loga-

rithmic coordinates, curves of constant θin,B3 in D are X3 = log a + Y3. We see from the
action of the local map ψ̂B in (17.3) that curves of constant angle θout,B3 in D have the form
X3 = log a+ eBX

eBY
Y3.

For any 0 > log a > log(1− ϵ), the line X3 = log a + eBX

eBY
Y3 lies inside the region

corresponding to the excluded cusp. Moreover, the expression in (18.11) is valid, and can be
evaluated, at any point on the line X3 = log a + eBX

eBY
Y3, whereas the transition matrix MX

cannot. For any point along this line, θin,C3 , and therefore also δ, is fixed, but as X3 → −∞,
we see from (17.1) that TB → ∞ and thus log δ

TB
→ 0. Therefore, the expression in (18.11)

simplifies to

Π(k)(X ′
3, Y

′
3) =

−cXBcAX

cXB(cAX + cAY) + eAcXY

,

which is the value of the limit limϑ↘ϑs fKS(ϑ) in (16.4). This limit applies for all 0 > log a >

log(1− ϵ), and so θP3 −θin,C3 can be chosen to be arbitrarily close to 0, and thus the trajectory
is arbitrarily close to the switching manifold.

In the case of the Kirk–Silber network with θP3 < θin,C3 < θP3 + h, substituting the
expressions in (18.7) and (18.8) into (18.1) and (18.2), disregarding the logarithm of O(1)

constant terms, which do not affect the dynamics in the limit TB → ∞, and applying the
projection, gives
(18.12)

Π(k)(X ′
3, Y

′
3) =

−cAX

(
− eYA

cBλP

(
gB(θ

P
3 )− gA(θP3 )cYB

eYA

)
log δ
TB

+ cYB

)
− eA

(
gA(θP3 )cYX

cBλP

log δ
TB

+ cYX

)
(cAX + cAY)

(
− eYA

cBλP

(
gB(θP3 )− gA(θP3 )cYB

eYA

)
log δ
TB

+ cYB

)
+ eA

(
gA(θP3 )cYX

cBλP

log δ
TB

+ cYX

) .
We note that the additional term in the numerator compared to (18.11) is a result of the
fact that the leading order Taylor expansion of log cos θ̄A(θ) around the point π

2
is log θ, as

opposed to log 1 when the Taylor expansion is evaluated around 0.
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For any 0 < log a < log
(

1
1−ϵ

)
, the line X3 = log a + eBX

eBY
Y3 lies inside the region

corresponding to the excluded cusp, and the expression in (18.12) is valid, and the expression
can be evaluated, at any point on that line. In the limit of X3 → −∞, we find

Π(k)(X ′
3, Y

′
3) =

−(cYBcAX + eAcYX)

cYB(cAX + cAY) + eAcYX

,

which is the value of the limit limϑ↗ϑs fKS(ϑ) in (16.5).
We note that, since the map Φ̂B is defined for all points in Hin,A

B , we can evaluate this
map at any point on the line xeBY

3 = yeBX
3 , and we can therefore also evaluate M̂B at any

point on the line eBYX3 = eBXY3. Therefore, for all k > 0, we can evaluate f (k)(ϑs). We
cannot, however, determine the value of this expression since we do not know the value of
θ̄A
(
θP3
)
. However, evaluating the map f (k) at ϑs for any k > 0 does not tell us about the

limiting behaviour of fKS at ϑs, since the components of these functions are defined only for
trajectories that leave C near X or Y .

In the case of the ∆-clique network, the expressions for X ′
3 and Y ′

3 differ on either side
of the switching manifold by only anO(1) global constant, since, in both cases, the trajectory
follows the connection X → Y but does not strike Hin,B

C near X . Therefore, in both cases,
applying the projection gives

(18.13)

Π(k)(X ′
3, Y

′
3) =

−cAX

(
− eYA

cB

1
TB

+ cYB

)
− eA

(
cYX

cB

1
TB

+ cYX

)
(cAX + cAY)

(
− eYA

cB

1
TB

+ cYB

)
+ eA

(
cYX

cB

1
TB

+ cYX

) .
The expression is valid, and can be evaluated, at any point on the line X3 = log a + eBX

eBY
Y3

for 0 > log a > log(1− ϵ) and 0 < log a < log
(

1
1−ϵ

)
. Any such value of log a ensures the

line lies inside the region corresponding to the excluded cusp. In both cases, δ is again fixed
and TB → ∞, giving us, in both cases,

Π(k)(X ′
3, Y

′
3) =

−(cYBcAX + eAcYX)

cYB(cAX + cAY) + eAcYX

,

which is the value of the limit limϑ→ϑs f∆(ϑ) in (16.6).
In summary, we find that the discontinuity of fKS at ϑs is a result of two factors: first,

that evaluating the limit ϑ → ϑs requires us to evaluate the flow in the limit as a trajectory
approaches the network; and, second, that there is a separatrix near the network that creates
a discontinuity in the flow in the limit as a trajectory approaches the network. In the case
of the ∆-clique network, however, although the first of these two factors is still required,
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no discontinuity emerges in the flow in the limit as a trajectory approaches the network.
Therefore, the projected map f∆ is continuous at ϑs.

In §12, we also studied the tournament network, which is the union C[X] ∪ C[Y] ∪ C[XY].
Although the tournament network also contains a subnetwork whose graph representation
is equivalent to the Kirk–Silber network, the nearby dynamics does not contain a structure
equivalent to the equilibrium P , and so also does not contain the separatrix formed by its
stable and unstable manifolds. It instead contains two ∆-cliques, with trajectories leaving a
neighbourhood containing the ∆-clique near a common equilibrium. A small extension of
the map derived in §17 and the analysis in this section shows that the projected map of the
tournament network is continuous on both of its two switching manifolds.





VI Dynamics near networks in
higher dimensions

In this chapter, we present investigations of two heteroclinic networks with n ≥ 5 equilibria,
embedded in Rn with the simplex realisation of Ashwin and Postlethwaite [AP13].

We begin in §19 with a detailed description of a network between 6 equilibria studied by
Podvigina [Pod23], composed of two cycles of four equilibria each, joined along one common
heteroclinic orbit. This network is a natural extension of the Kirk–Silber network [KS94].
We first summarise the results obtained by Podvigina [Pod23], and present examples of time-
series that complement Podvigina’s findings that suggest that more complicated behaviour
is observed in trajectories near this network than the Kirk–Silber network and other net-
works in R4. We then compute in §19.1 a partial bifurcation set of regular cycling near this
network. We make numerous observations about the structures and patterns in this bifurca-
tion set, and make conjectures about the structure of regions of fragmentarily asymptotically
stable root sequences in the complete bifurcation set. In §19.2, we construct the network’s
projected map, and relate periodic orbits of this projected map to regular cycling near the
network. We present in §19.3 a numerical investigation of some of these periodic orbits and
how they relate to the bifurcation structure of regular cycling near the network. We consider
the continuity of the projected map on the map’s switching manifold in §19.4

Next we consider in §20 the Rock–Paper–Scissors–Lizard–Spock network, studied by
Postlethwaite and Rucklidge [PR22]. In this network, the heteroclinic orbits are grouped
into two different classes, A and B. We present a bifurcation set of regular cycling near this
network in §20.1. In the case of this heteroclinic network, itineraries and root sequences of

117
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ξ1
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ξ4
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ξ6

C[L] C[R]
Hin,1

2

Hin,2
5Hin,2

3

Figure 19.1: A diagrammatic representation of Podvigina’s two-cycle network [Pod23], and
the location of the three cross-sections relevant to the analysis of the network.

eventually periodic itineraries are not defined by the equilibria a trajectory visits but instead
by the classes of the orbits a trajectory follows when transitioning between equilibria. We
review the work of Postlethwaite and Rucklidge to construct return maps near the network in
§20.2, and then in §20.3 we construct the projected map of the heteroclinic network. Since the
switching equilibria of this network have multiple incoming heteroclinic orbits, the projected
map is not straightforward to define. We therefore present a method to overcome these
complications and construct a single projected map on a connected domain. We analyse
regular cycling near the network in the projected map in §20.4, and irregular cycling near
the network, in what appears to be a strange attractor, in §20.5. Lastly, we again consider the
continuity of the projected map on the map’s switching manifolds in §20.6.

§19 Podvigina’s two-cycle network
We begin by considering a network in R6 that was studied by Podvigina in [Pod23], which we
refer to as Podvigina’s two-cycle network. This network is composed of six equilibria, ξ1, . . . , ξ6,
that are each at unit distance from the origin in the positive orthant on each of the six coordi-
nate axes, and seven heteroclinic orbits that are contained in specific two-dimensional flow-
invariant subspaces. These equilibria and orbits form two cycles:1 C[L] = ξ1 → ξ2 → ξ3 →
ξ4 → ξ1 and C[R] = ξ1 → ξ2 → ξ5 → ξ6 → ξ1. The network is the unionNPod = C[L]∪C[R].
A diagrammatic representation of this network is shown in Figure 19.1. As in the case of the
networks in Chapter III, the equilibrium ξ2 has a two-dimensional unstable manifold, and

1of type C−
4 [KM04]
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so there in fact exists a continuum of heteroclinic orbits ξ2 → ξ3 and ξ2 → ξ5. However, all
but one of these orbits are not contained in a two-dimensional subspace. We do not consider
any of these heteroclinic orbits to be part of the network, only the orbit that is contained in
the (x2, x3)-plane and the orbit that is contained in the (x2, x5)-plane.

Truncated at third-degree, the general form of the equations (3.2) that contains Podvig-
ina’s two-cycle network is

(19.1)

ẋ1 = x1

(
1− ∥x∥22 − c21x

2
2 − t31x

2
3 + e41x

2
4 − t51x

2
5 + e51x

2
6

)
,

ẋ2 = x2

(
1− ∥x∥22 + e12x

2
1 − c32x

2
3 − t42x

2
4 − c52x

2
5 − c62x

2
6

)
,

ẋ3 = x3

(
1− ∥x∥22 − t13x

2
1 + eLx

2
2 − c43x

2
4 − t53x

2
5 − t63x

2
6

)
,

ẋ4 = x4

(
1− ∥x∥22 − cLx

2
1 − t24x

2
2 + e34x

2
3 − t54x

2
5 − t64x

2
6

)
,

ẋ5 = x5

(
1− ∥x∥22 − t15x

2
1 + eRx

2
2 − t35x

2
3 − t45x

2
4 − c65x

2
6

)
,

ẋ6 = x6

(
1− ∥x∥22 − cRx

2
1 − t26x

2
6 − t36x

2
3 − t46x

2
4 + e56x

2
5

)
,

where all eij, cij, tij are strictly positive real constants. Note that, to simplify the presentation
of some results in the remainder of this section, we have made the identifications cL ≡ c14,
cR ≡ c16, eL ≡ e23, and eR ≡ e25.

In their paper, Podvigina [Pod23] considered root sequences (see §5) corresponding to
the two cycles, C[L] and C[R], and of a trajectory that makes one excursion around one cy-
cle before switching to the other, then switches back again after one excursion around the
second cycle, and repeats this process. These root sequences are L = (1234), R = (1256),
and LR = (12341256). A trajectory which is asymptotic to either cycle has an itinerary
that is eventually periodic with root sequence either L or R, and a trajectory which regu-
larly switches back and forth between the two cycles after one excursion around each has
an itinerary that is eventually periodic with root sequence LR. We show in Figure 19.2(a)
an example of a trajectory which regularly cycles between C[L] and C[R], with root sequence
LR. Podvigina [Pod23] proves that the LR root sequence is fragmentarily asymptotically
stable for certain parameter values. (Podvigina uses the term omnicycle and trail stability for
the concepts of a root sequence and its stability, respectively.) Therefore, for certain parame-
ter values, there is an open set of initial conditions that are asymptotic to the entire network
NPod, and not to a proper subset of the network. These properties are in direct contrast to the
three networks considered in Chapter III: for those three networks, a trajectory asymptotic
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to the network is asymptotic to a proper subset of the network.
Podvigina’s proof of the stability of the LR root sequence relies on assuming that many

of the eigenvalues of the linearisation of the vector field at each equilibrium vanish. Since the
eigenvalues and eigenvectors of a matrix depend continuously on its entries, there is an open
set of values for each of these eigenvalues around 0 for which the conditions in Theorem 6.1
continue to hold. To simplify the analysis, Podvigina additionally assumes the system has
additional symmetry, namely a Z2 symmetry generated by

(x1, x2, x3, x4, x5, x6) 7→ (x1, x2, x5, x6, x3, x4).

We do not make these assumptions concerning vanishing eigenvalues and additional symme-
tries of the system.

19.1 Regular cycling

In their paper, Podvigina [Pod23] proved the fragmentary asymptotic stability of the root se-
quence LR. They also provided some preliminary numerical examples of more complicated
root sequences, such as L2R4, L3R, and L5R5, among others. In Figure 19.2, we present
similar example timeseries of trajectories near this network. We observe, as Podvigina did,
that these trajectories are asymptotic to the network, and not a proper subset of it—that
is, ω(x) = NPod. In addition to the LR root sequence, the trajectories in Figure 19.2 have
itineraries that are eventually periodic with root sequences LR3, L3R2, and L2RLR. These
root sequences were not observed or considered by Podvigina. We therefore ask what other
root sequences can be fragmentarily asymptotically stable, for what parameter values are
they fragmentarily asymptotically stable, and what relationships exist between these root
sequences? In the remainder of this chapter, we sometimes shorten fragmentarily asymp-
totically stable to stable for brevity. The definition of stability of a root sequence is given
in Definitions 5.6 and 5.7, and necessary and sufficient conditions for stability are given in
Theorem 6.2.

19.1.1 Constructing a bifurcation set

To answer these questions, we construct a bifurcation set of fragmentarily asymptotically
stable root sequences. We determine for what parameter values the transition matrices that
correspond to certain root sequences satisfy the three conditions in Theorem 6.2. We define
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Figure 19.2: Various example timeseries of trajectories near Podvigina’s two-cycle network.
The values of cL and cR vary between examples, while all other parameters remain the same.
For visual clarity, we plot only the x3- and x5-coordinates: when x3, coloured green, is close
to 1, all other coordinates are close to 0 and the trajectory is in a small neighbourhood of
ξ3. Similarly, when x5, coloured purple, is close to 1, all other coordinates are close to 0 and
the trajectory is in a small neighbourhood of ξ5. Time is plotted on a logarithmic scale, to
aid visual clarity. We see a regular pattern in these timeseries, and their root sequences are
readily deduced: (a) LR, (b) LR3, (c) L3R2, and (d) L2RLR. Parameter values and initial
conditions for these figures are given in §B.7.
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the transition matrices ML and MR by

(19.2) ML ≡M
(L)
2 = m412m341m234m123 =


α11 α12 0 0

α21 α22 0 0

α31 α32 1 0

α41 α42 0 1


and

(19.3) MR ≡M
(R)
2 = m612m561m256m125 =


1 0 β13 β14

0 1 β23 β24

0 0 β33 β34

0 0 β43 β44

.

The expressions for the αjk and βjk terms are given in §B.2, along with the basic transition
matrices. These transition matrices act on the coordinates (X3, X4, X5, X6), where Xi :=

log xi, and where we have rescaled the coordinates xi so that we are in a neighbourhood of
approximate linear flow of ξ2.

In theory, we might have to consider every cyclic permutation of these two products
to determine when the C[L] and C[R] cycles are stable. However, because ξ2 is the only equi-
librium with positive locally transverse eigenvalues, the only basic transition matrices with
negative entries are m123 and m125. Therefore, the only transition matrices that must be
checked to determine the stability of each cycle are M (L)

3 = m123MLm
−1
123 and M (R)

5 =

m125MRm
−1
125. Having to check only these matrices is equivalent to having to check only

M
(3)
3 and M (4)

4 when studying the Kirk–Silber network in §10.
Fixing all parameter values but cL and cR to those specified in Table B.7.1, we construct a

bifurcation set for the parameter values cL ∈ (0, 2.75] and cR ∈ (0, 2]. Due to the difficulty
of evaluating the eigenvalues and eigenvectors of the matricesML andMR—these difficulties
being the motivation behind Podvigina’s assumptions in [Pod23]—we calculate this bifurca-
tion set numerically, which can be done, for example, by following the process outlined in
[PR22], or by discretely sampling parameter space and evaluating the transition matricesML

and MR at these parameter values.
In Figure 19.3, the blue shaded region, labelled L, is the set of all parameter values for

which the M (L)
3 matrix satisfies these conditions. This region is therefore the set of all pa-

rameter values for which the C[L] cycle, and thus also the L root sequence, is fragmentarily
asymptotically stable. The orange shaded region, labelledR, is the set of all parameter values
for which the R root sequence is fragmentarily asymptotically stable.
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Figure 19.3: A partial bifurcation set of stable root sequences of regular cycling near Podvig-
ina’s two-cycle network. Each shaded region is the subset of parameter space for which the
labelled root sequence is fragmentarily asymptotically stable; that is, there exists an open set
of initial conditions that give rise to trajectories that are asymptotic to the network and with
an itinerary that is eventually periodic with that given root sequence. Where two regions
overlap, there exist two such open sets, disjoint from each other, each corresponding to one
of the root sequences. In this bifurcation set, the contracting eigenvalues at ξ1 are varied,
while all other eigenvalues are fixed. We have calculated only finitely many stability regions,
and conjecture that the remaining white space is filled with similar stability regions. All root
sequences that are shown here and the links between them are presented in Figure 19.4. Pa-
rameter values for these figures are given in Table B.7.1.
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For the LR root sequence, we repeat the same process. We begin with the matrix2

MLR =MRML = m612m561m256m125m412m341m234m123.

We consider the two cyclic permutations of this product that are the transition matrix of full
return maps defined on Hin,2

3 and Hin,2
5 . These permutations are

(19.4) m123m612m561m256m125m412m341m234 = m123MRMLm
−1
123

and

(19.5) m125m412m341m234m123m612m561m256 = m125MLMRm
−1
125

The light red region in Figure 19.3, labelled LR, is the set of parameter values for which
the LR root sequence is fragmentarily asymptotically stable; that is, there is an open set of
initial conditions that give rise to trajectories that are asymptotic to the network and that
have itineraries that are eventually periodic with root sequence LR.

In general, for a root sequence X = (Xi)
k
i=1 of minimal period k, where Xi ∈ {L,R}

and k is some positive integer, we consider the transition matrix MX defined by

MX =
k−1∏
i=0

MXk−i
,

which is a product of the matrices ML and MR. To determine for which parameter values
the root sequence X is stable, we need only verify Podvigina’s conditions for stability for the
permutations of this product that are the transition matrices of full return maps defined on
Hin,2

3 and Hin,2
5 .

19.1.2 Observations of patterns

In Figure 19.3, we present a partial bifurcation set which consists of 34 stability regions cor-
responding to different root sequences. In each shaded region, the labelled root sequence
is fragmentarily asymptotically stable. Since we can only compute the stability region for
finitely many root sequences, this bifurcation set is only partially complete. This bifurcation
set has several particularly interesting properties. Many of these properties are similar to
the bifurcation set of the Rock–Paper–Scissors–Lizard–Spock network first considered by

2We note that, since function composition is applied right-to-left, with the operators written to the left of
the operand, the order of the subscripts differs between the terms of the product—which is read right-to-left—
and the matrix that represents that order of excursions around each cycle—which is read left-to-right.
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Postlethwaite and Rucklidge [PR22], presented in Figure 20.2, and in §20 we compare and
contrast these similarities in detail.

First, there is a Farey-like concatenation of certain root sequences. For example, we
observe that, in the region of parameter space bounded by the stability boundaries of L and
R, there is a region of stability of their concatenation, LR. Between the regions of stability
of L and LR, we observe the region of stability of their concatenation, (L)(LR) = L2R.
Moreover, between the regions of stability of L and L2R, we observe their concatenation
L3R. As a final example, between L2R and LR, we observe L2RLR.

In general, every stable root sequence that is formed by concatenation appears to con-
catenate with both of its parent root sequences to form two new stable root sequences. More
explicitly, if the stable root sequences X and Y concatenate to form XY , then there exists a
region of parameter space in which the root sequence X 2Y is stable, and a region in which
XY2 is stable.

The second interesting property of this bifurcation set is that the regions of stability
of stable root sequences form chains, and it is the root sequences at the beginning of these
chains that follow the above Farey-like concatenation. For example, the root sequence LR
appears as the first stable root sequence in a sequence of stable root sequences of the form
LnRn, of which we have computed five. We have also computed the first few root sequences
in eight other chains. To aid in understanding the bifurcation set, we present in Figure 19.4 a
diagrammatic representation of all stable root sequences in Figure 19.3 and the relationship
between these root sequences. Note that many of the stability regions of the root sequences
shown in Figure 19.4 are too small to be visible in Figure 19.3. Solid arrows represent the
Farey-like concatenation of two root sequences, and dashed arrows represent the transition
from one root sequence to the next in the same chain. For all chains of root sequences, we
observe that the transition from one root sequence to the next occurs via replacing an LR
with L2R2, or an RL with R2L2—which, up to a cyclic permutation of the root sequence,
are equivalent. We also notice that each chain appears to converge to the codimension-two
point where both the C[L] cycle and the C[R] cycle lose stability.

Successive stable roots sequences in a chain have stability regions that overlap. For all
parameter values in these overlapping areas, both root sequences are fragmentarily asymptot-
ically stable. Thus, there exists two disjoint open sets of initial conditions, each giving rise to
trajectories that are asymptotic to the network and that have an itinerary that is eventually
periodic with one of the two given sequences as a root sequence. However, different chains
appear to always be disjoint. Moreover, for two stable root sequences X and Y that concate-
nate to form the stable root sequence XY , we can consider the boundary of the chains that
begin at the stability regions of X , Y , and XY . We observe that these boundaries are all
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disjoint. In a less precise sense, there is always sufficient space in this bifurcation set between
two chains for the chain of their concatenation.

Lastly, for every root sequence shown in Figure 19.3, the boundary of the stability re-
gion corresponds to a breaking of Podvigina’s third condition for stability—that all entries
of the eigenvector wmax are non-zero and have the same sign. Applying the consequences of
Theorem 14.1, we can therefore conclude that stability loss corresponds to a border-collision
bifurcation of the eigenvector wmax of the transition matrix of the return map with domain
Hin,1

2 . For a given stability region, each of its boundaries corresponds to a different permu-
tation of the product that defines the transition matrices failing the admissibility condition.

Lastly, we note that we have not yet found any numerical evidence of irregular cycling
near Podvigina’s two-cycle network, though we have no reason beyond these numerical results
to expect that such irregular cycling does not exist.

19.1.3 Conjectures

These properties allow us to form a series of conjectures about the regular cycling of trajec-
tories near Podvigina’s two-cycle network. Our main claim is the following.

Conjecture 19.1. There are infinitely many stable root sequences in the completed bifurcation
set, which fill the remaining white space of Figure 19.3.

We expect that the concatenation of each root sequence with both of its parent root
sequences continues. This process gives root sequences of the form LmR and LRm for all
positive integers m. It also gives root sequences of the form Lm+1RLmR and LRmLRm+1

for all positive integersm, and so on, as the concatenation of these root sequences continues.
We make the following additional conjectures about the stability regions of root se-

quences.

Conjecture 19.2. Each of these root sequences formed through concatenation is the first root
sequence in a chain of stable root sequences.

Conjecture 19.3. The stability region of two consecutive root sequences in a chain overlap.
However, different chains are disjoint.

Conjecture 19.4. The transition from one root sequence in a chain to the next occurs via an
LR being replaced by an L2R2

We have as yet no explanation of why this replacement occurs in terms of the dynamics
of the flow generated by (19.1).
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For root sequences that have theL andR root sequence as a parent, it is straightforward
to conjecture the pattern of the resulting chain. In particular, these root sequences have the
form LmR or LRm, for some positive integer m. We expect the k-th root sequence in the
chain that begins at LmR or LRm to be of the form Lm+kRk or LkRm+k, respectively. For
root sequences which are not of this form, we do not yet know a general way to express all
root sequences in a given chain.

19.2 Constructing the projected map

To further our understanding of the bifurcation set in Figure 19.3 and present a method
by which we might prove the above conjectures about its structure, we now construct the
projected map of Podvigina’s two-cycle network.

We follow an identical process to that presented in Chapters III and IV, and consider the
induced action of the transition matrices ML and MR on a simplex defined in the negative
orthant of R4. We therefore begin by considering the simplex{

(X3, X4, X5, X6) ∈ R4
–

∣∣∣∣∑
i

Xi = −1

}
.

We can, without ambiguity, represent each point in this simplex by its first three coordinates,
and so we define the set

S =
{
(ϑ1, ϑ2, ϑ3) ∈ (−1, 0)3 | ϑ1 + ϑ2 + ϑ3 > −1

}
⊊ (−1, 0)3.

Since the domains of the transition matrices ML and MR are subsets of R4
–, we adapt

the definition of the projection Π to Π: R4
– → S:

Π: X = (X3, X4, X5, X6) 7→
−1

(1, 1, 1, 1) ·X (e1 ·X, e2 ·X, e3 ·X)

=
−1

X3 +X4 +X5 +X6

(X3, X4, X5),

where e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0), and e3 = (0, 0, 1, 0).
The switching subspace Σs ⊆ Hin,1

2 is defined by

Σs =
{
x ∈ Hin,1

2 | xeR3 = xeL5

}
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and, therefore, the switching manifold of projected map is

ΘS = {(ϑ1, ϑ2, ϑ3) ∈ S | eRϑ1 = eLϑ3}.

When analysing return maps defined onHin,1
2 , there is, of course, a subset of the cross-section

which must be excluded from the domain of definition of the return map, equivalent to Γc in
§9. However, an argument similar to that in §9.4 allows us to conclude that the only subset
of S which must be excluded from the domain of the projected map is the codimension-one
switching manifold ΘS. Therefore, we define the domains

ΘL = {(ϑ1, ϑ2, ϑ3) ∈ S | eRϑ1 > eLϑ3}

and
ΘR = {(ϑ1, ϑ2, ϑ3) ∈ S | eRϑ1 < eLϑ3}

On each of these domains, we define a component of the projected map by

fL(ϑ1, ϑ2, ϑ3) = Π(ML(ϑ1, ϑ2, ϑ3,−1− ϑ1 − ϑ2 − ϑ3)) : ΘL → S

if (ϑ1, ϑ2, ϑ3) ∈ ΘL, and

fR(ϑ1, ϑ2, ϑ3) = Π(MR(ϑ1, ϑ2, ϑ3,−1− ϑ1 − ϑ2 − ϑ3)) : ΘR → S

if (ϑ1, ϑ2, ϑ3) ∈ ΘR. We compose these two maps to define the projected map of Podvigina’s
two-cycle network fPod : ΘL ∪ΘR → S:

(19.6) fPod =

fL(ϑ) = (f 1
L(ϑ), f

2
L(ϑ), f

3
L(ϑ)), if ϑ ∈ ΘL,

fR(ϑ) = (f 1
R(ϑ), f

2
R(ϑ), f

3
R(ϑ)), if ϑ ∈ ΘR.

The expressions for the three components of the map fL are

f
(1)
L (ϑ1, ϑ2, ϑ3) =

−(α11ϑ1 + α12ϑ2)

DL(ϑ)
,

f
(2)
L (ϑ1, ϑ2, ϑ3) =

−(α21ϑ1 + α22ϑ2)

DL(ϑ)
,

f
(3)
L (ϑ1, ϑ2, ϑ3) =

−(α31ϑ1 + α32ϑ2 + ϑ3)

DL(ϑ)
,
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where the denominator is

DL(ϑ) = (α11 + α21 + α31 + α41 − 1)ϑ1 + (α12 + α22 + α32 + α42 − 1)ϑ2 + 1.

The expressions for the three components of the map fR are

f
(1)
R (ϑ1, ϑ2, ϑ3) =

(β12 − 1)ϑ1 + β12ϑ2 + (β12 − β11)ϑ3 − β12
DR(ϑ)

,

f
(2)
R (ϑ1, ϑ2, ϑ3) =

β22ϑ1 + (β22 − 1)ϑ2 + (β22 − β21)ϑ3 − β22
DR(ϑ)

,

f
(3)
R (ϑ1, ϑ2, ϑ3) =

β32ϑ1 + β32ϑ2 + (β32 − β31)ϑ3 − β32
DR(ϑ)

.

where the denominator is

DR(ϑ) = ϑ1+ϑ2+(β11+β21+β31+β41)ϑ3− (β12+β22+β32+β42)(ϑ1+ϑ2+ϑ3−1).

As in Chapter III, fixed points of these maps correspond to eigenvectors of the transi-
tion matrices, and the stability and admissibility of certain fixed points corresponds to the
stability of the component heteroclinic cycles. Since we have assumed in (19.1) that there are
no positive transverse eigenvalues, it is straightforward to generalise the results in Proposi-
tion 10.2 and Proposition 11.2, using Theorem 14.1, to prove that all stability conditions of
the two component cycles of the network are realised as conditions on Hin,1

2 , and therefore as
bifurcations in the projected map. First, the first two stability conditions in Theorem 6.1—
that λmax ∈ R and λmax > 1—are always realised for all transition matrices, and so cor-
respond to existence and stability conditions, respectively, for the fixed points. If the first
two conditions are satisfied, then the third condition, as a consequence of Theorem 6.1 and
Theorem 14.1, corresponds to admissibility of the fixed points of fPod.

The transition matrixML clearly has eigenvectors (0, 0, 1, 0) and (0, 0, 0, 1), both with
eigenvalue 1. These two eigenvectors lie in theX5- andX6-axes, and therefore correspond to
the C[R] cycle. The span of these eigenvectors is the cycle’s insignificant subspace. (See §13.1.1
for the definition of the significant subspace and insignificant subspace.) These eigenvectors
are analogous to the eigenvectors (1, 0) and (0, 1) of the transition matrices of the C[3] and
C[4] cycles observed in Chapter III. In all cases, they are a consequence of the fact that the
cycle is contained in a proper subspace of the system. (See [Pod12, § 4.2] for full details.)
The transition matrix MR similarly has eigenvectors (1, 0, 0, 0) and (0, 1, 0, 0) for the same
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reason. The existence of these eigenvectors immediately provides us with information about
the fixed points of the projected map fPod.

First, we can immediately conclude that (0, 0, 0) and (0, 0,−1) are fixed points of the
map fL. Strictly speaking, these fixed points do not lie in the domain of fL. However, as
with the fixed points ϑ−

3 and ϑ−
4 of the projected map of the Kirk–Silber network in §10.1,

they have significance in the analysis of the projected map, as they represent the insignificant
subspace of the C[L] cycle.

Second, if the cycle loses stability through a resonance bifurcation—which has the al-
gebraic condition that λmax = 1—then, after the bifurcation, λmax remains equal to 1, but
the eigenvalue with greatest absolute value has changed, and now wmax = (0, 0, 1, 0) and
wmax = (0, 0, 0, 1). Therefore, the fixed points that are the projections of these two vec-
tors are asymptotically stable. Moreover, the fixed points that correspond to the other two
eigenvectors ofwmax lose stability, as their eigenvalues have values strictly less than 1. There-
fore, there is no need to impose any additional conditions on the analysis of the projected
map fPod, as there was in §11 and §12 when studying the C[XY ] cycle, which did not have an
insignificant subspace. The corresponding results are true for the component map fR, with
fixed points (−1, 0, 0) and (0,−1, 0).

We now consider how regular cycling is realised in the projected map. We consider
regular LR cycling as a simple but illustrative example. To determine if this root sequence is
stable, we must verify if the transition matrices defined in (19.4) and (19.5) satisfy Podvigina’s
three conditions for stability in Theorem 6.1. However, Theorem 14.1 tells us we can instead
study the matricesMLR =MRML andMRL =MLMR, respectively, and, assuming the first
two conditions of Theorem 6.1 are satisfied, verify that their respective eigenvectors w(LR)

max

and w(RL)
max are admissible.

If both eigenvectors are admissible, then since,

MLRw
(LR)
max = (MRML)w

(LR)
max = λmaxw

(LR)
max ,

we observe that

MRL

(
MLw

(LR)
max

)
= (MLMR)

(
MLw

(LR)
max

)
=ML(MRML)w

(LR)
max = λmax

(
MLw

(LR)
max

)
.

Therefore, w(RL)
max = MLw

(LR)
max , and similar reasoning allows us to prove that w(LR)

max =

MRw
(RL)
max . Thus, the eigenvectors of MLR and MRL are mapped to each other under the

action of ML and MR. (See §6.2 for a more general explanation.)
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Write ϑ∗
LR = Π

(
w

(LR)
max

)
and ϑ∗

RL = Π
(
w

(RL)
max

)
. Then

fPod(ϑ
∗
LR) = fL(ϑ

∗
LR) = Π

(
ML

(
w(LR)

max

))
= Π

(
λmaxw

(RL)
max

)
= ϑ∗

RL

and, similarly, fPod(ϑ∗
RL) = fR(ϑ

∗
RL) = ϑ∗

LR. These two points thus form a period-two
periodic orbit. Expanding this reasoning allows us to form a more general conclusion: that
stable regular cycling is realised in the projected map as a stable and admissible periodic orbit.
We next consider explicit numerical examples of such periodic orbits.

19.3 Numerical investigation of the projected map of Podvigina’s two-cycle

network

A direct analysis of the map fPod—like the analyses presented in §10, §11, and §12—would be
incredibly challenging. For example, simply deriving closed-form expressions for fixed points
of these maps is equivalent to determining the eigenvectors of ML and MR. These algebraic
expressions are difficult to produce, and it was for this reason that Podvigina made certain
simplifying assumptions in [Pod23]. Therefore, we present here a numerical investigation of
this projected map.

We begin by showing in Figure 19.5 some examples of the action of the projected map.
Parameter values and initial conditions vary between each of the four panels. All parameter
values that are not cL and cR are identical to those in Figures 19.2 and 19.3. In each of the
four panels, points of the same orbit have the same colour.

In Figure 19.5(a), we choose cL = 1.9 and cR = 2.5; that is, we are in the upper right-
hand corner of Figure 19.3, where both the C[L] cycle and the C[R] cycle are stable. We plot
three different orbits in Figure 19.5(a) with different initial conditions. First, the orbit rep-
resented by the magenta points has initial condition (−0.08,−0.15,−0.12) ∈ ΘL, and we
see that it is asymptotic to the fixed point ϑ∗

L ∈ ΘL. Next, the orbit represented by the
green points has initial condition (−0.12,−0.02,−0.08) ∈ ΘR and it is asymptotic to the
fixed point ϑ∗

R ∈ ΘR. The third orbit represented in Figure 19.5(a) is the most interesting: it
has initial condition (−0.11,−0.02,−0.12) ∈ ΘL, but after one iteration it is mapped into
ΘR, and the orbit is asymptotic to ϑ∗

R ∈ ΘR. Therefore, the trajectories near Podvigina’s
two-cycle network that this orbit in the projected map represents switch from the C[L] cycle
to the C[R] cycle, to which they are then asymptotic. There are also orbits that are mapped
from ΘR to ΘL. These orbits correspond to trajectories that switch from the C[R] cycle to the
C[L] cycle. We do not represent these orbits in Figure 19.5(a) for visual clarity. This mapping
of orbits between domains of the projected map is analogous to what was observed in §11
and §12 when studying the C[34] cycle. Both the C[L] and the C[R] cycle are of type C−

4 when
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Figure 19.5: Various examples of the action of the projected map fPod for different parameter
values and initial conditions, plotted in the (ϑ1, ϑ3)-plane. We do not represent the ϑ2-
coordinate. In each figure, the dashed red line indicates the switching manifold ΘS, the
orange region is ΘR, and the blue region is ΘL. Points from the same orbit are shaded the
same colour, and each point is plotted slightly transparent, so that the attracting set appears
darker. The attracting set in each case is: (a) the fixed point ϑ∗

L or ϑ∗
R, (b) a period-two

LR-orbit, (c) a period-five L2RLR-orbit, and (d) a period-three R2L-orbit or a period-five
R3L2-orbit. Further details are given in the text. In (a) and (b), we join successive points to
indicate the dynamics. In all panels, we label attracting points.
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restricted to the four-dimensional subspace that contains them. Therefore, they each have
two fixed points that are created in a saddle-node bifurcation. The stable and unstable man-
ifolds of these fixed points divide ΘL and ΘR into sets of points that are eventually mapped
into the other domain. However, because an attracting fixed point remains admissible in
each domain, there is no sustained switching between these two domains and, therefore, no
regular cycling between these cycles.

In Figure 19.5(b), we set cL = 0.5 and cR = 0.1, and so LR cycling is stable. In
this region of parameter space, both ϑ∗

L and ϑ∗
R have lost admissibility in border-collision

bifurcations, and so the C[L] and C[R] cycles are both unstable. We choose initial conditions
(−0.38,−0.3,−0.32) ∈ ΘR, and observe that the orbit is asymptotic to a periodic orbit.
We observe that this orbit is composed of two points: ϑ(1)

LR ∈ ΘL, and ϑ(2)
LR ∈ ΘR, and

fL

(
ϑ
(1)
LR

)
= ϑ

(2)
LR and fR

(
ϑ
(2)
LR

)
= ϑ

(1)
LR. Therefore, the symbol sequence of this orbit is

LR, and so this periodic orbit is an admissible LR-orbit. (See §7 for the definition of an
admissible X -orbit in a piecewise-smooth dynamical system.) The admissibility and stability
of this periodic orbit corresponds to the fragmentary asymptotic stability of the LR root
sequence of trajectories asymptotic to the network.

Next, in Figure 19.5(c), we choose cL = 1.27 and cR = 0.5, and initial conditions
(−0.21,−0.02,−0.16) ∈ ΘR. For these parameter values, the L2RLR root sequence is
stable. We observe that this orbit is asymptotic to a period-five orbit. We have not presented
the initial transient dynamics for visual clarity. Three points of this orbit lie in ΘL and two
lie in ΘR. Similar to the LR-orbit above, this orbit is therefore a stable and admissible
L2RLR-orbit that corresponds to the L2RLR root sequence. In Figure 19.5(c), we can see
two points that lie quite close to the switching manifold. If we were to increase cL, we would
observe the upper of these two points cross ΘS from ΘR into ΘL, in which case the periodic
orbit would lose admissibility. If we were to decrease cL, we would observe the lower point
cross ΘS from ΘL into ΘR. Again, the periodic orbit would lose admissibility. In both
cases, there would be a border-collision bifurcation of the periodic orbit, corresponding to
a certain cyclic permutation of the product that defines the matrix MX no longer satisfying
Podvigina’s third condition for stability. In the former case, this product corresponds to the
transition matrix of the return map with domain Hin,2

5 , and in the latter case this return
map has domain Hin,2

3 . That both these periodic points are close to the switching manifold
is simply due to how thin the stability region of the L2RLR root sequence is in Figure 19.3
along the cL-axis.

Lastly, we consider Figure 19.5(d). We set cL = 1.165 and cR = 1.9, which in Figure 19.3
is located in the region of parameter space where both the X = LR2 and Y = L2R3 root
sequences are stable. In this panel, we plot two different periodic orbits, but not any initial
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transient dynamics. We observe that the periodic orbit represented by the black points is of
period-three, and has one point that lies in ΘL and two points that lie in ΘR. The periodic
orbit represented by the green points has two points in ΘL and three points in ΘR. With a
similar explanation to that in the proceeding paragraphs, the black points form an admissible
LR2-orbit, and the green points form an admissible L2R3-orbit. We notice that there are
four points in total that are close to the switching manifold. Similar to the L2RLR-orbit,
if we were to vary either cL or cR, we would observe a border-collision bifurcation and a
loss of admissibility of the periodic orbit. If the periodic point that crossed ΘS began in
ΘR, then the permutation of the product that defines MX or MY that no longer satisfies
Podvigina’s third stability condition would have domain Hin,2

5 , and vice-versa for ΘL and
Hin,2

3 . This region of parameter space where the root sequences are bistable is quite small in
the direction of both cL and cR, and so we are close to all four edges that define this region,
two from each root sequence. Therefore, we observe that we are close to the parameter values
of four different border-collision bifurcations, again, two from each periodic orbit.

In general, if we were to continue this process, we would observe a stable and admis-
sible X -orbit for each of the root sequences we have shown in Figure 19.3. We expect that
bifurcations of fixed points and periodic orbits of fPod would occur at the same parame-
ter values as stability boundaries of stable regular cycling near the network. In piecewise-
smooth dynamical systems theory, a region of parameter space in which a periodic orbit is
admissible and stable is referred to as a mode-locking region. There have been many studies of
the bifurcation structure of periodic orbits in piecewise-smooth dynamical systems. These
have mostly focussed on continuous piecewise-linear maps, where the so-called “strings-of-
sausages” [YH87] emerge, and which we discuss further when considering the Rock–Paper–
Scissors–Lizard–Spock network below in §20. The structure in Figure 19.3 bears some re-
semblance to the bifurcation sets presented in [Sim20], which concerns two-dimensional,
discontinuous piecewise-linear maps. The map in (19.6) is certainly not linear, though as ex-
plained in §13.3, it is a rational linear transformation, and as we show next it is generically
discontinuous.

Therefore, to prove the existence of the bifurcation structure we observe in Figure 19.3
and also prove the conjectures we make in §19.1.3 concerning how the root sequences relate
to each other, we would need to establish the bifurcation structure of periodic orbits of fPod.
The required analysis, however, would require some significant advances in the theory of
piecewise-smooth dynamical systems, since these structures have not been studied in detail
for maps that are not piecewise-linear. Moreover, the root sequences of regular cycling in
Figure 19.3 do not correspond to any of the various families of symbol sequences studied in the
literature, such as rotational symbol sequences [Sim16]. However, the work of Dullin, Meiss, and
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Sterling [DMS05] may provide an appropriate starting point, as it considers symbol sequences
of a more general type. The root sequences at the base of each chain formed by the Farey-like
concatenation are the same as those studied in [GAK17], which considered discontinuous
circle maps. The mode-locking regions of these discontinuous circle maps, however, do not
form chains. Therefore, a clear first step needed to analyse the structure of regular cycling
near Podvigina’s two-cycle network is to understand the structure of the symbol sequences
that form its stable root sequences. This understanding would then allow us to study the
bifurcation structure of these periodic orbits, and prove the existence of the structure we
conjecture completes the bifurcation set in Figure 19.3.

19.4 Continuity of the projected map

We lastly make a brief comment on the continuity of fPod, to compare with the results we

identified in Chapter V. We find that generically, for a point ϑs =

(
ϑ1, ϑ2,

eL
eR
ϑ1

)
∈ ΘS,

fL(ϑs) ̸= fR(ϑs).

Therefore, the projected map fPod is discontinuous. The actual expressions for these terms
are quite long, and so we give them in §B.3.

We note that, restricted to the (x2, x3, x5)-subspace, the dynamics of the system is
equivalent to that of the Kirk–Silber network restricted to the (x2, x3, x4)-subspace, a rep-
resentation of which is presented in Figure 16.2(a). Thus, we suspect that a simple extension
to the argument presented in in Chapter V explains the origin of this discontinuity, again as
the effect of a separatrix near the network resulting in a discontinuity of the completed full
return map, in the limit as the network is approached.

§20 The Rock-Paper-Scissors-Lizard-Spock
network

We now consider the Rock–Paper–Scissors–Lizard–Spock network in R5, a comprehensive
study of which is presented in [PR22]. This network is composed of five equilibria, ξ1, . . . , ξ5,
which we again assume are at unit distance from the origin in the positive orthant on each
of the five coordinate axes. A diagrammatic representation of this network is shown in Fig-
ure 20.1. Like Postlethwaite and Rucklidge [PR22], we assume that all equilibria of the net-
work lie in the same group orbit, where the symmetry is an order-5 cyclic permutation of the
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ξ1

ξ2

ξ3ξ4

ξ5

Figure 20.1: A diagrammatic representation of the Rock–Paper–Scissors–Lizard–Spock net-
work [PR22]. The directed edges coloured amber represent the heteroclinic orbits of class
A, which form the C[A] cycle, and the blue directed edges represent the heteroclinic orbits of
classB, which from the C[B] cycle. An example of a C[T] cycle, of which there are five in total,
is the length-three cycle ξ1 → ξ2 → ξ3 → ξ1. An example of the length-four C[Q] cycle is
ξ1 → ξ2 → ξ5 → ξ3 → ξ1.

coordinates axes:

(20.1) (x1, x2, x3, x4, x5) 7→ (x2, x3, x4, x5, x1)

This symmetry simplifies the analysis of the behaviour of trajectories near this network.
Along with the five equilibria, the network contains ten heteroclinic orbits, which are

of one of two different classes. The first, known as class A orbits, connect ξj to ξj+1 for
all 1 ≤ j ≤ 5, and so lie in the (xj, xj+1)-plane, where all operations are taken modulo 5.
The second, known as class B orbits, connect ξj to ξj+3 for all 1 ≤ j ≤ 5, and so lie in
the (xj, xj+3)-plane. (Note that the labelling of orbits as being of class A or B is entirely
unrelated to the classification of heteroclinic cycles as typeA,B, orC [CKM97, KM04], and
how this classification is extended to heteroclinic orbits. In fact, all ten of these orbits are of
type C in the sense of Krupa and Melbourne [KM04, Definition 5.4]. To avoid confusion, we
refer to the orbits as being of classA orB here, not as typeA orB, as is used by Postlethwaite
and Rucklidge [PR22].) The orbits of class A and B form two different cycles:3 C[A] = ξ1 →
ξ2 → ξ3 → ξ4 → ξ5 → ξ1 and C[B] = ξ1 → ξ4 → ξ2 → ξ5 → ξ3 → ξ1. The network is

3Both of which are type C in the sense of Krupa and Melbourne [KM04]
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then NRPSLS = C[A] ∪ C[B].
We note that this network contains other subcycles. For example, there is the cycle C =

ξ1 → ξ2 → ξ3 → ξ1, which is equivalent to the Guckenheimer–Holmes cycle without the
additional Z3-symmetry. There are five subcycles equivalent to the Guckenheimer–Holmes
cycle, found by applying powers of the symmetry in (20.1). We label all five of these cycles
as C[T]. There are also five cycles that can be found by applying powers of the symmetry in
(20.1) to the cycle ξ1 → ξ2 → ξ5 → ξ3 → ξ1. We label these five equivalent cycles C[Q].

This network also contains five equivalent ∆-clique structures, formed, for example, by
the orbits ξ1 → ξ2 and ξ1 → ξ4 → ξ2, and those related by the symmetry (20.1). In the
(x1, x2, x4)-subspace, there is a continuum of orbits ξ1 → ξ2, only one of which is contained
in the (x1, x2)-plane. As before, we consider only this orbit to be part of the network, and
similarly for the other four ∆-cliques.

Truncated at third-degree, the general form of the equations (3.2) that contains a Rock–
Paper–Scissors–Lizard–Spock network is

ẋ1 = x1

(
1− ∥x∥22 − cAx

2
2 − cBx

2
4 + eAx

2
5 + eBx

2
3

)
,

ẋ2 = x2

(
1− ∥x∥22 − cAx

2
3 − cBx

2
5 + eAx

2
1 + eBx

2
4

)
,

ẋ3 = x3

(
1− ∥x∥22 − cAx

2
4 − cBx

2
1 + eAx

2
2 + eBx

2
5

)
,

ẋ4 = x4

(
1− ∥x∥22 − cAx

2
5 − cBx

2
2 + eAx

2
3 + eBx

2
1

)
,

ẋ5 = x5

(
1− ∥x∥22 − cAx

2
1 − cBx

2
3 + eAx

2
4 + eBx

2
2

)
,

where cA, cB, eA, eB are positive real constants.
Every equilibrium in this network has two outgoing heteroclinic orbits within the net-

work, one of each class, and therefore every equilibrium is a switching equilibrium. A signif-
icant difference between this network and the other networks we have considered until now
is that the switching equilibria have two incoming heteroclinic orbits within the network,
again, one of each class. This difference complicates the construction of return maps near
the network, and in turn complicates the construction of the projected map.

20.1 Stability of regular cycling

A key realisation of Postlethwaite and Rucklidge [PR22] is that a trajectory asymptotic to the
network makes a series of transitions between successive equilibria that either follow close



§20. The Rock–Paper–Scissors–Lizard–Spock network 139

to an orbit of class A or an orbit of class B. Therefore, we refer to these transitions as also
being either of class A or class B. In particular, if a trajectory leaves a small neighbourhood
of ξj and next visits ξk, then if k − j ≡ 1 mod 5, we say the transition is of class A, and if
k − j ≡ 3 mod 5, we say the transition is of class B. Moreover, since all equilibria of the
network are equivalent under the symmetry (20.1), a trajectory’s itinerary is more meaning-
fully defined, not by the sequence of equilibria it visits, but by the sequence of transitions
it makes, which is then a sequence of As and Bs, rather than the indices 1, . . . , 5. We do
not give explicit definitions of such an itinerary, as these can be readily found in [PR22, §4,
pp. 1713–1714]. Postlethwaite and Rucklidge [PR22] present a bifurcation set of stable root
sequences composed of As and Bs; we present a similar bifurcation set in Figure 20.2, cal-
culated similarly to the bifurcation set of Podvigina’s two-cycle network in Figure 19.3. To
calculate this bifurcation set, four transition matrices are needed. See §20.2 below for the
derivation and expressions of these matrices.

Like the bifurcation set of Podvigina’s two-cycle network, this bifurcation set has many
interesting features. These observations were all first made by Postlethwaite and Rucklidge
[PR22], and see therein for further observations and conjectures.

First, we note that there are no parameter values for which more than one of the cycles
C[A], C[B], and C[T ] is stable. The cycle C[Q] does not appear to be stable for any parameter
values. Next, we observe many regions of stability of root sequences that do not correspond
to subcycles of the network. A series of these root sequences emerge from the boundary of
the stability region of theA root sequence. Some of these root sequences have the form T nD

or TDn, and can be found in the region of parameter space bounded in part by the stability
regions of T ≡ AAB and D ≡ BB. Thus, these root sequences are all formed by a Farey-
like concatenation. These root sequences are similar to the LnR and LRn root sequences
in Figure 19.3. Between the stability regions of these root sequences are the stability regions
of their concatenations, such as TDTD2, T 2DTD, and T 3DT 2D. Again, this process re-
peats, with every root sequence being observed to concatenate with both of its parent root
sequences, forming, for example, T 2DT 2DTD and T 2DTDTD.

Root sequences that are not of the formTDn for positive integersn appear to be the first
stable sequence in a chain of stable sequences. In contrast to Podvigina’s two-cycle network,
there is overlap of different chains of stable root sequences regions. The successive stability
regions in a given chain do not overlap, like they do in the case of Podvigina’s two-cycle
network. However, their boundaries meet at a codimension-two point, known as a shrinking

point [SM09]. (We note that many successive regions in the chains in Figure 20.2 appear to
have a small gap between them, which is simply a consequence of the numerical discretisation
of the bifurcation set.) These chains—which are referred to as chains of mode-locking regions



140 VI. Dynamics near networks in higher dimensions

0.8 1.0 1.2 1.4 1.6 1.8
cA

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

cB

A

D ≡ BB

T ≡ AAB

TD
=

(A
AB

)(B
B)

TD
2

TD
3

T
2 D

T
3
D

QT
D

Q
2 D

Q
T
2 D

Q
2 T
D

Q
3 D

Q
2 B
D
3

TA

Figure 20.2: A partial bifurcation set of stable root sequences of regular cycling near the
Rock–Paper–Scissors–Lizard–Spock network. Each shaded region is the subset of parame-
ter space for which the labelled root sequence is fragmentarily asymptotically stable; that is,
there exists an open set of initial conditions that give rise to trajectories that are asymptotic
to the network and with an itinerary that is eventually periodic with the labelled root se-
quence. Where two regions overlap, there exist two such open sets, disjoint from each other,
each corresponding to one of the root sequences. In this bifurcation set, the contracting
eigenvalues cA and cB are varied, while the two other eigenvalues are fixed at eA = 1 and
eB = 0.8. We have calculated only finitely many stability regions, and, like Postlethwaite
and Rucklidge [PR22], conjecture the remaining white space is filled with further chains of
stability regions of stable root sequences.
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in literature concerning piecewise-smooth dynamical systems [Sim16]—are known as strings-
of-sausages [YH87] when they take this particular form. Strings-of-sausages are typical in
continuous piecewise-linear maps, because these maps admit periodic orbits contained in
invariant polygons [Sim17]. As observed by Postlethwaite and Rucklidge, all boundaries of
stability regions in these strings-of-sausages correspond to the eigenvector wmax of a certain
transition matrix having a 0 in its third component.

These chains of stability regions of root sequences all appear to terminate on the bound-
ary of the stability region of the D ≡ BB root sequence. The TDn root sequences them-
selves have a shrinking point that lies on this boundary, and for this reason they do not
appear to form a string-of-sausages-like chain. The transition from one root sequence to the
next in a chain corresponds to a replacement of an A by a BB. For example, the stability
region of T 2D = (AAB)(AAB)(BB) meets at a shrinking point the stability region of
QTD = (ABBB)(AAB)(BB). This change of A → BB occurs at all shrinking points
that have been calculated. We highlight that an A and a BB form the two “routes” around
a ∆-clique. Therefore, this change represents a change in a trajectory’s path from a small
neighbourhood of one equilibrium to another equilibrium, without the equilibria changing.
We lastly observe that the cycle C[Q], which does not appear to be stable for any parameter
values in Figure 20.2, corresponds to the root sequenceQ ≡ ABBB, which is obtained from
T ≡ AAB after the transition A→ BB.

As with Podvigina’s two-cycle network, we expect that the projected map we construct
below will be able to explain the intricate patterns that exist in the bifurcation set, though,
again, certain advancements in the theory of piecewise-smooth dynamical systems are likely
to be required.

20.2 Return maps and transitions matrices of the network

We first review the construction of the return map near the Rock–Paper–Scissors–Lizard–
Spock network, as understanding this process is necessary to understand the construction of
its projected map. This process was originally presented by Postlethwaite and Rucklidge in
[PR22], and the presentation below is adapted from [PR22]. We give only as much detail as
needed to understand how the projected map is constructed, and so do not give expressions
for every step in the process. Full details can be found in [PR22, §4.1–5.2.4], though we employ
different notation here.

Since all equilibria of NRPSLS are equivalent under the symmetry (20.1), we consider an
arbitrary equilibrium ξ. The flow linearised about ξ is defined by two expanding coordinates
xeA and xeB, which grow at the rate of eA and eB respectively, two contracting coordinates xcA
and xcB, which decay at the rate of −cA and −cB respectively, and a radial coordinate. As a
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consequence of the invariant sphere theorem [Fie96], we ignore the radial coordinate.
We define an incoming cross-section using polar coordinates (r, θ) defined in terms of

the contracting coordinates, such that r2 = (xcA)
2 + (xcB)

2 and

tan θ =
xcB
xcA
.

From here, we use these polar coordinates, and so for simplicity we remove the e superscript
from the expanding coordinates, and write xA ≡ xeA and xB ≡ xeB. We refer to θ as the
contracting angle. The incoming cross-section is then

Hin =
{
(xA, xB, r, θ) | r = h, 0 < xA, xB < h, 0 ≤ θ ≤ π

2

}
.

Since the radius r is fixed, it can be ignored in our calculations. Therefore, in an abuse of
notation, we present only the three coordinates on Hin that are relevant to our analysis,
which are (xA, xB, θ).

For a given initial condition x0 = (xA, xB, θ), if (1− ϵ)xeBA > xeAB , then the trajectory
beginning at x0 leaves a small neighbourhood of ξ along a classA orbit, and therefore makes
a class A transition. If (1− ϵ)xeAB > xeBA , then the trajectory makes a class B transition.
Postlethwaite and Rucklidge [PR22] calculate two different basic maps, one for each class of
transition:

ΦA : H
in → Hin, ΦB : H

in → Hin,

ΦA :

xAxB
θ

 7→


DA cos θx

cB
eA
A

DB sin θx
cA
eA
A

π
2
−DθxBx

− eB
eA

A

, ΦB :

xAxB
θ

 7→


CA sin θx

cA
eB
B

CBxAx
− eA

eB
B

Cθ cos θx
cB
eB
B

,

where CA, CB, Cθ, DA, DB, and Dθ are O(1) positive constants. Technically, the domain of
definition of each map is restricted to a subset of Hin, which we could label ΓA and ΓB, that
is defined by the relative sizes of eA and eB. There is also an excluded subset Γc. However, to
lighten the notational burden in what follows, we do not make these domains of definition
explicit.

These maps cannot be expressed as transition matrices, due to the trigonometric terms.
However, as Postlethwaite and Rucklidge [PR22] observed, if the previous transition is of
class A, then the angle θ is close to π

2
, and if the previous transition is of class B, then θ is
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small. We thus define φ := π
2
− θ, and define two cross-sections that are subsets of Hin:

Hin
θ = {(xA, xB, θ) | 0 < xA, xB < h and 0 ≤ θ < h} ⊆ Hin

and
Hin

φ = {(xA, xB, φ) | 0 < xA, xB < h and 0 ≤ φ < h} ⊆ Hin.

Substituting leading order Taylor expansions of the trigonometric terms in ΦA and ΦB

for small θ and φ, Postlethwaite and Rucklidge [PR22] define four different basic maps, each
of which depends both on the previous and current class of transition. These maps are, to
leading order,

ΦA→A : H
in
φ → Hin

φ , ΦA→B : H
in
φ → Hin

θ ,

ΦA→A :

xAxB
φ

 7→


DAφx

cB
eA
A

DBx
cA
eA
A

DθxBx
− eB

eA
A

, ΦA→B :

xAxB
φ

 7→


CAx

cA
eB
B

CBxAx
− eA

eB
B

Cθφx
cB
cA
B

,

ΦB→A : H
in
θ → Hin

φ , ΦB→B : H
in
θ → Hin

θ ,

ΦB→A :

xAxB
θ

 7→


DAx

cB
eA
A

DBθx
cA
eA
A

DθxBx
− eB

eA
A

, ΦB→B :

xAxB
θ

 7→


CAθx

cA
eB
B

CBxAx
− eA

eB
B

Cθx
cB
eB
B

.

In each of these maps, the domain of the map depends on the class of the previous transition,
while the codomain depends on the current transition. Again, the domain of definition of
each map is technically a subset of each cross-section, with an excluded cusp removed. We
emphasise that when the previous and current class of transition are identical, then the rel-
evant ΦX→X maps between the same cross-section, and if they differ, ΦX→Y maps between
different cross-sections. Recognising that there is a difference between these cross-sections
is important for the construction of the projected map, which is why we present the results
here as we have done so, more explicitly than in [PR22]. (Note that these expressions correct
minor typographical errors made by Postlethwaite and Rucklidge [PR22].)

These maps can be written as transition matrices. To do so, we recall that the transi-
tion matrix represents the map written in logarithmic coordinates, and so we define XA :=

log xA − log h, XB := log xB − log h, Θ := log θ − log h, and Φ := logφ − log h. (The
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− log h term is a rescaling by h). The transition matrices of ΦA→A and ΦA→B therefore act
on a point (XA, XB,Φ), and so we define the set

VΦ =
{
(XA, XB,Φ) ∈ R3

–
}
.

For the transition matrices of ΦB→A and ΦB→B, we define the set

VΘ =
{
(XA, XB,Θ) ∈ R3

–
}
.

Although both of these sets are equivalent to R3
–, they represent different subsets of the orig-

inal phase space: in particular, they represent the set of points near ξ that previously made a
class A or B transition. We then have the four transition matrices

MA→A : VΦ → VΦ, MA→B : VΦ → VΘ,

MA→A =


cB
eA

0 1

cA
eA

0 0

− eB
eA

1 0

, MA→B =


0 cA

eB
0

1 − eA
eB

0

0 cB
eB

1

,

MB→A : VΘ → VΦ, MB→B : VΘ → VΘ,

MB→A =


cB
eA

0 0

cA
eA

0 1

− eB
eA

1 0

, MB→B =


0 cA

eB
1

1 − eA
eB

0

0 cB
eB

0

.

20.3 Constructing the projected map

We now build on the work of Postlethwaite and Rucklidge [PR22] and construct the pro-
jected map of the Rock–Paper–Scissors–Lizard–Spock network. This map requires a slightly
different process to define than used before. The complication arises from the fact that there
are two different spaces, VΘ and VΦ, on which the transition matrices act. First, we define a
set of projected maps that act on these spaces separately, and then we “glue” them together
to form the projected map of the Rock–Paper–Scissors–Lizard–Spock network. This process
could also be used to construct the projected map of other heteroclinic networks where the
unique switching equilibria has multiple incoming heteroclinic orbits, such as the bowtie
network studied in [CL16b], shown in Figure 1.5(a). This process could also be used to con-
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struct a projected map for a network that has multiple switching equilibria in different parts
of the network, such as the network studied in [PR23].

In both of the spaces VΘ and VΦ, we define a simplex:

(20.2) TΘ = {(XA, XB,Θ) ∈ VΘ | XA +XB +Θ = −1}

and

(20.3) TΦ = {(XA, XB,Φ) ∈ VΦ | XA +XB + Φ = −1}.

Since both of these simplices are two-dimensional, we can, without ambiguity, identify any
point on either with the first two coordinates of that point, which we write as ϑ1 and ϑ2. We
can thus identify both of these simplices with subsets of (−1, 0)2:

TΘ ≡
{
(ϑ1, ϑ2) ∈ (−1, 0)2 | ϑ1 + ϑ2 > −1

}
⊊ (−1, 0)2

and
TΦ ≡

{
(ϑ1, ϑ2) ∈ (−1, 0)2 | ϑ1 + ϑ2 > −1

}
⊊ (−1, 0)2.

Again, we highlight that, as with VΘ and VΦ, although these sets have identical definitions,
they represent different subsets of the original phase space. We note that, as subsets of
(−1, 0)2—and therefore excluding the X3- and X4-axes—the boundary of both of these sets
is the line ϑ1 + ϑ2 = −1. Given the definition in (20.2) and (20.3), a point on this line
represents a trajectory for which Θ = 0 or Φ = 0, respectively, and thus that the angle θ or
φ is no longer small, but is now O(1).

The projection Π is now defined by

Π: X ∈ R3
– 7→ −1

(1, 1, 1) ·X (e1 ·X, e2 ·X),

where e1 = (1, 0, 0) and e2 = (0, 1, 0). Note that this definition applies when the codomain
is TΘ or TΦ.

We now consider the subsets of the simplices TΘ and TΦ that correspond to trajectories
that make a certain class of transition. To do so, we define first

ΩA→A = {(ϑ1, ϑ2) ∈ TΦ | eBϑ1 > eAϑ2} ⊆ TΦ,

ΩA→B = {(ϑ1, ϑ2) ∈ TΦ | eBϑ1 < eAϑ2} ⊆ TΦ,
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ϑ1

ϑ2

−1

−1

Figure 20.3: The sets TΘ and TΦ represented as a subset of R2
–, shaded blue. The dashed line

represents the condition Θ = 0 or Φ = 0, for TΘ and TΦ respectively, where the contracting
angle is no longer close to 0 or π

2
.

and
ΩS = {(ϑ1, ϑ2) ∈ TΦ | eBϑ1 = eAϑ2} ⊆ TΦ.

We similarly define

ΞB→A = {(ϑ1, ϑ2) ∈ TΘ | eBϑ1 > eAϑ2} ⊆ TΘ,

ΞB→B = {(ϑ1, ϑ2) ∈ TΘ | eBϑ1 < eAϑ2} ⊆ TΘ,

and
ΞS = {(ϑ1, ϑ2) ∈ TΘ | eBϑ1 = eAϑ2} ⊆ TΘ.

These sets represent, respectively, trajectories that next make a transition of class A or of
class B, and the switching manifold, depending on if the previous transition is of class A
or B. As with Podvigina’s two-cycle network, the results of §9.4 can be generalised here to
prove that only the switching subspace defined by xeBA = xeAB needs to be excluded from the
domain of the projected map.

The four components of the projected map are thus

gA→A : ΩA→A → TΦ,

gA→A : (ϑ1, ϑ2) 7→ Π(MA→A(ϑ1, ϑ2,−1− ϑ1 − ϑ2)),

gA→A : (ϑ1, ϑ2) 7→
(

(cB − eA)ϑ1 − eA(ϑ2 + 1)

(eA + eB − cA − cB)ϑ1 + eA
,

cAϑ1

(eA + eB − cA − cB)ϑ1 + eA

)
,
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gA→B : ΩA→B → TΘ,

gA→B : (ϑ1, ϑ2) 7→ Π(MA→B(ϑ1, ϑ2,−1− ϑ1 − ϑ2)),

gA→B : (ϑ1, ϑ2) 7→
(

cAϑ2

(eA + eB − cA − cB)ϑ2 + eB
,

eBϑ1 − eAϑ2

(eA + eB − cA − cB)ϑ2 + eB

)
,

gB→A : ΞB→A → TΦ,

gB→A : (ϑ1, ϑ2) 7→ Π(MB→A(ϑ1, ϑ2,−1− ϑ1 − ϑ2)),

gB→A : (ϑ1, ϑ2) 7→
(

cBϑ1

(eA + eB − cA − cB)ϑ1 + eA
,

(cA − eA)ϑ1 − eA(ϑ2 + 1)

(eA + eB − cA − cB)ϑ1 + eA

)
,

and

gB→B : ΞB→B → TΘ,

gB→B : (ϑ1, ϑ2) 7→ Π(MB→B(ϑ1, ϑ2,−1− ϑ1 − ϑ2)),

gB→B : (ϑ1, ϑ2) 7→
(

(cA − eB)ϑ2 − eB(ϑ1 + 1)

(eA + eB − cA − cB)ϑ2 + eB
,

eBϑ1 − eAϑ2

(eA + eB − cA − cB)ϑ2 + eB

)
.

In each case, if the previous transition is of class A, then the domain of the map gX→Y is a
subset of TΦ, and if it is of classB, then the domain is a subset of TΘ. The codomain similarly
depends on the class of the current transition.

These four component maps can then be used to define a projected map

g : (ΩA→A ∪ ΩA→B) ⊔ (ΞB→A ∪ ΞB→B) → TΦ ⊔ TΘ.

Both the domain and the codomain of this map require the disjoint union to be taken, so
that we can keep track of the sequence of transitions that a trajectory makes. We therefore
require some way to modify the domain and codomain of this map to build a single connected
domain while preserving the ability to identify the previous and current class of transition.
We now present a method to construct such a projected map.

Both TΘ and TΦ are subsets of (−1, 0)2, and, as we can see in Figure 20.3, we can visually
describe them as the upper right-hand triangle of this space which is bounded by a square
region. The lower left-hand triangle is disjoint from these domains and not used in the defi-
nition of the map. It is, however, the equivalent to both TΘ and TΦ, but reflected across the
line ϑ1 + ϑ2 = −1, and so we can make it the domain of one of the component maps, while
leaving the other domain unchanged.

Therefore, we define S = (−1, 0)2. With the identity map, we embed the set TΦ into
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S as the subset
SA = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 > −1}.

Next, we use a reflection across the line ϑ1 + ϑ2 = −1 defined by

P : S → S

: (ϑ1, ϑ2) 7→ (−1− ϑ2,−1− ϑ1)

to embed the set TΘ into S as the subset

SB = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 < −1}.

The embedding of the sets ΩA→A and ΩA→B gives us the sets

ΘA→A = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 > −1 and eBϑ1 > eAϑ2} ⊆ SA

and
ΘA→B = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 > −1 and eBϑ1 < eAϑ2} ⊆ SA.

For ΞA→A and ΞA→B, we have

ΘB→A = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 < −1 and eB(−1− ϑ2) > eA(−1− ϑ1)} ⊆ SB

and

ΘB→B = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 < −1 and eB(−1− ϑ2) < eA(−1− ϑ1)} ⊆ SB.

These sets allow us to define the four components of the projected map, where we set
η := cA + cB − eA − eB:

fA→A = gA→A : ΘA→A → S,

fA→A : (ϑ1, ϑ2) 7→
(
(eA − cB)ϑ1 + eA(ϑ2 + 1)

ηϑ1 − eA
,

−cAϑ1

ηϑ1 − eA

)
,

fA→B = PgA→B : ΘA→B → S,

fA→B : (ϑ1, ϑ2) 7→
(
eB(ϑ1 + 1) + (eB − cA − cB)ϑ2

ηϑ2 − eB
,
(eA + eB − cB)ϑ2 + eB

ηϑ2 − eB

)
,



§20. The Rock–Paper–Scissors–Lizard–Spock network 149

fB→A = gB→AP : ΘB→A → S,

fB→A : (ϑ1, ϑ2) 7→
( −cB(ϑ2 + 1)

ηϑ2 + (cA + cB − eB)
,
eA(ϑ1 + 1) + (eA − cA)ϑ2 − cA

ηϑ2 + (cA + cB − eB)

)
,

and

fB→B = PgB→BP : ΘB→B → S,

fB→B : (ϑ1, ϑ2) 7→
(
(eB − cA − cB)ϑ1 + eB(ϑ2 + 1)− cA − cB

ηϑ1 + (cA + cB − eA)
,

(eA − cB)ϑ1 − eBϑ2 + (eA − eB − cB)

ηϑ1 + (cA + cB − eA)

)
.

With these functions, we finally define the projected map of the Rock–Paper–Scissors–Lizard–
Spock network, fRPSLS : ΘA→A ∪ΘB→A ∪Θ

A→B ∪ΘB→B → S:

(20.4) fRPSLS(ϑ) =



fA→A(ϑ), if ϑ ∈ ΘA→A,

fA→B(ϑ), if ϑ ∈ ΘA→B,

fB→A(ϑ), if ϑ ∈ ΘB→A,

fB→B(ϑ), if ϑ ∈ ΘB→B.

As a two-dimensional piecewise-smooth map, this projected map has a one-dimensional
switching manifold, ΘS, which for this map is piecewise-linear and defined as the union of
three different components. First, there is the embedding of ΩS, the switching manifold
between the maps gA→A and gA→B:

ΘA→
S = {(ϑ1, ϑ2) ∈ S | eBϑ1 = eAϑ2 and ϑ1 + ϑ2 > −1} = ∂SΘA→A ∩ ∂SΘA→B,

where ∂SX represents the topological boundary of the set X as a subspace of S. Next, there
is the embedding of ΞS with the reflection P :

ΘB→
S = {(ϑ1, ϑ2) ∈ S | eB(−1− ϑ2) = eA(−1− ϑ1) and ϑ1 + ϑ2 < −1}

= ∂SΘB→A ∩ ∂SΘB→B.

These two switching manifolds represent trajectories that begin in the excluded cusp Γc, and
thus that do not remain sufficiently close to the network to be captured by the return map.
They divide trajectories according to the current transition, and thus crossing one of these
lines generically represents a change in the current transition of a trajectory, without a change
to the previous transition of that trajectory.
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Figure 20.4: A representation of the set S = (−1, 0)2 and its components. The four shaded
regions represent the domains ΘX→Y of the component functions fX→Y , as labelled, where
X, Y ∈ {A,B}. The dashed red lines represent the components of the piecewise-linear
switching manifold, as labelled. The point ϑ∗

S is highlighted as the labelled red dot, where all
four component lines of the switching manifold meet.

Lastly, there is the line ϑ1 + ϑ2 = −1, which is the separation of the embeddings of TΘ
and TΦ. Since this line is fixed by the reflection P , for both SA and SB this line corresponds
to the contracting angle θ no longer being close to 0 or π

2
. Therefore, crossing this line

generically represents a trajectory that changes whether it strikes Hin
φ or Hin

θ when it enters
a small neighbourhood of ξ, and so represents a change in the class of the previous transition,
without a change to the class of the current transition.

It is convenient to decompose the line ϑ1+ϑ2 = −1 into two lines and one point. The
first of these lines is

Θ→A
S = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 = −1 and eBϑ1 > eAϑ2} = ∂SΘA→A ∩ ∂SΘB→A

and the second is

Θ→B
S = {(ϑ1, ϑ2) ∈ S | ϑ1 + ϑ2 = −1 and eBϑ1 < eAϑ2} = ∂SΘA→B ∩ ∂SΘB→B.
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Finally, there is the point ϑ∗
S, which is the unique limit point of all four of ΘA→

S , ΘB→
S , Θ→A

S ,
and Θ→B

S :

ϑ∗
S =

( −eA
eA + eB

,
−eB

eA + eB

)
= ∂SΘA→A ∩ ∂SΘA→B ∩ ∂SΘB→A ∩ ∂SΘB→B.

Crossing the point ϑ∗
S generically results in a change in both the current and previous class

of transition.
The entire switching manifold thus is ΘS = ΘA→ ∪ ΘB→ ∪ Θ→A ∪ Θ→B ∪ ϑ∗

S. We
represent the entire domain S in Figure 20.4.

20.4 Regular cycling in the projected map

As with Podvigina’s two-cycle network, stable regular cycling with root sequence X is rep-
resented in the projected map with an attracting and admissible X -orbit. We present four
examples in Figure 20.5. In all four examples, eA = 1 and eB = 0.8. The initial condition
used in all four examples is (−0.1,−0.1), though we do not plot this point, beginning instead
from the first iterate.

The cycles C[A] and C[B] are represented in the projected map with stable and admissible
fixed points ϑ∗

A ∈ ΘA→A and ϑ∗
B ∈ ΘB→B, respectively. Examples of an orbit attracted to

each fixed point are shown in Figures 20.5(a) and 20.5(b), which have cA = 1.6 and cB = 1.1,
and cA = 1.8 and cB = 3, respectively. We note, however, that these cycles are represented
as fixed points because they represent trajectories always making the same class of transition,
either of class A or B.

The five C[T] cycles are not represented in the projected map as a fixed point, because
such a cycle does not correspond to a trajectory making the same class of transition, but
rather the sequence of transitions AAB. Therefore, these C[T] cycles are represented by an
admissible and attracting period-three periodic orbit, specifically a T -orbit, where we recall
T = AAB. See Figure 20.5(c), where cA = 1.1 and cB = 3.05. We also observe initial tran-
sient cycling around the C[B] cycle before the trajectory is asymptotic to the C[T] cycle. More
complicated behaviour of trajectories near the network includes examples where a trajectory
has an eventually periodic itinerary, but where the root sequence is not the root sequence of a
subcycle. For example, trajectories that have the root sequence TD = (AAB)(BB), where
we recall D ≡ BB. Such cycling behaviour is represented with an attracting and admissible
period-five TD-orbit. See Figure 20.5(d), where cA = 1 and cB = 1.5

In Figure 20.6, we present admissible X -orbits close to parameter values of border-
collision bifurcations. In these figures, we colour periodic points two colours: the outer edge
colour represents the class of the previous transition, and the inner colour represents the class
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Figure 20.5: Various examples of the action of the projected map fRPSLS for different param-
eter values and initial conditions. In each figure, the dashed red line indicates the switching
manifold, and the four domains are coloured the same as in Figure 20.4. Each point is plotted
slightly transparent, so that the attracting set appears darker. The attracting set in each case
is: (a) the fixed point ϑ∗

A, (b) the fixed point ϑ∗
B, (c) a period-three T ≡ AAB-orbit, and (d)

a period-five TD ≡ (AAB)(BB)-orbit. Further details are given in the text. In all panels,
we label attracting sets.
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of the current transition. For both, amber represents class A, and blue class B.
In Figures 20.6(a) and 20.6(b), we present an admissible T -orbit and TD-orbit, respec-

tively. In these panels, we set cA = 1.2 and cB = 2.945, and cA = 1.2 and cB = 2.23,
respectively. We see that, in both panels, there are two periodic points that are near to a com-
ponent of the switching manifold. In both cases, one periodic point is close to ΘA→

S ∪ΘB→
S .

This component of the switching manifold corresponds to the excluded cusps that separate
trajectories that next make a classA orB transition at a certain equilibrium of the network.
Therefore, by Theorem 14.1, we expect that, at the next equilibrium, there is a 0 entry inwmax.
For all stability boundaries observed in Figure 20.2, all 0 entries are the third component of
wmax, which corresponds to the logarithm of the contracting angle θ.

However, under the symmetry (20.1), the two equilibria are equivalent, and the con-
ditions Θ = 0 and Φ = 0 are represented in the domain of the projected map along the
line defined by ϑ1 + ϑ2 = −1. Therefore, the other periodic point that can be observed in
both Figures 20.6(a) and 20.6(b) to be near a border-collision is near the line ϑ1 + ϑ2 = −1.
Moreover, this periodic point is the next periodic point in the periodic orbit.

In general, near any stability boundary in Figure 20.2, we expect two border-collision
bifurcations. The first is a point near ΘX→

S , where X ∈ {A,B}. This border-collision
is equivalent to all other border-collision bifurcations we have until now considered, and
represents trajectories passing through the excluded cusp Γc of initial conditions that do not
remain sufficiently close to the network under the flow of the dynamical system. The second
is a point near Θ→X

S , where X ∈ {A,B}, and represents the change in the contracting
angle as the class of the previous transition changes. However, there are exceptions to this
phenomenon.

In Figures 20.6(c) and 20.6(d), we present an admissible period-eight T 2D-orbit and an
admissible period-nine QTD-orbit, respectively. In these panels, we set cA = 1.0216 and
cB = 1.935, and cA = 1.02185 and cB = 1.93555, respectively. The parameter values in
these panels are either side of the shrinking point that joins the stability regions of these two
root sequences. The shrinking point is the codimension-two point where the chain of stability
regions has zero width, and is where the two stability boundaries of the root sequence meet.
Therefore, at the parameter values for these panels, there is a total of four periodic points
near a border-collision bifurcation. Since the transition T 2D ≡ (AAB)(AAB)(BB) to
QTD ≡ (ABBB)(AAB)(BB) corresponds to the exchange A → BB, the QTD-orbit
has one additional periodic point, which lies in the ΘB→B domain.

Comparing Figures 20.6(c) and 20.6(d), we see that the periodic points all undergo per-
sistent border-collision bifurcations; that is, an admissible periodic point lies either side of
the critical parameter value of the border-collision bifurcation. However, unlike in the per-



154 VI. Dynamics near networks in higher dimensions

−0.9 −0.8 −0.7 −0.6 −0.5 −0.4

ϑ1

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

ϑ2

ϑ
(1)
T

ϑ
(2)
T

ϑ
(3)
T

(a)

−1.0 −0.9 −0.8 −0.7 −0.6 −0.5

ϑ1

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

ϑ2

ϑ
(1)
TD

ϑ
(2)
TD

ϑ
(3)
TD

ϑ
(4)
TD

ϑ
(5)
TD

(b)

−1.0 −0.8 −0.6 −0.4

ϑ1

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

ϑ2

ϑ
(1)

T2D

ϑ
(2)

T2D

ϑ
(3)

T2D

ϑ
(4)

T2D

ϑ
(5)

T2D

ϑ
(6)

T2D

ϑ
(7)

T2D

ϑ
(8)

T2D

(c)

−1.0 −0.8 −0.6 −0.4

ϑ1

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

−0.2

ϑ2

ϑ
(1)
QTD

ϑ
(2)
QTD

ϑ
(3)
QTD

ϑ
(4)
QTD

ϑ
(5)
QTD

ϑ
(6)
QTD

ϑ
(7)
QTD

ϑ
(8)
QTD

ϑ
(9)
QTD

(d)

Figure 20.6: Various examples of admissible X -orbits for different parameter values that are
near the point of a border-collision bifurcation. In each panel, the dashed red lines indicate
the components of the switching manifold, and the four domains are coloured the same as in
Figure 20.4. We do not plot any initial transient dynamics, and each point has two colours:
the outer edge colour represents the class of the previous transition, and the inner colour
represents the class of the current transition. For both, amber represents class A, and blue
class B. The attracting set in each case is: (a) a period-three T -orbit near a border-collision
bifurcation, (b) a period-five TD-orbit near a border-collision bifurcation, (c) a period-eight
T 2D-orbit near a codimension-two shrinking point, and (d) a period-nine QTD-orbit near
the same codimension-two shrinking point. Further details are given in the text. In all panels,
we label attracting sets.
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sistent border-collisions of fixed points observed in Figures 11.3 and 12.3, the admissible peri-
odic points may not exist in different domains on either side of the bifurcation. For example,
the points ϑ(2)

T2D and ϑ(6)
QTD undergo a persistent border-collision bifurcation on ΘA→

S , since
there exists a periodic point either side of the critical parameter value. However, these points
both lie inΘA→A. The same holds for their respective forward images ϑ(3)

T2D and ϑ(7)
QTD, which

undergo a persistent border-collision bifurcation on Θ→B
S but both lie in ΘA→B.

In the border-collision bifurcation of ϑ(4)

T2D and ϑ(8)
QTD, we see that the domain in which

the admissible periodic orbit lies differs either side of the critical parameter value, going from
ΘB→A toΘB→B. The domain for points that cross the switching manifoldΘ→A also changes,
from ΘA→A to ΘB→A. However, in this case, the point colliding with Θ→A is not the next
periodic point on the orbit, as after the bifurcation, the point ϑ(9)

QTD is now admissible. We
show below in §20.6 that fB→A = fB→BfB→B, and thus we still expect a border-collision
bifurcation of ϑ(1)

QTD on Θ→A
S , by continuity.

As noted, the strings-of-sausages structure seen in Figure 20.2 are typically found in the
bifurcation sets of periodic orbits in continuous piecewise-linear systems. The functions in
(20.4) are clearly not linear. However, as we noted in §13.3, they are the ratios of linear maps.
Moreover, as we show below in §20.6, the functions are not continuous on all switching
manifolds. Moreover, the symbol sequences of the periodic orbits are always of a certain
class, known as rotational symbol sequences [Sim16]. In continuous piecewise-linear systems,
the symbol sequence of successive stable periodic orbits in a given chain are of the same
length, whereas the root sequences in Figure 20.2 increase in length by one as the first root
sequence transitions to the next through the shrinking point.

Therefore, although there is a clear understanding of these structures in the piecewise-
smooth dynamical systems literature [Sim16], considerable additional work is still needed to
apply the results of continuous piecewise-linear systems to the projected map of the Rock–
Paper–Scissors–Lizard–Spock network, and to account for the different nature of the root
sequences of stable cycling near the network. Nevertheless, we expect that the projected map
fRPSLS can be used to explain the structure in Figure 20.2 and prove the conjectures made
by Postlethwaite and Rucklidge in [PR22].

20.5 Irregular cycling in the projected map

We now present numerical examples of the projected map for parameter values that corre-
spond to numerical observations by Postlethwaite and Rucklidge [PR22] of irregular cycling
near the Rock–Paper–Scissors–Lizard–Spock network. For these parameter values, trajecto-
ries remain asymptotic to the network, but their itinerary is not eventually periodic. There-
fore, in the projected map, we do not expect to find a periodic orbit.
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Figure 20.7: Various stages of the evolution of an attractor of fRPSLS for different parameter
values, which we expect is a strange attractor. The orbit in each panel begins at the same
initial condition, and we plot each point in this orbit with slight transparency, so that both
initial transient behaviour and the long-term attractor is apparent. In (b) to (d), the plotted
orbits are calculated in regions of parameter space for which Postlethwaite and Rucklidge
[PR22] observed irregular cycling near the network. In each figure, the dashed red line indi-
cates the switching manifold, and the four domains are coloured the same as in Figure 20.4.
See the text for further details. See [Gro25b] for an animated bifurcation set of the birth,
evolution, and destruction of this attractor.
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We present in Figure 20.7(a) the projected map for the parameter values cA = 1.8 and
cB = 0.671. These parameter values are slightly larger than for the lower stability boundary
of the A root sequence. We see in Figure 20.7(a) that the fixed point ϑ∗

A is weakly attracting,
and that there is considerable initial transient dynamics.

In Figure 20.7(b), with cB = 0.65, ϑ∗
A has lost stability. In [PR22], Postlethwaite and

Rucklidge calculate that the loss of stability of the C[A] cycle occurs in a bifurcation that cor-
responds to a breaking of Podvigina’s first stability condition in Theorem 6.1. In particular,
a complex-conjugate pair of eigenvalues now has greatest absolute value. We observe in Fig-
ure 20.7(b) that, under iteration of the projected map, the orbit is asymptotic to what appears
to be a strange attractor. This attractor bears some resemblance to the attractor observed in
the piecewise-affine Lozi map [Loz78]. Comparing the shape of the attracting structure in
Figure 20.7(b) to the initial transient dynamics in Figure 20.7(a), we see that there are traces
of this attractor, suggesting that it possibly is of saddle-type for the parameter values used in
Figure 20.7(a).

In Figure 20.7(c), with cB = 0.5, we see that the strange attractor now appears larger in
phase space, and has gained additional structure. Additional self-similar components of this
attractor appear to form after border-collision bifurcations of the attractor. In Figure 20.7(d),
we can see the beginning of the break-up of this attractor, as the network as a whole loses
stability. Orbits are attracted to the boundaries of the domain S, which represent XA = 0

and XB = 0. Therefore, the expanding coordinates xA and xB are growing and become
O(1), and the network is unstable.

We expect that an analysis similar to that in [SG24] will be able to prove that there exists
a chaotic attractor for the region of parameter space below the region of stability ofA cycling
in Figure 20.2. Such a proof would in turn confirm Postlethwaite and Rucklidge’s conjecture
that there exists irregular cycling near the Rock–Paper–Scissors–Lizard–Spock network.

20.6 Continuity of the projected map

We conclude our study of the projected map of the Rock–Paper–Scissors–Lizard–Spock net-
work by considering the continuity of the projected map at its switching manifold.

Recall that we set η := cA+cB+eA+eB. First, for a point ϑ = (ϑ1,−1− ϑ1) ∈ Θ→A
S ,

we find that
fA→A(ϑ) =

( −cBϑ1

ηϑ1 − eA
,

−cAϑ1

ηϑ1 − eA

)
= fB→A(ϑ),

and for a point ϑ = (ϑ1,−1− ϑ1) ∈ Θ→B
S , we find that,

fA→A(ϑ) =

(−(cA + cB)(ϑ1 + 1)

η(ϑ1 + 1) + eB
,
(eA + eB − cB)(ϑ1 + 1)− eB

η(ϑ1 + 1) + eB

)
= fB→A(ϑ).
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Thus, the projected map has the following continuity:4

fA→A ↾ Θ→A
S = fB→A ↾ Θ→A

S

and
fA→B ↾ Θ→B

S = fB→B ↾ Θ→B
S .

In Sections 11 and 12, we observed that there was continuity on a switching manifold
that corresponds to an excluded cusp that divides trajectories that transition between each
of the two ways around a ∆-clique. The components of the switching manifold ΘA→

S and
ΘB→

S also correspond to such an excluded cusp. Therefore, we might naïvely expect that we
also have continuity along theΘA→

S andΘB→
S switching manifolds; that is, that the following

two conditions hold:
fA→A ↾ ΘA→

S = fA→B ↾ ΘA→
S

and
fB→A ↾ ΘB→

S = fB→B ↾ ΘA→
S .

These conditions, however, generically do not hold. In fact, for a point
(
ϑ1,

eA
eB
ϑ1

)
∈ ΘA→

S ,

we find that
fA→A(ϑ) =

(−(cB − eA − eB)ϑ1 + eA
ηϑ1 − eA

,
−cAϑ1

ηϑ1 − eA

)
,

while
fA→B(ϑ) =

(
−1,

(cB − eA − eB)ϑ1 − eA
eA − ηϑ1

)
.

Moreover, for a point
(
ϑ1,−1 +

eA
eB

(1 + ϑ1)

)
∈ ΘB→

S , we find that

fB→A(ϑ) =

( −cB(ϑ1 + 1)

η(ϑ1 + 1) + eB
,
−η(ϑ1 + 1) + cB − eB

η(ϑ1 + 1) + eB

)
,

while
fB→B(ϑ) =

(
−1,

−cB(ϑ1 + 1)

η(ϑ1 + 1)− eB

)
.

In the case of the ∆-clique network in R4, once a trajectory has made the equivalent of
a class B transition, it must then make another class B transition, as ξ3 → ξ4 is the only
outgoing heteroclinic orbit of ξ3. However, in the case of the Rock–Paper–Scissors–Lizard–
Spock network, after oneB transition, a trajectory need not make another B transition and

4Since the notation in this section is rather involved, we write the function restriction as f ↾ Θ, without
the subset of the domain as a subscript for typographical clarity.
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traverse the ∆-clique, but can instead make a class A transition. Only for those trajectories
that do make another B transition should we expect continuity of the projected map. For a

point
(
ϑ1,

eA
eB
ϑ1

)
∈ ΘA→

S , we find that

fA→A(ϑ) =

(−(cB − eA − eB)ϑ1 + eA
ηϑ1 − eA

,
−cAϑ1

ηϑ1 − eA

)
= (fB→B ◦ fA→B)(ϑ),

and for a point
(
ϑ1,−1 +

eA
eB

(1 + ϑ1)

)
∈ ΘB→

S , we find that

fB→A(ϑ) =

( −cB(ϑ1 + 1)

η(ϑ1 + 1) + eB
,
−η(ϑ1 + 1) + cB − eB

η(ϑ1 + 1) + eB

)
= (fB→B ◦ fB→B)(ϑ).

Therefore, we instead have a certain compatibility condition. Namely, the following two
conditions hold

fA→A ↾ ΘA→
S = (fB→B ◦ fA→B) ↾ Θ

A→
S

and
fB→A ↾ ΘB→

S = (fB→B ◦ fB→B) ↾ Θ
A→
S .

As in the case of Podvigina’s two-cycle network, we expect that an extension of the
ideas in Chapter V will allow us to explain the dynamical origin behind these continuity and
compatibility conditions, since there is no separatrix present like there is in the case of the
Kirk–Silber network and Podvigina’s two-cycle network.





VII Discussion

Since they were first observed in 1975, the study of heteroclinic cycles and networks in dy-
namical systems theory has provided many interesting and challenging problems, the resolu-
tion of which has led to the development of new techniques and produced many novel results.
There are many interesting questions to ask about isolated heteroclinic cycles—that is, after
identifying all cycles in the same group orbit, heteroclinic cycles that are not embedded in
a heteroclinic network—particularly concerning their classification and stability. Neverthe-
less, a trajectory’s path near an attracting isolated heteroclinic cycle is always the same: all
trajectories that are asymptotic to a cycle have the same itinerary, regardless of any nuances
in the cycle’s stability. Near a heteroclinic network, however, a trajectory’s itinerary can be
more complicated, and the possible itineraries that trajectories can have can vary intricately
with changes in parameter values. This thesis has focussed on the dynamics of trajectories
near heteroclinic networks.

In Chapter III, we introduced an extension to the study of heteroclinic networks by
defining the piecewise-smooth projected map of a network as the induced action of the tran-
sition matrices on a codimension-one simplex. This map is defined on a cross-section near
a switching equilibrium of the network. The primary idea of this projected map is that the
analysis of a network is simplified by identifying all trajectories that are equivalent in a cer-
tain sense, even though these trajectories are disjoint orbits in phase space. The projected
map allowed us to completely classify the dynamics of trajectories near the three heteroclinic
networks in R4 with four equilibria: the Kirk–Silber, ∆-clique, and tournament networks.
This analysis resolved a claim by Brannath [Bra94] that there is no regular or irregular cycling
near these three networks. In particular, it is straightforward to show that, for the three net-
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works we studied in Chapter III, the projected map of each network is injective and strictly
increasing, and so cannot contain periodic orbits. This result confirms Brannath’s conjecture
“. . .that there should be a quite general (but non-trivial) argument.. .” [Bra94] to prove complicated
switching cannot occur near these three networks. To complete this analysis, it was neces-
sary to show that the breaking of Podvigina’s stability conditions is apparent at the switching
equilibrium, which is not a priori known to be the case. We proved that stability of a compo-
nent cycle can be determined at the switching equilibrium, in particular because Podvigina’s
third condition for stability manifests as a border-collision bifurcation in the projected map.

We generalised this result in Chapter IV, and proved that if the eigenvector wmax of a
transition matrix lies in the switching subspace, then the heteroclinic cycle is not stable; that
is, a border-collision bifurcation causes stability loss of a heteroclinic cycle. This result is
particularly significant, as it relates stability loss of a cycle that corresponds to the breaking
of Podvigina’s third stability condition to changes in the unstable manifold of an invariant
structure near the network.

We focussed on the continuity or discontinuity of the projected map on its switching
manifold in Chapter V. We showed that, in the case of the Kirk–Silber network, the projected
map is discontinuous because a separatrix exists near the network that creates a discontinuity
in the flow in the limit as a trajectory approaches the network. This discontinuity emerges
at the switching manifold because evaluating the limit ϑ→ ϑs requires taking the limit as a
trajectory approaches the network. For the ∆-clique network, no such separatrix exists, and
so the projected map is continuous at its switching manifold. We note that, as we proved
in Chapter III, a trajectory is asymptotic to at most one component cycle. As such, for the
three networks in R4 composed of only four equilibria, the continuity or discontinuity of the
projected map at the switching manifold does not correspond to a qualitative difference in
the long-term dynamics observed near these networks.

In Chapter VI, we considered two heteroclinic networks composed of more than four
equilibria: Podvigina’s two-cycle network and the Rock–Paper–Scissors–Lizard–Spock net-
work. For both networks, we constructed a partial bifurcation set of the regions of fragmen-
tary asymptotic stability of root sequences of regular cycling near the network. These bifur-
cation sets have many interesting features, most notably the presence of a Farey-like concate-
nation of stable root sequences, and that the stability regions of root sequences form chains
in parameter space. For both networks, we constructed their projected map. In the case of
the Rock–Paper–Scissors–Lizard–Spock network, this process required additional steps, due
to the increased complexity of analysing the dynamics near this network. We then considered
regular cycling of trajectories in these maps and observed that this cycling is realised as peri-
odic orbits. We also considered border-collision bifurcations of these orbits. For the Rock–
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Paper–Scissors–Lizard–Spock network, we observed that irregular cycling near this network
appears to manifest as a strange attractor in the projected map. For both networks, we con-
sidered their continuity, observing that the projected map of Podvigina’s two-cycle network
is generically discontinuous. The projected map of the Rock–Paper–Scissors–Lizard–Spock
network, however, is continuous on a subset of its switching manifold, and satisfies a certain
compatibility condition of continuity of certain compositions that correspond to trajectories
that follow a ∆-clique.

This work has allowed us to establish a future course for studying the dynamics of
higher-dimensional heteroclinic networks.

For example, as a straightforward extension of the work in Chapter III, we could investi-
gate the dynamics of the projected maps of the three networks in R4 that we have considered
with positive transverse eigenvalues. This work would allow us to determine the nature of
regular and irregular cycling near these networks which was initially considered in [CL16b].

A complete understanding of the possible dynamics of the projected map is a desirable
extension of the work in Chapter IV, particularly all possible bifurcations of fixed points of
the projected map. Transition matrices have a particular form, and these matrices are defined
with many of the same parameters. However, it is not yet apparent what the consequences
of this form are on the eigenvalues and eigenvectors of these matrices, and the resulting dy-
namics under iteration of the matrix. This work would require determining all possible ways
in which Podvigina’s stability conditions can be broken, and all other possible values of the
remaining eigenvalues and eigenvectors—that is, those other than λmax andwmax—after such
changes. It would also be desirable to understand the possible invariant structures the pro-
jected map admits. For example, it is not readily apparent what properties of the transition
matrices of the Rock–Paper–Scissors–Lizard–Spock network allow for the apparent strange
attractor in §20.5. A further extension of this work could involve the analysis of the projected
map of a heteroclinic network that is contained in a proper subspace of a dynamical system.

A particularly exciting direction of future work is an understanding of the bifurca-
tion structure of regular cycling near Podvigina’s two-cycle network and the Rock–Paper–
Scissors–Lizard–Spock network, allowing us to resolve the conjectures made about these
networks. We expect to accomplish this analysis by investigating the bifurcations of peri-
odic orbits in the projected map, for which we expect the continuity of the projected map
to be important. However, as noted, this analysis requires certain advances in the theory
of piecewise-smooth dynamical systems. These advances could then allow us to prove more
general results regarding heteroclinic networks in higher dimensions.

With the general methodology used to construct a projected map, we could construct
the projected map of many heteroclinic networks that have been studied in the literature,
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such as the house network studied in [CL16b]. Moreover, with the methodology used to
create the projected map of the Rock–Paper–Scissors–Lizard–Spock network, we could also
define the projected map of the bowtie network [CL16b], and other networks where the
switching equilibria have multiple incoming heteroclinic orbits. There are many ways to form
general classes of heteroclinic networks. For example, the house network and Podvigina’s
network both generalise the Kirk–Silber network. We could therefore ask if there are any
common features to the bifurcation sets of networks that are the union of two cycles, possibly
of a different number of equilibria, joined along one—or possibly even more than one—
heteroclinic orbit. We could ask if all such networks have the same bifurcation structure as
Podvigina’s two-cycle network, or if this structure is affected by the length of the network’s
component cycles and the common connections.

The continuity or discontinuity of a piecewise-smooth map on its switching manifold
can greatly affect the resulting dynamics seen in the system [ZM03, BBC08, Sim10, AGS19].
For example, in piecewise-linear continuous maps, we often find the so-called “strings-of-
sausages” [YH87, Sim17]. However, in a piecewise-smooth discontinuous map, the rotation
numbers of periodic orbits can form a devil’s staircase in parameter space. With our analysis
in Chapter V, we expect that we can determine more generally the properties of a hetero-
clinic network that results in a discontinuous projected map, and thus how these properties
also affect the nature of regular and irregular cycling near the network.

With an understanding of the dynamics possible in the projected map, how the topology
of the network affects the transition matrices and therefore also the projected map, and how
the topology of the network affects the continuity and more general compatibility conditions
of the projected map on its switching manifold, we expect it will be possible to understand
more generally the possible dynamics of trajectories near many broad classes of heteroclinic
networks.







A Numerical calculations

In this appendix, we describe in §A.2 the numerics used to produce Figure 17.3, and in §A.3
the numerics used to produce Figures 18.2 and 18.3.

§A.1 Systems of ODEs
For reference, the ODEs (16.1) with the necessary constant terms to ensure the existence of a
Kirk–Silber network are

(A.1.1)

ẋ1 = x1
(
1− ∥x∥22 − cBx

2
2 + eXAx

2
3 + eYAy

2
3

)
,

ẋ2 = x2
(
1− ∥x∥22 + eAx

2
1 − cXBx

2
3 − cYBy

2
3

)
,

ẋ3 = x3
(
1− ∥x∥22 − cAXx

2
1 + eBXx

2
2 − cYXy

2
3

)
,

ẏ3 = y3
(
1− ∥x∥22 − cAYx

2
1 + eBYx

2
2 − cXYx

2
3

)
,

where each constant is a positive real number.
The ODEs (16.1) with the necessary constant terms to ensure the existence of a ∆-clique

network are

(A.1.2)

ẋ1 = x1
(
1− ∥x∥22 − cBx

2
2 − cXAx

2
3 + eYAy

2
3

)
,

ẋ2 = x2
(
1− ∥x∥22 + eAx

2
1 − cXBx

2
3 − cYBy

2
3

)
,

ẋ3 = x3
(
1− ∥x∥22 − cAXx

2
1 + eBXx

2
2 − cYXy

2
3

)
,

ẏ3 = y3
(
1− ∥x∥22 − cAYx

2
1 + eBYx

2
2 + eXYx

2
3

)
,
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where each constant is a positive real number.

§A.2 Approximation of θout,C3

(
θin,C3

)
To derive a numerical approximation of θout,C3

(
θin,C3

)
, we begin with a point x(0) ∈ Hin,B

C ,
which implies that x2(0) = h and x1(0) < h. As such, x1(0), x2(0) ≪ 1. To minimise
round-off error when computing ẋ1 and ẋ2, we use the change of coordinates X1 := log x1

and X2 := log x2, and compute Ẋ1 and Ẋ2. Since x1(t), x2(t) ≪ 1 while the trajectory is
in a small neighbourhood of C , we can ignore them from the right-hand side of the ODEs.
Thus, we have the following system of ODEs for the Kirk–Silber network

(A.2.1)

Ẋ1 = 1−
(
x23 + y23

)
+ eXAx

2
3 + eYAy

2
3,

Ẋ2 = 1−
(
x23 + y23

)
− cXBx

2
3 − cYBy

2
3,

ẋ3 = x3
(
1−

(
x23 + y23

)
− cYXy

2
3

)
,

ẏ3 = y3
(
1−

(
x23 + y23

)
− cXYx

2
3

)
,

and the following system of ODES for the ∆-clique network

(A.2.2)

Ẋ1 = 1−
(
x23 + y23

)
− cXAx

2
3 + eYAy

2
3,

Ẋ2 = 1−
(
x23 + y23

)
− cXBx

2
3 − cYBy

2
3,

ẋ3 = x3
(
1−

(
x23 + y23

)
− cYXy

2
3

)
,

ẏ3 = y3
(
1−

(
x23 + y23

)
+ eXYx

2
3

)
.

For an initial condition (X1(0), log h, x3(0), y3(0)) ∈ Hin,B
C , with X1(0) < 0, these ODEs

can be integrated until X1 = 0, at which time (X1(t), X2(t), x3(t), y3(t)) ∈ Hout,A
C .

To produce Figure 17.3, we integrated (A.2.1) and (A.2.2) with a range of initial condi-
tions. In particular, we chose first X1(0) ∈ {−10−12,−1,−2,−4,−8}. For each value of
X1(0), we then sampled 1000 values of the angle θ3 from the open interval

(
π
2
· 1
1001

, π
2
− π

2
· 1
1001

)
,

in particular, setting θ(ℓ)3 = ℓπ
2
· 1
1001

for all positive integers 1 ≤ ℓ ≤ 1001. (Note we de-
liberately exclude θ3(0) = 0, π

2
, as we trivially know the angle on Hout,A

C in these cases.) We
then used as initial conditions x3(0) = cos θ

(ℓ)
3 and y3(0) = sin θ

(ℓ)
3 .

We used the eighth-order Dormand-Prince method [HNW08, § II.5] of the Python sci-
entific computing library SciPy [VGO20] to integrate the ODES (A.2.1) and (A.2.2) with
these initial conditions until the solver detected that X1(t) = 0 at t = TC . We then calcu-
lated θ3(TC) := arctan y3(TC)

x3(TC)
. The results, plotting θ3(TC) against the initial angle θ(ℓ)3 , are
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shown in Figure 17.3.

§A.3 Approximations of f (k)KS and f (k)∆

For a given k > 1, we begin with a subset of 50 equispaced points in S(k) defined by{
X

(ℓ)
3 =

k

51
ℓ

∣∣∣∣ 1 ≤ ℓ ≤ 50

}
.

The point
(
X

(ℓ)
3 , Y

(ℓ)
3

)
∈ S(k), where Y (ℓ)

3 = −k−X(ℓ)
3 , lies onHin,A

B expressed in logarith-
mic coordinates. Therefore, as an initial condition, we know for that point that x1(0) = h

and |x2(0) − h| = 0. For Figure 18.2, we used h = 10−2, and, for simplicity, we chose
x2(0) = 1.

To minimise round-off error, we integrate the ODEs (A.1.1) and (A.1.2) in logarithmic
coordinates, with the initial conditionX(0) =

(
log 10−2, 0, X

(ℓ)
3 , Y

(ℓ)
3

)
. Again, we used the

eighth-order Dormand-Prince method of SciPy until the solver detected that the trajectory
intersected Hin,A

B again. This intersection point is a numerical approximation of (X ′
3, Y

′
3).

The projection Π(k) of this point was then calculated. This projection provided a numerical
approximation of f (k)

KS or f (k)
∆ at the point ϑ = X

(ℓ)
3 . We last rescaled the set S(k) to unit

length. These numerical approximations are presented in Figures 18.2 and 18.3.
We note that a point

(
X

(ℓ)
3 , Y

(ℓ)
3

)
∈ S(k) may satisfy either expX

(ℓ)
3 > log h or

expY
(ℓ)
3 > log h, in which case the point is not actually in Hin,A

B . If this is the case, we
exclude the point from consideration as they are not in the set T (k). For this reason, the
domain of f (k) lengthens as k increases.





B Expressions and parameter values

§B.1 Transition matrices of heteroclinic networks
in R4

We list all basic transition matrices and relevant full transition matrices used in the analysis
of the three networks we study. Recall that the basic transition matrices have the notation
mijk = M(φijk), and the full transition matrices have the notation M (k)

j = M(Φ
(k)
j ). The

basic maps φijk : H
in,i
j → Hin,j

k are the maps between successive incoming cross-sections
in a cycle, and the full return maps Φ(k)

j : Hin,i
j → Hin,i

j are the maps from the incoming
cross-section of an equilibrium ξj to itself, around the C[k] cycle. The full return maps are
the composition of basic maps, and so the full transition matrices are the product of basic
transition matrices.

B.1.1 The Kirk–Silber network

The basic transition matrices of the Kirk–Silber network are

m312 =

 c13
e12

0

c14
e12

1

, m123 =

 c21
e23

0

− e24
e23

1

, m231 =

 c32
e31

0

t34
e31

1

,
m412 =

 c13
e12

1

c14
e12

0

, m124 =

0 c21
e24

1 − e23
e24

, m241 =

 c42
e41

0

t43
e41

1

.

171
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The relevant full transition matrices of the Kirk–Silber network are

M3 ≡M
(3)
2 = m312m231m123 =

(
δ3 0

ρ3 1

)
,

and

M4 ≡M
(4)
2 = m412m241m124 =

(
1 ρ4

0 δ4

)
,

where

δ3 =
c13c21c32
e12e23e31

> 0,

δ4 =
c14c21c42
e12e24e41

> 0,

ρ3 =− e24
e23

+
c21t34
e23e31

+
c14c21c32
e12e23e31

,

and

ρ4 =− e23
e24

+
c21t43
e24e41

+
c13c21c42
e12e24e41

.

From the full transition matrices

M
(3)
3 = m123m312m231

and
M

(4)
4 = m124m412m241

we derive

ν3 =
t34
e31

+
c14c32
e12e31

− c13c32e24
e12e23e31

and

ν4 =
t43
e41

+
c13c42
e12e41

− c14c42e23
e12e24e41

.

The remaining full transition matrices are the products

M
(3)
1 = m231m123m312
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and
M

(4)
1 = m241m124m412

B.1.2 The ∆-clique network

The basic transition matrices of the ∆-clique network are

m412 =

 t13
e12

1

c14
e12

0

, m123 =

 c21
e23

0

− e24
e23

1

, m124 =

0 − e23
e24

1 c21
e24

,

m234 =

1 t31
e34

0 c32
e34

, m241 =

 c42
e41

0

c43
e41

1

, m341 =

 c42
e41

1

c43
e41

0

.
The relevant full transition matrices of the ∆-clique network are

M34 ≡M
(34)
2 = m412m341m234m123 =

α1 α2

α3 α4

,
and

M4 ≡M
(4)
2 = m412m241m124 =

1 ρ4

0 δ4

,
where

α1 =
c21c43
e23e41

+
c21c42t13
e23e41e12

− c32e24t13
e34e23e12

− c43e24t31
e41e23e34

− c42e24t13t31
e41e23e12e34

,

α2 =
c32t13
e34e12

+
c43t31
e41e34

+
c42t13t31
e41e12e34

,

α3 =
c14c21c42
e12e23e41

− c14c32e24
e12e34e23

− c14c42e24t31
e12e41e23e34

,

α4 =
c14c32
e12e34

+
c14c42t31
e12e41e34

,
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and

ρ4 = −e23
e24

+
c21c43
e24e41

+
c21c42t13
e24e41e12

,

and δ4 is the same as for the Kirk–Silber network. The remaining full transition matrices of
the ∆-clique network can be found by evaluating the following products:

M
(34)
1 = m341m234m123m412,

M
(34)
3 = m123m412m341m234,

M
(34)
4 = m234m123m412m341,

M
(4)
1 = m241m124m412,

and

M
(4)
4 = m124m412m241.

From M
(4)
4 , we obtain the expression

ν4 =
c43
e41

+
c42t13
e41e12

− c14c42e23
e12e41e24

.

B.1.3 The tournament network

The basic transition matrices of the tournament network are

m312 =

 c13
e12

0

c14
e12

1

, m123 =

 c21
e23

0

− e24
e23

1

, m231 =

 c32
e31

0

− e34
e31

1

, m234 =

1 c32
e31

0 − e34
e31

,
m412 =

 c13
e12

1

c14
e12

0

, m124 =

0 c21
e24

1 − c23
e24

, m241 =

 c42
e41

0

c43
e41

1

, m341 =

 c42
e41

1

c43
e41

0

.
The relevant full transition matrices of the tournament network are

M3 ≡M
(3)
2 = m312m231m123 =

(
δ3 0

ρ3 1

)
,

M34 ≡M
(34)
2 = m412m341m234m123 =

α1 α2

α3 α4

,
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and

M4 ≡M
(4)
2 = m412m241m124 =

1 ρ4

0 δ4

,
where

α1 =
c21c43
e23e41

+
c13c21c42
e12e23e41

+
c43e24e31
e41e23e34

+
c13c42e24e31
e12e41e23e34

− c13c32e24
e12e34e23

,

α2 =
c32c13
e12e34

− c43e31
e41e34

− c13c42e31
e12e41e34

,

α3 =
c14c21c42
e12e23e41

+
c14c42e24e31
e12e41e23e34

− c14c32e24
e12e34e23

,

α4 =
c14c32
e12e34

− c14c42e31
e12e41e34

,

ρ3 = −e23
e23

− c21c34
e24e31

+
c14c21c32
e12e23e31

,

and

ρ4 = −e23
e24

+
c21c43
e24e41

+
c13c21c42
e12e24e41

,

and δ3 and δ4 are the same as for the Kirk–Silber network. The remaining full transition
matrices of the tournament network can be found by evaluating the following products:

M
(3)
1 = m123m312m231,

M
(3)
3 = m123m312m231,

M
(34)
1 = m341m234m123m412,

M
(34)
3 = m123m412m341m234,

M
(34)
4 = m234m123m412m341,

M
(4)
1 = m241m124m412,

and

M
(4)
4 = m124m412m241.
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From M
(3)
1 and M (4)

4 , we obtain, respectively, the expressions,

µ3 =
c14
e12

− c13e24
e12e23

− c13c21e34
e12e23e34

,

and

ν4 =
c43
e41

+
c13c42
e12e41

− c14c42e23
e12e41e24

.

§B.2 Transition matrices of Podvigina’s two-cycle
network

The basic transition matrices for Podvigina’s two-cycle network are:

m123 =


t24
e23

1 0 0
c21
e23

0 0 0

− e25
e23

0 1 0
t26
e23

0 0 1

, m125 =


0 0 t26

e25
1

0 0 c21
e25

0

1 0 − e23
e25

0

0 1 t24
e25

0

,

m234 =


t31
e34

1 0 0
c32
e34

0 0 0
t35
e34

0 1 0
t36
e34

0 0 1

, m256 =


t51
e56

1 0 0
c52
e56

0 0 0
t53
e56

0 1 0
t54
e56

0 0 1

,

m341 =


t42
e41

1 0 0
c43
e41

0 0 0
t45
e41

0 1 0
t46
e41

0 0 1

, m561 =


t62
e61

1 0 0
t63
e61

0 1 0
t64
e61

0 0 1
c65
e61

0 0 0

,

m412 =


t13
e12

1 0 0
c14
e12

0 0 0
t15
e12

0 1 0
c16
e12

0 0 1

, m614 =


t13
e12

1 0 0
c14
e12

0 1 0
t15
e12

0 0 1
c16
e12

0 0 0

.



§B.2. Transition matrices of Podvigina’s two-cycle network 177

The full transition matrices of the network are then:

M
(L)
1 = m341m234m123m412, M

(R)
1 = m561m256m125m612,

M
(L)
2 = m412m341m234m123, M

(R)
2 = m612m561m256m125,

M
(L)
3 = m123m412m341m234, M

(R)
5 = m125m612m561m256,

M
(L)
4 = m234m123m412m341, M

(R)
6 = m256m125m612m561.

The expressions for the αjk of ML ≡M
(L)
2 in (19.2) are:

α11 =
c21c43e12e34 + c21e34t13t42 + c32e41t13t24 + c43e12t24t31 + t13t24t31t42

e12e23e34e41
,

α12 =
c32e41t13 + c43e12t31 + t13t31t42

e12e34e41
,

α21 =
c14(c21e34t42 + c32e41t24 + t24t31t42)

e12e23e34e41
,

α22 =
c14(c32e41 + t31t42)

e12e34e41
,

α31 =
A31

e12e23e34e41
,

where

A31 = c21e12e34t45 + c21e34t15t42 + c32e41t15t24 − e12e25e34e41 + e12e41t24t35+

e12t24t31t45 + t15t24t31t42,

α32 =
c32e41t15 + e12e41t35 + e12t31t45 + t15t31t42

e12e34e41
,

α41 =
A41

e12e23e34e41
,

where

A41 = c16c21e34t42 + c16c32e41t24 + c16t24t31t42 + c21e12e34t46 + e12e34e41t26+

e12e41t24t36 + e12t24t31t46,

α41 =
c16c32e41 + c16t31t42 + e12e41t36 + e12t31t46

e12e34e41
.
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The expressions for the βjk of MR ≡M
(R)
2 in (19.3) are:

β13 =
B13

e12e25e56e6
,

where

B13 = c21e12e56t63 + c21e56t13t62 + c52e61t13t26 − e12e23e56e61 + e12e61t26t53+

e12t26t51t63 + t13t26t51t62,

β14 =
c52e61t13 + e12e61t53 + e12t51t63 + t13t51t62

e12e56e61
,

β23 =
B23

e12e25e56e61
,

where

B23 = c14c21e56t62 + c14c52e61t26 + c14t26t51t62 + c21e12e56t64 + e12e56e61t24+

e12e61t26t54 + e12t26t51t64,

β24 =
c14c52e61 + c14t51t62 + e12e61t54 + e12t51t64

e12e56e61
,

β33 =
c21c65e12e56 + c21e56t15t62 + c52e61t15t26 + c65e12t26t51 + t15t26t51t62

e12e25e56e61
,

β34 =
c52e61t15 + c65e12t51 + t15t51t62

e12e56e61
,

β43 =
c16(c21e56t62 + c52e61t26 + t26t51t62)

e12e25e56e61
,

β44 =
c16(c52e61 + t51t62)

e12e56e61
.
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§B.3 Continuity of the projected map of
Podvigina’s two-cycle network

For a point ϑs =

(
ϑ1, ϑ2,

eL
eR
ϑ1

)
∈ ΘS, we have the following expressions for each compo-

nent of each piece of the projected map fPod:

f
(1)
L (ϑs) = −(c21c43e12e34ϑ1 + c32e23e41t13ϑ2 + c43e12e23t31ϑ2 + c21e34t13t42ϑ1+

c32e41t13t24ϑ1 + c43e12t24t31ϑ1 + e23t13t31t42ϑ2 + t13t24t31t42ϑ1),

f
(2)
L (ϑs) = −c14(c32e23e41ϑ2 + c21e34t42ϑ1 + c32e41t24ϑ1 + e23t31t42ϑ2 + t24t31t42ϑ1),

f
(3)
L (ϑs) = −(c21e12e34t45ϑ1 + c32e23e41t15ϑ2 + e12e23e41t35ϑ2 + c21e34t15t42ϑ1+

c32e41t15t24ϑ1 + e12e23t31t45ϑ2 + e12e41t24t35ϑ1 + e12t24t31t45ϑ1+

e23t15t31t42ϑ2 + t15t24t31t42ϑ1),

where

DL(ϑs) = c21c43e12e34ϑ1 − e12e23e34e41 + c14c32e23e41ϑ2 + c16c32e23e41ϑ2−
e12e23e34e41ϑ1 − e12e23e34e41ϑ2 − e12e25e34e41ϑ1 + c14c21e34t42ϑ1 + c14c32e41t24ϑ1+

c16c21e34t42ϑ1 + c16c32e41t24ϑ1 + c32e23e41t13ϑ2 + c43e12e23t31ϑ2 + c21e12e34t45ϑ1+

c32e23e41t15ϑ2 + c21e12e34t46ϑ1 + e12e23e41t35ϑ2 + e12e23e41t36ϑ2 + e12e34e41t26ϑ1+

c21e34t13t42ϑ1 + c32e41t13t24ϑ1 + c43e12t24t31ϑ1 + c14e23t31t42ϑ2 + c21e34t15t42ϑ1+

c32e41t15t24ϑ1 + c16e23t31t42ϑ2 + e12e23t31t45ϑ2 + e12e41t24t35ϑ1 + e12e23t31t46ϑ2+

e12e41t24t36ϑ1 + c14t24t31t42ϑ1 + c16t24t31t42ϑ1 + e23t13t31t42ϑ2 + e12t24t31t45ϑ1+

e23t15t31t42ϑ2 + e12t24t31t46ϑ1 + t13t24t31t42ϑ1 + t15t24t31t42ϑ1.
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However,

f
(1)
R (ϑs) = −(c52e23e61t13 + e12e23e61t53 + e12e23t51t63 + e23t13t51t62 + c52e23e61t13ϑ1+

c52e23e61t13ϑ2 + c52e25e61t13ϑ1 − c21e12e56t63ϑ1 + e12e23e61t53ϑ1 + e12e23e61t53ϑ2+

e12e25e61t53ϑ1 − c21e56t13t62ϑ1 − c52e61t13t26ϑ1 + e12e23t51t63ϑ1 + e12e23t51t63ϑ2+

e12e25t51t63ϑ1 − e12e61t26t53ϑ1 + e23t13t51t62ϑ1 + e23t13t51t62ϑ2 + e25t13t51t62ϑ1−
e12t26t51t63ϑ1 − t13t26t51t62ϑ1),

f
(2)
R (ϑs) = −(c14e23t51t62 + e12e23e61t54 + e12e23t51t64 + c14c52e23e61 + c14c52e23e61ϑ1+

c14c52e23e61ϑ2 + c14c52e25e61ϑ1 − e12e23e56e61ϑ2 − c14c21e56t62ϑ1 − c14c52e61t26ϑ1−
c21e12e56t64ϑ1 + e12e23e61t54ϑ1 + e12e23e61t54ϑ2 + e12e25e61t54ϑ1 − e12e56e61t24ϑ1+

c14e23t51t62ϑ1 + c14e23t51t62ϑ2 + c14e25t51t62ϑ1 + e12e23t51t64ϑ1 + e12e23t51t64ϑ2+

e12e25t51t64ϑ1 − e12e61t26t54ϑ1 − c14t26t51t62ϑ1 − e12t26t51t64ϑ1),

f
(3)
R (ϑs) = −(c52e23e61t15 + c65e12e23t51 + e23t15t51t62 − c21c65e12e56ϑ1+

c52e23e61t15ϑ1 + c65e12e23t51ϑ1 + c52e23e61t15ϑ2 + c65e12e23t51ϑ2+

c52e25e61t15ϑ1 + c65e12e25t51ϑ1 − c21e56t15t62ϑ1 − c52e61t15t26ϑ1−
c65e12t26t51ϑ1 + e23t15t51t62ϑ1 + e23t15t51t62ϑ2 + e25t15t51t62ϑ1−
t15t26t51t62ϑ1),

where

DR(ϑs) = c52e23e61t13 + c52e23e61t15 + c65e12e23t51 + e12e23e61t53 + e12e23e61t54+

c14e23t51t62 + c16e23t51t62 + e12e23t51t63 + e12e23t51t64 + e23t13t51t62 + e23t15t51t62+

c14c52e23e61 + c16c52e23e61 + c14c52e23e61ϑ1 + c14c52e23e61ϑ2 + c14c52e25e61ϑ1+

c16c52e23e61ϑ1 + c16c52e23e61ϑ2 + c16c52e25e61ϑ1 − c21c65e12e56ϑ1−
e12e23e56e61ϑ2 − c14c21e56t62ϑ1 − c14c52e61t26ϑ1 − c16c21e56t62ϑ1−
c16c52e61t26ϑ1 + c52e23e61t13ϑ1 + c52e23e61t13ϑ2 + c52e23e61t15ϑ1+

c52e25e61t13ϑ1 + c65e12e23t51ϑ1 − c21e12e56t63ϑ1 + c52e23e61t15ϑ2+

c65e12e23t51ϑ2 − c21e12e56t64ϑ1 + c52e25e61t15ϑ1 + c65e12e25t51ϑ1+

e12e23e61t53ϑ1 + e12e23e61t53ϑ2 + e12e23e61t54ϑ1 + e12e23e61t54ϑ2+

e12e25e61t53ϑ1 + e12e25e61t54ϑ1 − e12e56e61t24ϑ1 + c14e23t51t62ϑ1+

c14e23t51t62ϑ2 + c14e25t51t62ϑ1 + c16e23t51t62ϑ1 − c21e56t13t62ϑ1−
c52e61t13t26ϑ1 + c16e23t51t62ϑ2 + c16e25t51t62ϑ1 − c21e56t15t62ϑ1−
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c52e61t15t26ϑ1 − c65e12t26t51ϑ1 + e12e23t51t63ϑ1 + e12e23t51t63ϑ2+

e12e23t51t64ϑ1 + e12e23t51t64ϑ2 + e12e25t51t63ϑ1 + e12e25t51t64ϑ1−
e12e61t26t53ϑ1 − e12e61t26t54ϑ1 − c14t26t51t62ϑ1 − c16t26t51t62ϑ1+

e23t13t51t62ϑ1 + e23t13t51t62ϑ2 + e23t15t51t62ϑ1 + e25t13t51t62ϑ1−
e12t26t51t63ϑ1 + e23t15t51t62ϑ2 − e12t26t51t64ϑ1 + e25t15t51t62ϑ1−
t13t26t51t62ϑ1 − t15t26t51t62ϑ1.

We have verified with MathWorks’ MATLAB’s [Mat22] Symbolic Math Toolbox that
these expressions are not equal to each other; that is, fL(ϑs) ̸= fR(ϑs), and therefore fPod is
not continuous on its switching manifold.

§B.4 Parameter values for figures in Chapter I
Figure 1.1 is calculated using the ODEs (6.1), with the initial conditions

(X1, X2, X3) = (−0.5551,−0.5551,−0.5551),

and the parameter values c1 = 0.48 and e1 = 0.4

Figure 1.4 is calculated using the ODEs (10.2), with the initial conditions

(X1, X2, X3, X4) =
(
0.9973, 4.1875× 10−6, 3.6× 10−2, 1.085× 10−11

)
,

and the following parameter values:

Table B.4.1: Parameter values for Figure 1.4

ξ1 ξ2 ξ3 ξ4

e12 0.8 c21 0.8 e31 0.8 e41 0.9

c13 1.2 e23 0.57 c32 1.2 c42 1.2

c14 1.2 e24 0.9 t34 1 t43 1
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§B.5 Parameter values for figures in Chapter III

B.5.1 Figures in §9

Figure 9.1(a) is calculated using (9.4), and Figure 9.2(a) using the corresponding transition
matrices, with initial conditions (x3, x4) = (0.9, 0.65) and (x3, x4) = (0.4, 0.9), and the
following parameter values:

Table B.5.1

ξ1 ξ2 ξ3 ξ4

e12 0.9 c21 0.6 e31 0.9 e41 0.9

c13 2 e23 1.2 c32 1.2 c42 1.2

c14 1.5 e24 0.8 t34 1 t43 1

Figure 9.1(b) is calculated using (9.4), and Figure 9.2(b) using the corresponding transi-
tion matrices, with initial conditions (x3, x4) = (0.875, 0.65) and (x3, x4) = (0.45, 0.8),
and the following parameter values:

Table B.5.2

ξ1 ξ2 ξ3 ξ4

e12 0.9 c21 0.6 e31 1.2 e41 0.9

c13 4.5 e23 1.2 c32 1.2 c42 0.9

c14 1.5 e24 0.8 t34 1 t43 1

B.5.2 Figures in §10

Figures 9.4(a) and 9.4(c) are calculated with (9.9), with c14 = 2 and c42 = 2.3, and c14 = 1.2

and c42 = 4.5, respectively, with initial conditions ϑ = −0.16 and ϑ = −0.95, and ϑ =

−0.07 and ϑ = −0.95, respectively, and these common parameter values:

Table B.5.3

ξ1 ξ2 ξ3 ξ4

e12 0.8 c21 0.3 e31 0.9 e41 0.8

c13 2.9 e23 1.2 c32 2.9 c42 —
c14 — e24 0.8 t34 1 t43 3
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Figure 9.4(b) is calculated with (9.9), with initial conditionsϑ = −0.55 andϑ = −0.95,
and with the parameter values:

Table B.5.4

ξ1 ξ2 ξ3 ξ4

e12 1 c21 1 e31 2 e41 0.8

c13 1.5 e23 1.2 c32 1.5 c42 2.3

c14 2 e24 0.8 t34 1 t43 5

Figure 9.4(d) is calculated with (9.9), with the initial conditions ϑ = −0.545 and ϑ =

−0.95, and with the parameter values:

Table B.5.5

ξ1 ξ2 ξ3 ξ4

e12 3.6 c21 2.3 e31 9.6 e41 2

c13 10 e23 9 c32 9 c42 20

c14 3 e24 6 t34 4.36 t43 0.1

Figures 10.1(a) and 10.1(b) is calculated with (10.2), with c13 = 0.9 and e24 = 0.9, and
c13 = 1.1 and e24 = 1, respectively, with initial conditions

(X1, X2, X3, X4) =
(
0.995, 2.95× 10−3, 2.472× 10−2, 1.195× 10−14

)
and

(X1, X2, X3, X4) =
(
0.989, 7.22× 10−3, 2.536× 10−2, 3.424× 10−7

)
,

respectively, and with the following parameter values:

Table B.5.6

ξ1 ξ2 ξ3 ξ4

e12 0.8 c21 0.8 e31 0.8 e41 0.9

c13 — e23 0.57 c32 1 c42 1.4

c14 1 e24 — t34 1 t43 1

Figure 10.1(c) is calculated with (10.2), with initial conditions

(X1, X2, X3, X4) =
(
10−5, 0.999, 3.72× 10−44, 1.452× 10−48

)
,
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and the parameter values:

Table B.5.7

ξ1 ξ2 ξ3 ξ4

e12 3.6 c21 2.3 e31 9.6 e41 2

c13 10 e23 9 c32 9.96 c42 12

c14 3 e24 6 t34 4.36 t43 5.55

B.5.3 Figures in §11

Figure 11.1(a) is calculated with (11.1), with initial condition ϑ = −0.1, and with the param-
eter values:

Table B.5.8

ξ1 ξ2 ξ3 ξ4

e12 0.8 c21 7.35 t31 7.14 e41 6.48

t13 0.48 e23 1.2 c32 8.24 c42 0.27

c14 4.81 e24 0.8 e34 7.9 c43 6.5

Figure 11.1(b) is calculated with (11.1), with initial condition ϑ = −0.965, and with the
parameter values:

Table B.5.9

ξ1 ξ2 ξ3 ξ4

e12 8 c21 6.29 t31 4.63 e41 5

t13 2.19 e23 1.2 c32 5.71 c42 3.63

c14 5.43 e24 0.8 e34 9.9 c43 1

Figure 11.1(c) is calculated with (11.1), with the initial conditions ϑ = −0.4, ϑ =

−0.525, and ϑ = −0.98, and with the parameter values:

Table B.5.10

ξ1 ξ2 ξ3 ξ4

e12 1.22 c21 3.36 t31 0.2 e41 0.67

t13 0.06 e23 1.2 c32 7.13 c42 0.36

c14 4.5 e24 0.8 e34 0.28 c43 7.4
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Figure 11.1(d) is calculated with (11.1), with the initial conditions ϑ = −0.1 and −0.9

with the parameter values:

Table B.5.11

ξ1 ξ2 ξ3 ξ4

e12 2.28 c21 2.69 t31 7.39 e41 9.73

t13 1.84 e23 1.2 c32 9.32 c42 2.98

c14 8.83 e24 0.8 e34 8.28 c43 7.9

Figure 11.2 is calculated with the following parameter values:

Table B.5.12

ξ1 ξ2 ξ3 ξ4

e12 1.1 c21 3 t31 0.4 e41 0.95

t13 0.2 e23 1 c32 2.5 c42 —
c14 3.2 e24 0.8 e34 0.9 c43 —

Figure 11.4(a) is calculated with (11.2), with initial conditions

(X1, X2, X3, X4) =
(
10−5, 0.999, 4.36× 10−28, 1.402× 10−31

)
,

and with parameter values:

Table B.5.13

ξ1 ξ2 ξ3 ξ4

e12 1.73 c21 0.33 t31 0.59 e41 0.81

t13 0.108 e23 1.2 c32 2 c42 1.43

c14 2 e24 0.8 e34 0.188 c43 2

Figure 11.4(b) is calculated with (11.2), with initial conditions

(X1, X2, X3, X4) =
(
10−5, 0.999, 4.54× 10−5, 8.194× 10−40

)
,
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and with parameter values:

Table B.5.14

ξ1 ξ2 ξ3 ξ4

e12 3.58 c21 0.7 t31 0.4 e41 0.91

t13 0.2 e23 1.2 c32 1.92 c42 1.3

c14 2.95 e24 0.8 e34 1.67 c43 1.96

Figure 11.4(c) is calculated with (11.2), with initial conditions

(X1, X2, X3, X4) =
(
10−5, 0.999, 6.826× 10−8, 2.343× 10−6

)
,

and with parameter values:

Table B.5.15

ξ1 ξ2 ξ3 ξ4

e12 1.99 c21 0.77 t31 0.02 e41 1.02

t13 0.04 e23 1.5 c32 3.04 c42 1.03

c14 1.41 e24 0.5 e34 0.94 c43 3.45

B.5.4 Figures in §12

All plots in Figure 12.1 are calculated with (12.1) and the following common parameter values:

Table B.5.16

ξ1 ξ2 ξ3 ξ4

e12 — c21 2 e31 1.1 e41 —
c13 — e23 1.2 c32 — c42 —
c14 — e24 0.7 e34 0.9 c43 —

The plot of ν4 < 0, µ3 > 0 in Figure 12.1(a) is calculated with:

Table B.5.17

ξ1 ξ2 ξ3 ξ4

e12 6.85 c21 — e31 — e41 1.92

c13 2 e23 — c32 5.37 c42 4.67

c14 7.96 e24 — e34 — c43 5.47
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The plot of ν4 > 0, µ3 < 0 in Figure 12.1(a) is calculated with:

Table B.5.18

ξ1 ξ2 ξ3 ξ4

e12 6.75 c21 — e31 — e41 6.06

c13 3.59 e23 — c32 9.41 c42 9.38

c14 4.2 e24 — e34 — c43 9.89

The plot of µ3 > 0, ν4 < 0 in Figure 12.1(b) is calculated with:

Table B.5.19

ξ1 ξ2 ξ3 ξ4

e12 1.4 c21 — e31 — e41 1.84

c13 2 e23 — c32 7.65 c42 0.82

c14 12 e24 — e34 — c43 5.82

The plot of µ3 > 0, ν4 > 0 in Figure 12.1(b) is calculated with:

Table B.5.20

ξ1 ξ2 ξ3 ξ4

e12 1.4 c21 — e31 — e41 1.84

c13 2 e23 — c32 7.65 c42 0.82

c14 5.5 e24 — e34 — c43 5.82

The plot of µ3 < 0, ν4 < 0 in Figure 12.1(b) is calculated with:

Table B.5.21

ξ1 ξ2 ξ3 ξ4

e12 1.4 c21 — e31 — e41 1.84

c13 6.5 e23 — c32 5 c42 0.82

c14 11 e24 — e34 — c43 5.82
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The plot of µ3 < 0, ν4 > 0 in Figure 12.1(b) is calculated with:

Table B.5.22

ξ1 ξ2 ξ3 ξ4

e12 1.4 c21 — e31 — e41 1.84

c13 3.3 e23 — c32 9 c42 0.82

c14 4.8 e24 — e34 — c43 0.52

The plot of ν4 < 0, µ3 > 0 in Figure 12.1(c) is calculated with:

Table B.5.23

ξ1 ξ2 ξ3 ξ4

e12 2.64 c21 — e31 — e41 3.39

c13 2 e23 — c32 3.68 c42 1.58

c14 13 e24 — e34 — c43 9.98

The plot of ν4 > 0, µ3 > 0 in Figure 12.1(c) is calculated with:

Table B.5.24

ξ1 ξ2 ξ3 ξ4

e12 2.64 c21 — e31 — e41 3.39

c13 1.76 e23 — c32 3.68 c42 1.58

c14 6 e24 — e34 — c43 9.98

The plot of ν4 > 0, µ3 < 0 in Figure 12.1(c) is calculated with:

Table B.5.25

ξ1 ξ2 ξ3 ξ4

e12 2.64 c21 — e31 — e41 3.39

c13 5 e23 — c32 3.68 c42 1.58

c14 5.31 e24 — e34 — c43 9.98
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The plot of ν4 < 0, µ3 > 0 in Figure 12.1(d) is calculated with:

Table B.5.26

ξ1 ξ2 ξ3 ξ4

e12 3.48 c21 — e31 — e41 4.01

c13 5.53 e23 — c32 7.24 c42 8.43

c14 13 e24 — e34 — c43 6

The plot of ν4 < 0, µ3 < 0 in Figure 12.1(d) is calculated with:

Table B.5.27

ξ1 ξ2 ξ3 ξ4

e12 3.48 c21 — e31 — e41 4.01

c13 5.53 e23 — c32 7.24 c42 8.43

c14 6 e24 — e34 — c43 6

The plot of ν4 > 0, µ3 < 0 in Figure 12.1(d) is calculated with:

Table B.5.28

ξ1 ξ2 ξ3 ξ4

e12 3.48 c21 — e31 — e41 4.01

c13 5.53 e23 — c32 7.24 c42 8.43

c14 3.22 e24 — e34 — c43 6

Figure 12.2 is calculated with the parameter values:

Table B.5.29

ξ1 ξ2 ξ3 ξ4

e12 6.07 c21 3 e31 1.1 e41 3.37

c13 — e23 1.2 c32 6.14 c42 3.15

c14 — e24 0.7 e34 0.9 c43 8.11

Figure 12.4 is calculated with (12.1), with initial conditions:

(X1, X2, X3, X4) =
(
10−5, 0.999, 1.185× 10−27, 4.08× 10−41

)



190 B. Expressions and parameter values

and with parameter values:

Table B.5.30

ξ1 ξ2 ξ3 ξ4

e12 5.24 c21 5.52 e31 5.43 e41 6.1

c13 9.41 e23 8.65 c32 6.72 c42 4.65

c14 8.22 e24 6.01 e34 2.78 c43 4.11

§B.6 Parameter values for figures in Chapter V
Figure 17.3(a) is calculated as outlined in §A.2, with parameter values:

Table B.6.1: Parameter values for Figure 17.3(a)

X Y

eXA 0.8 eYA 0.9

cXB 1.1 cYB 1.2

cXY 1.2 cYX 0.8

Figure 17.3(b) is calculated as outlined in §A.2, with parameter values:

Table B.6.2: Parameter values for Figure 17.3(b)

X Y

cXA 0.4 eYA 0.9

cXB 2.5 cYB 1.1

eXY 0.9 cYX 0.2

Figures 18.2(a) and 18.3(a) are calculated with the completed projected map f (k)
KS and the

following parameter values:

Table B.6.3: Parameter values for Figures 18.2(a) and 18.3(a)

A B X Y

eAB 0.8 cBA 0.8 eXA 0.8 eYA 0.9

cAX 1.2 eBX 1 cXB 1.2 cYB 1.2

cAY 1.2 cBY 0.8 cXY 0.2 cYX 0.1
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Figures 18.2(b) and 18.3(b) are calculated with the completed projected map f (k)
∆ and

the following parameter values:

Table B.6.4: Parameter values for Figures 18.2(b) and 18.3(b)

A B X Y

eA 1.2 cB 1.3 cXA 0.8 eYA 0.9

cAX 0.3 eBX 1.2 cXB 2.3 cYB 1

cAY 1.8 eBY 0.9 eXY 0.5 cYX 2.4

§B.7 Parameter values for figures in §19
The common parameter values used to calculate Figures 19.2 and 19.3 are:

Table B.7.1: Parameter values for Figures 19.2 and 19.3

ξ1 ξ2 ξ3 ξ4 ξ5 ξ6

e12 1 c21 1 t31 0.2 e41 1 t51 0.2 e61 1

t13 0.2 eL 1 c32 1.2 t42 0.2 c52 1.2 t62 0.2

cL — t24 0.2 e34 1 c43 1.1 t53 0.2 t63 1

t15 0.2 eR 0.9 t35 0.2 t45 0.57 t54 0.2 t64 0.2

cR — t26 0.2 t36 0.2 t46 0.2 e56 1 c65 1.1

Figure 19.2(a) is calculated by integrating (19.1) with the above parameter values and
cL = 1 and cR = 1.

Figure 19.2(b) is calculated by integrating (19.1) with the above parameter values and
cL = 0.1 and cR = 0.9.

Figure 19.2(c) is calculated by integrating (19.1) with the above parameter values and
cL = 1.5 and cR = 0.3.

Figure 19.2(d) is calculated by integrating (19.1) with the above parameter values and
cL = 1.25 and cR = 0.05.

Figures 19.2(a) to 19.2(d) are all calculated with the following initial conditions:

(x1, x2, x3, x4, x5, x6) = (0.99, 0.01, 0.01, 0.01, 0.01, 0.01).
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